LECTURE 20

Initial Value Problems

We shall now turn our attention to the numerical solution of initial value problems. Recall that an initial
value problem is a differentiatial equation supplemented by an initial condition:

(20.1) Ccll—f = flz,1)
(20.2) z(ty) = o

Numerical methods for solving initial value problems are extremely important, because analytic solutions of
(20.1) exist only in very special cases (linear equations, exact equations, non-exact equations with integrating
factors, and equations that are homogeneous of degree 0).

1. Existence and Uniqueness Theorems

Here 1s the fundamental theorem governing first order initial value problems.

THEOREM 20.1. Suppose f and % are continuous on the rectangle
R=A{(t, e} [t —to| <o, o — o] <P}
and

M = t
(trg?ng(x, )

then the wnitial value problem

dx

E:f($at) ) l‘(to):l‘o

has a unique solution in the interval

{teR ||t —t,] < min(a, 3/M)}

Note that in the solution interval predicted in the theorem above may actually be smaller than the base of
the rectangle R. The following theorem allows us to infer the existence and uniqueness of a solution on a
prescribed interval [a, b].

THEOREM 20.2. If f (x,1) is continuous on the strip a <t < b, —oco < x < 00, and satisfies the inequality
(20.3) |f(t,21) = f(t,w)| < Loy — x|, VxR

then
dr _
dt

has a unique solution in the interval [a,b].

fle,t) , x(to) =0

Note that the condition (20.3) not only restricts the behavior of f(¢,x2) as 2 — 21 (and in fact is stronger
than mere continuity at z1), it also restricts how fast f(¢, z2) can grow as x2 departs from z;.
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2. TAYLOR SERIES METHOD 2

2. Taylor Series Method

Consider an initial value problem of the form

dx
E = f($’t)
xr (to) = Xy

and suppose that the function f on the right hand side has continuous partial derivatives up to at least
order n. We then have

dx
W = (to) = Iy
to
dlx
ﬁ = z (to)
to
= f(th $0)
d’x
W = g (to)
to
d
= — t
i 2|

of Of dx
(W @—m) .
= fi (to,®0) + fz (to, o) f (Lo, 20)

We can continue in this fashion to express all the derivatives df(m)/dt(m) evaluated at ¢y in terms of xy and
the partial derivatives of f evaluated at (tg, o). We can thus carry out an n'” order Taylor expansion of
a solution about z = zg

_ "1 dFz
M= 0 ar
k=0

t*F +0o (")

to

EXaMPLE 20.3. Compute the 3! order Taylor expansion of the solution to

dx .
o = cos(t) sin(x)
0) = 5
We have
z(0) = 0
£'(0) = cos(0)sin(z(0)) =1
£”(0) = (—sin(t)sin (z(t)) + cos(t) cos (z(t)) z'(t))
= —(O)(1) + 1)) .
= 0
£”(0) = (—cos(t)sin (z(t)) — 2sin(t) cos (z(t)) &' (t) — cos(t) sin (z(t)) 2’(t) — cos(t) cos (z(t)) " (t))

t=0

= —(M@) =21)(O)(1) = (M)(1)(1) = (1)(0)(0)
= -2



3. EULER METHOD 3

Hence,

z(t) = z(0)+'(0)t + %x”(o)tz + éx’“(o)ﬁ 4.

1
T+¢— §t3+(’)(t4)

The preceding algorithm does not lead to such an efficient or accurate numerical method. It is only
recently that software that can carry out the necessary symbolic differentiation has appeared. But even if
the computer can be taught to carry out the differentiations, may take a large numbers of terms to arrive
at a result that accurate for large values of [t —{,|. For error at order n will be

err = t—1,)"

p—
(n+ 1)!
where (' is some constant less than or equal to the maximum value of |x(”+1)(t)| on the interval between
t, and t. In the example, above we would be very hard pressed to expect an accurate answer even on the
interval [0, 1].

3. Euler Method

I shall now give an easy method of constructing an (approximate) numerical solution to a differential
equation of the form

(20.4) fl—f = F(t,x) , Vi€]ab]

The beauty of this method is that it works for any first order differential equation (well, so long as the
function F'(x,t) on the right hand side is a continuous function of z and ¢ on the interval [a, b]). However, it
has a rather ugly side as well - the final result will not be a presentation of the solution in terms of known
functions; rather it will simply be a table of values of the solution at a discrete set of points ¢; € [a, b].

