LECTURE 7

The Wave Equation

A wave equation (in 1+ 1 dimensions) is a partial differential equation of the form
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Such equations crop up in a variety of physical contexts; vibrating strings, electrical circuits, electromag-
netism, and in general whereever some sort of oscillitory motion takes place. The function f(x,t) is referred
to as the driving term. Typically, it represents some external force function applied to an oscillitory system.

Now the homogeneous wave equation

(2) ¢tt - Cz(b;z;z =0

is rather exceptional for a PDE; because it is quite simple to write down its general solution.

Set

( = z+ct t = g%z
(3) n = x—ct T = gzlc’l
and write

d)(%,t) = Q(C (ZE,t) )7 (ZE,t)).

The circumstance that ¢ satisfies (1) forces ® to satisfy a certain PDE. To find the PDE for ® we apply
the chain rule for partial differentiation:
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These identities actually hold for any function ¢ related to ® by the change of coordinates (3). In fact,
equations (4a) and (4b) are really only about the way the differential operators % and % transform under
the change of coordinates. It is common to write this “change of differential operators" as
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To find expressions for the second order differential operators % and %, we can write
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Thus,
S — Cap = (Bec —2Dgy + Byy) — ¢ (De — 28y + D)
= —4D,
So if ¢ (z,t) = @ (¢ (x,1) ,n (x,1)) obeys
¢tt - Cz(b;z;z =0
the function ® (¢,n) must satisfy
APPy =0 = gy =0
But the general solution of
Doy =0
is
®(¢,n) = alQ) +B(n)
Thus, the general solution of (3) is
() ¢(z,t) = a(C(z,t) + B (n(x,t)) = a(z+ct) + B (z—ct)

That is to say, the general solution of the wave equation is the sum of an arbitrary function of = + ¢t and
an arbitrary function of x — ct.

1. The Wave Equation with Cauchy Boundary Conditions

We’ll now look for solutions of the following boundary value problem:

d)tt*CQ‘?m =0 (6a)
¢(x,0) = h(z) (6D)
¢y(z,0) = p(z) . (6¢)

Such a PDE/BVP describes (infinitely long) vibrating string with a certain initial configuration:

e the function h (x) prescribes the displacement of the portion of the string at position x at time

t=0;
e the function p (x) prescribes the initial velocity of the portion of the string at position = at time
t=0.

Such initial boundary conditions are called Cauchy boundary conditions.

With a general solution in hand, let us now try to satisfy the boundary conditions in (6b) and (6¢). All we
need to do is find functions a(z + ct) and S(z — ct) satisfying

a(z) +B(x) = flz) (7a)
cd () —cf'(x) = plz) . (7b)
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configuration of string art= 0

hix T

LJ{}l X

|

/ x N

FI1GURE 1
Integrating both sides of (7b) with respect to x yields (after adding in an arbitrary constant of integration
K) yields

a(z) +B(x) = f(z) (8a)
ca(z) —cf(x) = Plx)+K . (8b)

where

Solving (8a) for a(z) we get
(9) a(z) = f(z) - B(x)

Inserting this expression for a(x) into (8b) yields

c(f(z) - B(x)) —cb(z) = P(z) + K

or

(10) Bla) = 5 () — 5o P) — 5K
Inserting (10) into (9) yields

(1) o(a) = 5 () + 5 Pa) + 5 K

Finally, we insert (10) and (11) into (6) to obtain

oz, t) = a(z+ct)+ B (x—ct)

1 1 1 1 1 1
= §f($+0t)+Q_CP($+Ct)+2—CK+§f($—Ct)—2—CP(x—ct)—2—CK
= %[f(w+ct)+f(a:—ct)]+2iC[P(x+ct)—P(x—ct)]

z+ct T—ct
= sl fe-aleg | [ moa- [ mou
1

x+ct 0
= UGt i@ty [ p0dc+g [0

2¢ x—ct

where in the last step we simply made a change of variables ( — —( in the second integral. This allows to
combine the two integrals to get

(12) dx,t) = F[f@+et)+fla—ct)+£ [T pQ)dC

as the solution of (6a) — (cc).
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2. Interpretation of solutions

To better understand the nature of the solution (12) to the PDE/BVP (6), we consider a pair of special
cases.

Case 1. d)(xvo) = f(ll') ) ¢t(x70) =0.
In this case, we have

¢(z,t) = %f(x+ct) + %f(xfct)

If we think of ¢(z,t) as representing the vertical displacement of an infinite horizontal string at the point
x at time ¢, then the function f(x) corresponds to an initial displacement; e.g., a plucking of the string at
t = 0. The disturbance then propagates along the string in both directions maintaining the same shape as
the initial displacement (once the two components of the disturbance separate).

To help you see this, consider the graph of a function f (z) with a local maximum at z = 0.

