LECTURE 15

Interpolating Functions

In the next series of lectures we will discuss methods for finding functions that best fit a given set of data.
We shall call such functions interpolating functions, and we shall consider several different methods for
finding such functions. We shall begin this discussion with the problem of interpolating data by means of
polynomial functions.

1. Polynomial Interpolation

Consider the following problem:

PROBLEM 15.1. Given a table of n+ 1 distinct data points (x;,y;), i =0,...,n , find a polynomial of P of
lowest degree for which

That this problem has a solution is fairly easy to see. For if we set
P(z) = apa™ + 12 Nt ay + ag

then, so long as the z; are all distinct, equations (15.1) will constitute a system of n+1 linearly independent
equations

(15.2) (x0)" ay +(l‘0)n_1an—1+ ot xoar +ag = Yo

(l‘l)n Cln+($1)n_1an—1+~~+l‘1a1+ao = ¥

(xn)n an+(xn)n_1an—1+"'+xnal+a0 = Yn
for n + 1 unknowns ag, ..., a,. (That these equations are linearly independent may not be immediately
obvious; but it follows from the fact that the monomials2*, ¢ = 0, ..., n are linearly independent functions.)

We can thus expect a unique solution of degree n.

The formal linear algebraic argument for the existence of solutions is, however, not really the best way to
finding a solution. For, it takes on the order of n® operations to solve a linear system such as (15.1) on a
computer, if we had a million or so data points to fit, we would need to carry out at least 10'® operations
to calculate a solution. While such a calculation might actually be feasible on modern hardware, there are
much better ways to procede.

2. The Newtonian Form of the Interpolation Polynomial

The following algorithm allows one to build up an interpolating polynomial much more quickly. Let
Po(z) = yo
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This function clearly satisfies Py(xzg) = yo, but it won’t satisfy Py(#;) = y; unless y; = yo. The next step
is to write down a function Pj(z) that satisfies at least Pi(2g) = yo and Pi(2z1) = y1. This can be had by
simply adding a term to Py
Pi(z) = yo + ci(x — xo)

and choosing ¢ so that
Y1 — Yo
Pi(zi)=pn = a="—
1 — X

Now we have a polynomial function that at least agrees with the data at two points. To create a function
that is correct for the first three data points we set

Py(x) = Pi(x) + ea (v — @) (2 — 21)
and choose ¢ so that
y2 — Pi(z2)
(w2 — o) (22 — 71)

Note that the reason why this procedure words is that we have a function P (z) that is already correct at
the first two points and we are adding to it a function that makes no contribution to the values at g and
x1 but which can be adjusted to correct value y5 at 4.

y2 = Po(z2) = e =

Now suppose we have carried out this procedure to construct a (degree k) polynomial Py (x) that replicates
the first k data points. To obtain a polynomial function that replicates all the data points up to (#x, yx)
we set

Pi(z) = Py_q(x) + e (. —xo) (w — 1) -+ - (2 — 2p—1)

where ¢y is chosen so that Py (zr) = vk

— Pi_1(2
= ¢ = Yk k 1( k)
(xp —xo) (x — x1) -+ (T — Tp—1)
Clearly, so long as the points @;, ¢ = 0, ... ,n are all distinct, there is no obstruction to this program and so

we’ll be able to construct a polynomial P, () of degress m < n that interpolates the data (it could happen
that some of the numbers ¢; = 0, that’s why perhaps the degree of P, (x) might be less than n).

ExaMPLE 15.1. Find the Newton form of the interpolation polynomial for the following set of data

l‘QZO yOZ—l
l‘lzl y1:—1
l‘z:? yzzl
l‘3:3 y3:11

o Set
Po(l‘) = Yo = -1
Then
. y—Po(x) _ —1-(=1)
! (z1 — x9) 1-0
= Pi(z)=Py(z)+ ez —ag)=—140=-1
o = y—Pi(e) __1-(=1)
(w2 —@1)(w2 —wo)  (2-1)(2-0)
= Py(z) = Pi(z)+ea(e—ao)(z —a1) = =14 (x — 1)
R ys — Pa(x) _ 11-5 _

(z3 — xa)(wz —x1) (s —2o) (3—2)(3-1)(3-0)
= Ps(z) = Pa(z) + es(z —axo)(x — 1) (@ —w2) = =14+ (z — D+ (¢ = 2)(z — 1)z
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So the Newton form of the interpolation polynomial is
Plx)=Ps(z)=—=1+(z— )+ (= 2)(x = 1)z
Noting that
~l4+(z-Dr+(z-2)(z—Dz=2>-22"+2 -1

one can easily verify that P(z) correctly interpolates the given data. [l

It should be also fairly obvious as to how one might write a program that would calculate, in an iterative
fashion, all the coefficients cg, all the intermediary polynomials Py (), and finally the polynomial
Po(x) = Pooa(x)+en(z—zo)(e—21) (2 —2n-1)
= cwtal@—zy)tea(r—ag)(@—w1)+ - Fealx —a0)(w—21) (2 —2p_1)
that interpolates all the data points. However, we shall not do so; because it turns out that this algorithm,
though useful in seeing the why and how of polynomial interpolation, is not all that efficient in producing

the final interpolating polynomial. Instead, we shall view the algorithm above as a constructive proof of
the following theorem.