To construct our numerical solution, we begin by first dividing up the interval [a, b] into n subintervals. Set

b—a

20.5 At =
(205) :
and let
(206) to = a

1 = a+ Az

to = a-+2Ax

t;, = a+ilAz

b—a
t, = a+nAt=a+ —At=1»

At

Let #; = x (t;) denote the value of a solution of (20.4) at the point ¢; and let &; = Ccll—f (t;). The differential
equation (20.4) then requires

(207) i‘i:F(ti,l‘Z’) ,i:O,l,...,n
Now by making At small enough, we can approximate &; = Ccll—f (t;) to an arbitrarily high degree of accuracy
by setting
. dx Ar  xip1 —
(208) f= g R At



3. EULER METHOD 4

And so, the differential equation (20.4) is approximately equivalent to the following set of algebraic equations

(20.9) %:F(ti,xi),izo,...,n—l
Solving (20.9) for @;41, we obtain

(2010) l‘H_l:l‘Z'—I—AtF(ti,l‘i) 2=0,1,...,n—-1
or, more explictly,

(2011) 1 = l‘o—|—AtF (to,l‘o)

(2012) o = 1‘1—|—AtF (tl,l‘l)

(2013) r3 = X2+ AtF (tz, l‘z)

(20.14) :

(2015) Tiy1 = x;+ AtF (ti, l‘l)

(20.16) :

(2017) Ln = l‘n_l—i—AtF (tn—laxn—l)
This set of equations relates now relates all the xz;, ¢ =1,2,...,n to zg.

To see this, note that when ¢ = 0 equation (20.11) implies

(2018) 1 :$0+F(t0,l‘0)
But now inserting this expression for 1 into the right hand side of (20.12) yields
(2019) 9 :1‘0+F(t0,l‘0)—|—F(t1,l‘0—|—F(t0,l‘0))

Thus, x4 is expressed entirely in terms of zy. We now replace the #2 on the rightt hand side of (20.13) with
the expression on the right hand side of (20.19) to express 3 directly in terms of #y. Repeating this process
n — 1 times we can express all the z; in terms of .

ExaMPLE 20.4. Construct a numerical solution of the differential equation

dx 9
—=zt,Vtel0.1].
et vielo]
such that
z(0) = 1.
on the interval [0, 1].
Let’s set n = 10, and let
1-0 1
At = =.—
n 10
to == 0
t1 = ty+At=0.1
ta = ty+2At=0.2
tig = to+10At=1
and let #;, i = 0,...,10 represent the values of #(¢) when ¢t = 0,...,10. Since in this example

F(t,x) =zt



3. EULER METHOD 5

equations (20.11) - (20.17) take the form

r]y = X —|—t0l‘%At
ro = X1 —|—t1l‘%At
r3 — X2 —|—t2l‘§At
r1g = X9 —|—t9l‘gAt
Since At = %, t; = % and xg = 2(0) = 1, in this example, these equations can also be written as
sl = 1
0.1 ,
zy, = x1+ Exl =14(0.01)(1) =1.01
0.2
3 = ®g+ Ex% = (1.01) + (0.02)(1.01) = 1.0302
09,
Alternatively, we can choose our number of sample points n to very large, say n = 1000, repeat the

calculation (on a computer) and plot the results. Doing so we get a graph like

which is not only far more accurate (in matching the exact solution), but also contains so many data points
that we don’t even have to imagine connecting them to see the graph of z(t).

Below I give a simple Maple routine that automated this calculation:

n:= 100:

t[0] := 0.0:

x[0] :=1.0:

f o= (x,t) —> t*x"2:
dt := (1.0)/n:



3. EULER METHOD

for i from 1 to n do
t[i] := i#dt:

x[1] := x[i-1]1 + dt*f(x[i-1],t[i-11):
od:
datapoints := {seq([t[i],x[i]],i=0..n)3}:
with(plots):

pointplot(datapoints);