Now consider the graph of the function f (x — 2)
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Notice how the local maximum moved from x = 0 off to the right to x = 2 while the graph has maintained
the same shape. More generally, if we had plotted f (z — ct) the original plot be shifted off to the right a
distance ct. Or if we had plotted f (z + ct) the original plot would be shifted off to the left a distance ct.

Case 2. ¢(z,t) =0, ¢,(z,0) = p(z).

In this case, we have

x+ct
*) o, 1) = / p(r)dr
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Thus, the displacement of the string at point x at time ¢ is given by the integral of p(x) between the points
x — ct and x + ct.

Suppose for definiteness, that at time ¢ = 0 there was a “disturbance” confined to a small interval about
0, say [—a,a]. The function p (x) that prescribes this a disturbance would then only be non-zero between
z = —a and x = a. Let us consider the solution (*) at a time point x and a time ¢ such that

r—ct>a

The integral (*) should be proportional to area under the graph of p (1) between 7 =z — ¢t and 7 = x + ¢t
(assuming p (z) is a positive function). But since we are assuming p (1) = 0 for 7 outside the interval [—a, al,
the area under the graph of p (1) over an interval with no intersection with [—a, a] will be zero. We conclude

=0 if |7]>a
S B

And in fact the first instant ¢ when ¢ (z,t) might be non-zero will occur when
r—ct=a

that is, when
rT—a=ct

In other words, the solutions at a point = will be zero until a time ¢ such that x can be reached from a by
travelling at the speed c.

3. Uniqueness of Solutions of Wave Equation with Cauchy Boundary Conditions

3.1. The energy functional. Consider the homogeneous wave equation representing a string of length
L with fixed endpoints and whose intial transverse displacement at the point z is given by h(x) and whose
initial transverse velocity at the point x is given by p(x). The PDE/BVP corresponding to this system is

d)tt - 02¢xx =0

$(0,t) = 0

(13) o(L,t) = 0
¢(x,0) = h(z)
¢:(2,0) = p(a)

Let ¢(x,t) be any solution of (13) and set

10 =3 [ |5 00 + (0,000 ds

This function is related to the total energy of the string. The 0—12 (¢t)2 part of the integrand is basically a
kinetic energy term (analogous to mv? in the Newtonian mechanics) and the (¢,)" is the contribution of
the potential energy (as whenever ((;596)2 # 0, the tension in the string is increasing). We then have

LIs(t) = foj (L6, 1)y (1) + G (2, 1)y (. 1)]
= fo [ciz@(x:t) (CQ(i)mz(xvt)) + ¢z(x7t)¢zt(x7t)} dx
(14) = J o )L b,z t)dx + [ by (@, )y, t)da
= gw, ), (@) — [ brala, O)u(,t)dx + [} ¢p(2, )¢ (x, t)da

(To reach the fourth line, we integrated the first integral on the third line by parts. The first term on the
fourth line vanishes since the boundary conditions ¢(0,t) = 0, ¢(L,t) = 0 imply

d)t(ovt):O:(ZSt(L?t) , Vi

The two remaining terms cancel one another.)
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3.2. Uniqueness of Solutions. Now consider the following very general inhomogeneneous PDE/BVP

Dy — C2(I)xx = f(l’,t)
o(0,t) = aft)
(15) ®(L,t) = B(t)
®(x,0) = H(x)
Oy (z,0) = P(x)

and suppose that ®;(z,t) and ®o(z,t) are two solutions to the inhomgeneous problem (15). Then
oz, t) = i(x,t) — Doz, t)

satisfies
Gr — 02¢m =
$(0,t) =
o(L,
o(z,
bi(,

I
o o o o o

t)

0) =
0)
Therefore, in light of (14). we must have

0= 2= |3 [ [E @02+ 0]
At a2 ), |2 w
It follows that
I4(t) = const
In fact, the initial conditions ¢,(x,0) = 0, ¢(x,0) = 0, imply that
¢(2,0) = ¢, (2,0) =0 = I4(0)=0

Thus, we have

-3 [ " [i (611 + (B (.82 | do

Note the integrand is the sum of two squares and so it is therefore a non-negative function of z. But if f (x)
is continuous and non-negative for all z € [0, L], then

/Lf(x)dx() = f(x)=0 Vzel0lL]
So we must have ' )
S Gt + (0u@0) =0 Vae[o)
But again, observing that the left hand side of the above equation is a sum of squares, we can conclude that
o, (x,t) = 0 Vael0,L]
¢y (z,t) = 0  Vzel0L]
and for all ¢. But this then implies
o(z,t) = ®1(x,t) — Fa(z,t) = constant
But since ®; = ®5 on the boundary, we must have this constant equal to zero. Hence,
Dy (z,t) = Po(x, 1)

and so the solution to (15), if it exists, is unique. O



