Math 2233
SOLUTIONS TO SECOND EXAM
9:00 - 10:15 am, July 10, 2014

2 are solutions to x%y” — 2y = 0.

1. Given that yi(z) = 27! and ya(z) = =
(a) (5 pts) Show that the functions y;(z) and yo(z) are linearly independent.

[ ]
W lyr,y2] = 1ys —y1ye = (¢71) (22) — (—27%) (2?) =2~ (1) =3 #0
Since their Wronskian doesn’t vanish, ¢; and ys are linearly independent functions. O

(b) (5 pts) Write down the general solution of z2y” — 2y = 0.

y(z) = c1y1(2) + c2y2(x) = cra™! + caa®

(]
(c) (5 pts) Find the solution satisfying the initial conditions y(1) = 3, y'(1) = 1.
[ ]
3=y(l)=c +c2 c1+ec=3 =2
1=y'(1) = (fclx*2 +262m)|$:0 = —c1 + 2¢ } { —c1+2c =1 } = { o %
5 4
= y(z) = 3% 1y gzz
O

2. (15 pts) Given that y; (x) = 2 is one solution of #2y"” — 5y’ + 9y = 0, use Reduction of Order(explicitly)
to determine the general solution.

Y2 =y1/71 5 €XP (—/ pds) dx
(y1)
:x3/ 1 exp +/ §dx
(a3)* §
:xg/x_ﬁexp(51n|x\)dx

1
= x3/ (27%) 2da = 2° / ;dx =2 In ||

= y(z) =y (z) + c2y2(x) = c12” + o2’ In |2




3. Given that y; () = e® and ya(7) = e~2* are solutions of y" + 3y’ — 2y = 0.
(a) (10 pts) Use the Method of Variation of Parameters to find the general solution of
1 /! —x
Yy ty —2y=e
o We have
g(x) =™ and W [y1,y2] = (€7) (~2¢7) — (") (e7*") = —3e™"

Y29 Y19 . [ () e _zm/ (e®) (e™™)
br (@) Yy / W [y1, ya] 2w [y1,92] —3e~7 —3e~

1 1 1 1 1 1
,er/e*QIdx _ *672‘%\/61611‘ — Ze® 7*672I . *6729: (61) - _e®
3 3 3 2 3 2

1 —x T —2x
= y(x) =yp(x) + ay(x) + c2y2(x) = —5€ + c1e” + coe 2
(b) (5 pts) Find the solution satisfying y(0) = 1, ¥'(0) = 0.

o Ify=—1e"+cre” +ce 2, theny' = 1e7 + c1e” — 2c¢7>* and so
1=y(0)=—5+c1+c ct+e=3 =2
O:y/(o):%+61—262 = C1—2€2:—% = 62:§

1 —x 5 x 2 —2x
y(z) = —5¢ + Ge + 3¢

O

4. (15 pts) Suppose you know that a particular function y; () is a solution of " +p(z)y’' +q(z)y = 0, explain
the computational steps by which one can construct a formula for the general solution of " +p(z)y'+q(x)y =

(z). (You need not carry out any explicit computations but do write down the relevant formulas.)

e (i) One first calculates a second independent solution of the homogeneous equation using Reduction

of Order: . .
Y2 (z) =1 (2) / mem {— / p(t) dt] ds

(ii) Next, one uses the two independent solutions of the homogeneous equation to calculate a
particular solution of the nonhomogeneous equation (g (z) # 0) via the Variation of Parameters

formula:
— i (z ! y2 (s) g (s) 5 - ‘ Yo (5) g (s) )
v () = yl()/ OPACETACITION +””/ AOPACETACITION

(iii) Finally, with y1,y2, and y, in hand, one can write down the general solution of the

nonhomogeneous equation as

y(x) =yp (x) + cryr (2) + coy2 ()



5. Determine the general solution of the following differential equations.
(a) (5 pts) y" +2y" +5y =0

—2+v4-20 —2++/-16
2 B 2
= y(z) = cre” " cos(2x) + cae” ¥ sin (2z)

0=X-2\+5 = )= =142

(b) (5pts) ¥y’ =5y +y=0

5tv25—-4 5 21
0=MN-5\+y = Aziz,iﬁ
2 2 2
(%T (S—Jﬁ)m
= y(z) =cre + coel 2
(c) (bpts) 4y —4y' +y =0
[
1
0=4X2 -4 +1=(2A-1)° = A=

= y)= cre? 4 cyzes”

6. Find the general solution of the following Euler-type differential equations.
(a) (5 pts) 2%y” — dxy — 6y =0
[ ]

O=r(r—1)—4r—6=r>-5r—6=(r—6)(r+1) = r=26,—1
1

= yz)=c2% 4+ cox™
(b) (5 pts) x2%y” + 1lay’ +25y =0
[ ]
O=r(r—1)+11r+25=1>4+10r+25=(r+5?> = r=-5

= y(x)=c27’ + cox " In |z

(c) (5 pts) 22y” —xy' + 3y =0
[ ]

2+4-12
O=r(r—1)—r+3=r’-2r+3 = TZleiﬂi

= y(x) = cixcos (\/iln \m|) + cox sin (\/iln \x|)



