Math 2233
SOLUTIONS TO FIRST EXAM
June 30, 2014

1. Classify the following differential equations by determining their order, determining whether they are
linear or non-linear differential equations, and determining if they are ordinary differential equations or
partial differential equations.

(a) (5 pts) y" +a?y = e¥®

e 2" order, nonlinear, ODE
(b) (5 pts) 5% + 4750 = 6

e 2" order, linear, PDE
(c) (5 pts) s% +t2ds L=t

e 3" order, non-linear, ODE

2.
(a) (5 pts) Give an example of a separable first order ODE.

. M(x):N(x)%.
(b) (5 pts) Give an example of a linear first order ODE.

o EHp(@)y=g()
(c) (5 pts) Given an example of an exact first order ODE and demonstrate that it is exact.

o M(xz,y)+ N (x,y) g—g = 0 with %—{ZI = %—I;[ (e.g. = +sin(y) + (zcos(y) + v) g—g =0)
3. (15 pts) Find an explicit solution of the following (separable) differential equation.

2r — ey =0
o We have

w2 - 9
e x
= /e2ydy:/2xdx+C

1
= 562‘” =224 C
= e? =222 + 20

= yz%ln(2m2+0’)
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4. (15 pts) Solve the following initial value problem
ay —3y=a>  ,  y(l)=2

e This differential equation is first order linear equivalent to the following 1% order linear equation
in standard form

dy 3, 3
P e P(x)—_E ;9@ =u
We first calculate the integrating factor p () :

p(x) = exp </p(x) da:) = exp (/ <2> d:c) — exp (=3Inla|) = 273

Next we calculate the general solution

S ¢ _ 1 [, <
y(x) = M/u(z)g(a:)d:chMx_?)/x ($)d$+$_3

= $3/1’_2d$+01‘3:$3 (_i) + Og?

= —2?+C2?

Finally, we impose the boundary condition to fix the choice of C' :
2=y()=—1)’+Cc(1)’=-1+C = C=3
The unique solution is thus
y(z) = —a? + 323

5. (15 pts) Find an implicit solution to the following initial value problem (Hint: the differential equation
is exact.)

y dy
oz mzSL =0 2) =1
Yt ortinfe) y(2)
e First, we verify that equation is exact
Y oM 1
M = —_ _— =
(2,9) . oy 1z
ON 1
N (z, = 1 = —— ==
(o) = Wl = So=2
Since %—A; = %—];7, the differential equation is exact. This means that its solutions are the same as
the solutions of an algebraic equation ¢ (z,y) = C with ¢ (x,y) determined by
¢(z,y) = /M(z,y)8x+Hl (y) = / (% +21’) dx + Hy (y) = yln |z| +2® + Hy (y)

6(09) = [ N(ew)oy+Ha @)= [ (nlel) 0y + Ha () = ylufel + Ha (0
In order to get these two expressions for ¢ (x,y) to agree, we must take H; (y) = 0 and Hs (z) = 22,
Thus, ¢ (x,y) = 22 + yIn|z| and our implicit (general) solution is
22 +yln|z|=C
We now use the initial condition to fix the choice of the constant C.
y(2)=1 = 2’+Ol]2l=C = C=4+In|?
Thus, the implicit solution to the stated initial value problem is

2? +yln|z| =4+ 1n2|



6. (10 pts) Find an integrating factor for

dy
2 22% +2) == =0
xy—i—(x—l—)dx
e We have
oM
M(z,y) = 2xy = — =2z
(2,9) o
ON
N(z,y) = 22°+2 = %24,@

The equation is not exact. However, it has both an integrating factor depending only on x and
and integrating factor depending only on y. For,
% - %71;/ 2x — 4z 2x x

F = ~ =T Pt i does not depend on y

p(x) = exp (/F1 (x) dw) = exp </ xfﬂm)
= exp (; /“—'TQ“ d:) = exp (; In (z* + 1))

SO

p(y) = exp (/Fz (y) dy) = exp (/ ;dy> =exp(Infy]) =y

will be an integrating factor.

= 2 4+1
will be an integrating factor.
Also,
AN _ aM
D ou 4 — 2 2 1
F=F =292 9% _ rToAr 2 does not depend on z
M 2xy 20y y
and so

7. (15 pts) Use a change of variables to solve

d x
£:%+§
(Hint: try z = y/z.)
[ ]

Zz == = Yy=zr = —_— =
x dx dx
Substituting z for £ on the right hand side of the differential equation, and mg—fc + z for % on the
left hand side of our original differential equation we get

1 d 1 d 1 1
xi+z — zZ+ - = xd—yzf = z—z:f = zdz = —dx
z x

dx T oz dr x
1
= /zdz:/—d:z:+C
x
1,
= 57 =ln|z|+C

= z=4+2In|z| + 2C

We now replace z by its expression in terms of y and x

Y~ 4\ /2| +2C
X

y=xz/2Inlz| + C’

or



