LECTURE 8

The Wave Equation with a Source

We'll now introduce a source term to the right hand side of our (formerly homogeneous) wave equation.

(1) Ut — CQUzz =f ($7t)
We shall also impose the usual Cauchy boundary conditions:
u(z,0) = ¢(x) (2a)
u (2,0) = 9 (z) (2b)
Because the differential operator
_P L0
~ot2 ox?

is a linear differential operator we can expect the solution be of the form
U(l‘,t) = up (I,t) +u0 (:E,t)

where u, (z,t) is a particular solution of (1) satisfying homogenous boundary conditions

up (2,0) = 0
Upt (2,0) = 0
and u, (z,t) is a solution of the corresponding homogeneous PDE/BVP.
Uy — gy = 0 (3a)
u(z,0) = ¢(z) (3b)
u (2,0) = ¢ () (3¢)

(See Lecture 1.)
THEOREM 8.1. The general solution of (1), (2a) and (2b) is given by

(4a) u(x,t) = up (2, 8) + u, (2, 1)
where
z+ct
(4b) wlat) =3 Gara)role—a)tg [ v

is the homogeneous part of the solution and

1 t pxtc(t—s)
(4c) up (z,t) = % / / f (y,s)dyds
¢ Jo x

—c(t—s)

is the particular part of the solution.

Proof. From the remarks just prior to the theorem we really only need to find the solution u, (x,t) of

Ut — C2uxm = f (iL’, t) (5&)
u(z,0) = 0 (5b)
ut (£,0) = 0 (5¢)
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Just as we did in Lecture 5 for the homogeneous case (where f (z,t)), let us introduce a change of coordinates

1
§ = z+ct — x:§(£+n) (6)
1
no= w-c e b= ()
Recall that under this change of coordinates the wave operator becomes
0? 0? 0 d
7 L=——c*=— 42
(™) oz~ 9z2 “ B¢ on

Thus, if we set

we will have

0 0

74628_58_77[](5’77) = 462%%’“ (:C (fﬂ?)vt(fﬂl))

0 (ude oud
N 0&E \O0x dn 0Ot On
,0 (1 1
= —4c a_é- §u$ (x(fan)at(fﬂ?))_?cut (‘flj (5777)775(5777))
g2 (LOux Oz 10ug 0t 1 OupOx 1 Ouy Ot
2 0cr 06 2 Ot 0§ 2¢ Ox O 2¢ Ot 0§
1 1 1 1
= —4c <1Um + Jlat ™ gt @Wt)

r=x(§,n)
t=t(¢§,m)

= (702Ux3¢ + utt) |I:$(§777)
t:t(&n)

F(&n)
In other words, U (&, n) will satisfy

(8) ~4c?Ugy = F (&)

(Hopefully, this was already obvious from (5a) and (7). But I thought it worthwhile to do the explicit
computation to show how the change of variables works.)

So let us now find the general solution of (8). Recall that the general solution of

is given by
(10) ®(e.y) = [ £@y)0s+e)

Here [ f (z,y) Oz means finding the anti-partial derivative of f (z,y) with respect to z; which we can obtain
by integrating f (z,y) with respect to z treating y as a constant (a kind of “partial integration” which is
why we use the symbol Oz instead of dz). The term c¢(y) corresponds some arbitrary function of y - it
contains the ambiguity that’s left in the solution (10) of (9).

Returning to (8), let us set W = Ug. Then W must satisfy

1

which in view of (9) and (10) requires

W (e =15 [ FEmon+a(©)
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We now solve

Ue (§m) =W (&m) = F(&mn)0n+ci(§)

4c

and find
Uen =1z [ [Femomds+ [e©o+en

Notice that since ¢; (§) is an arbitrary function of £, so is [ ¢1 (€) 9¢. Therefore, we may as well write the
general solution of (8) as

1
() U6 =~ [ FEman0E+Ca(©)+Caln)
with Cy (€) and Cs (1) arbitrary functions of their arguments.
The next step would be to convert the boundary conditions (8b) and (8¢c) on wu, (z,t) to conditions on

U (&,7n) and then determine the arbitrary functions C; (§) and Cs (). Note that both (8b) and (8c) are
defined on the line ¢ = 0 which correspond to the line £ = 7 in the (&, 1) coordinates. Thus,

10U 1 0U
upt (2,00 = 0 %6—5(5,5)—%8—77(5,5)20

Unfortunately, these conditions are difficult to impose directly on the expression (11) without an explicit
expression for U (&, 7).