THEOREM 15.2. Let xq, 21, ... ,&yn be distinct real numbers and let yo,y1, ... ,yn be a corresponding (not
necessarily distinet) set of values. Then there is a unique polynomial P, (x) of degree at most n such that

Po(x)=y; , i=0,1,...,n

REMARK 15.3. Actually, we have not yet proved the uniqueness of P,(z). As this will be important latter
on, T'll give the argument here. Suppose Q(z) and P(z) were two polynomials of degreee at most n that
interpolated the same set of data points (zo,yo), (£1,¥1), ..., (¥n, yn). Then the polynomial P(x) — Q(x)
would be of degree less than or equal to n and would have the property that

Ple)—Q(xi)=vi—y;=0 , i=0,1,...,n
But a non-zero polynomial of degree n can have at most n distinct zeros.  Therefore, we must have

P(z) — Q(x) = 0, hence P(x) = Q(z).

Henceforth, we shall refer to the presentation

Plx) = cotalr—zo)teca(r—w)(z—2)+ - Fen(w—ao)(x—21) (2 —2n_1)
= 2| [IG—=)

of the interpolating polynomial as the Newton form of the interpolation polynomial.

3. The Lagrange Form of the Interpolation Polynomial

We shall now present another way writing down the polynomial that interpolates a given set of data. The
basis for this presentation of the interpolation polynomial lies in the fact that the final coefficients of each
power of # in P(z) depend linearly on the data points y;. To see this note that the equations (15.2) for the
coefficients a; can be written

(z0)"  (xo) ™" 1 an Yo
(l’l)n (z1) -t 1 Ap—1 _ Y1
) @™ 1) \ag "

If we think of this as a matrix equation of the form Xa = y, then its solution can be represented formally
as a = X~ !y and so each coefficient a; would depend linearly on the values y;, j = 0,...,n. We can then
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collect all the terms in the interpolation polynomial that are proportional to each of the y; to obtain an
expression of the form

P(x) = yolo(z) + y1la(2) + - + yntn(2)

Now the polynomials ¢;(x) depend only on the variables data points z; and not at all on their values y;.
Therefore, by looking at special sets of potential data, we can figure out what they must be. For example,
suppose we fix ¢ and demand

1 ifi=j
(15.3) yf—{ 0 ifi#j

Then the interpolating polynomial for this set of data would look like
P(z) = yiti(x) = li(w)
7=0

and so we could conclude that, since this polynomial interpolates the data (15.3)
0=P(z;) =4 (x;) foralli#j

which tells us that ¢;(x) has n distinct roots x;, ¢ € {0,1,...,n |7 # j}. Since the degree of £;(z) is at most
n, and because the trivial solution ¢; () is not allowed (otherwise P(z;) # 1), and because the interpolating
polynomial must be unique we can conclude that

ll(l‘) — H (l‘— $j)

iz (&= %))

simply because it has the property that it interpolates the data (15.3).

Having identified the cardinal functions ¢;(#), we can now write

P(x) = Zyzﬁz(l‘) = Zyi HM

=\ i)

This presentation of the interpolation polynomial is known as the Lagrange form of the interpolation
polynomial.

ExaMPLE 15.4. Find the Lagrange form of the interpolation polynomial for the following set of data

l‘QZO yOZ—l
l‘lzl y1:—1
l‘z:? yzzl
l‘3:3 y3:11
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e Writing down the Lagrange form of the interpolation is pretty straight-forward.

v - S (f1622)
i=0 V2 J
@) (@ = 2a) (v — )
(l‘o - l‘l) (l‘o - l‘z) (l‘o - 96‘3)
(x —xg) (& — 22) (¥ — 23)
(z1 = 20) (z1 — x2) (21 — 23)
(x —xg) (& — 1) (x — 23)
(l‘z - l‘o) (l‘z - l‘l) (l‘z - 96‘3)
(# — o) (x — 1) (& — 23)
(1‘3 - l‘o) (1‘3 - l‘l) (1‘3 - l‘z)
3 (z —1)(xz — 2)(x — 3) B z(x —2)(x —3)
(=D(=2)(-3) ((=1)(=2)
z(x—1)(x —3) z(x—1)(z —2)
aocy T ERO
The final expression is the Lagrange form of the interpolation polynomial. While tedious, it is
nevertheless straightforward to verify that
(z—1)(x—=2)(x—3) x(x—-2)(z-3) x(x—1)(x—23)
PO O mes T oo T @oen T

= 22 -2%4+z=1

+u1

+y2

+ys

_|_

z(x—1)(z —2)
(3)(2)(1)

and so we recover the same interpolation polynomial as in the first example. O