So let us think of (11) in a different way. First off, the way one actually computes

—4%2//1’(6,77) Inog

is that one finds (or looks up) and anti-partial derivative of F (§,n) with respect to 1, and finds the anti-
derivative of that expression with respect to £. We could write this procedure as

13 n
o [ ([ Pty an) g

where ¢’ and 7’ are “dummy variables of integration"; making it look half-way like a definite integral (an
integral with definite limits). In fact, if we add lower endpoints of integration

L A Y A
e/ (/} F(g,n)an>as

0

the only affect on the result is to add some "constants of integrations" which will could be absorbed into
the definition of the functions C (£) and Cs (1) in (11).

So let us consider the particular solution where &, = 1 and 1, = ¢'. So that

[ AN A PN N
Un) = —13 : (/élF(ﬁ,n)dn)dé

¢ &'
_ 4_;/ (/ F({’m’)dn’) de’ (12)
n n

where in the last equation we have simply reversed the endpoints of the integration over 7. The reason for
doing so is we can now reinterprete the integral as an integral over a particular triangle in the (5/, n )—plane:
assuming £ > n (which is approprite for ¢ > 0) , the region will look like
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U (E:£)

(n.n) (&)

and can be described
A={gn]eRn<g<e , <y <€}
As such that integral of F' (f’, 7 ) over A can be computed via the following iterated integral

/AF(g’,n’) dA:/ng (/:/F(gl,n') dn’) d¢’

Because the PDE for ® (£,7) was obtained from the original PDE (1) via a change of variables, it follows
that

up (z,t) = U (§ (2,1) 1 (2,1))
will automatically satisfy (1). What we shall show next is that, when U (§,n) is defined by (14), the
corresponding solution u, (z,t) of (1) automatically satisfies

up (2,0) = 0
ut (£,0) = 0

To see this, we express the integral over the triangle /\, in terms of our original coordinates x and ¢. The
figure below shows hows the triangular region A in the (7, ) plane gets mapped over into the (z,t) plane
when we we make a change of variables

¢ =a +ct =1 (¢+7)
n =a —ct — t/:2_%c<£/_n/)

N (EE)

(n,n) .t)
(& 1)

5 Tect,0) (xtet,0)

Using the usual change of variables formula for integrals

1 whelt t) NS
@/ &m) dfdn / /z c(t—t") x,t) 0 (w,1) it
Here ve e
a(Em)| _ R Loe \|_ | o _
‘8(30,15) = |det g_;l % = |det 1 e )= |—2¢| = 2¢
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is the Jacobian of the transformation.

Having successfully converted back to (z,t)-coordinates, we conclude

a:Jrc t t
up (z,t) =U (€ (2,t) 20/ / (2, t') dx'dt/

c(t—t’)
will be a particular solution of the inhomogeneous wave equation

Utt — C2UICE = f (iE,t)

Let’s see what initial conditions it satisfies. We have

1 0 xr
_2_0/ / f@ t)da'dt’ =0
0 x

because we are, effectively, integrating over a single point in the zt-plane. It is also easy to check that

:v+c t t
(z',t') da’ dt/
6t (20/ A c(t—t") ) >

(for essentially the same reason) and so

=0

t=0

Up ¢ (2,0) =0
x+ct
(z,t) / / d:n dt’
2C r—ct!

In summary, the general solution to the inhomogenous wave equation with inhomogeneous Cauchy boundary
conditions:

Thus, we can take

as the unique solution to (8a)—(8c).

U — CUpy = f (z,t)
u(z,0) = ¢(x)
ug (z,0) = P (z)
is given by
u(z,t) = up (z,t) + uo (z,1)
where

:chctt
t t) dxdt
(@ 20//xct t) (1) de

is unique solution to the inhomogeneous wave equation with homogeneous boundary conditions and
x+ct

uo<m,t>:=§<¢<w+ct>+¢><m—ct>>+2ic/ ¥ (&) do!

—ct

is the unique solution to the homogeneous wave equation with inhomogeneous boundary conditions.



