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ABSTRACT. For a cuspidal automorphic representation II of GL(4,A), H. Kim proved
that the exterior square transfer A%II is nearly an isobaric automorphic representation of
GL(6,A). In this paper we characterize those representations II for which A1 is cuspidal.

1. INTRODUCTION AND STATEMENT OF THE MAIN THEOREM

Let F' be a number field whose adele ring we denote by Ap. Let G; and G2 be two
connected reductive linear algebraic groups over F', with Ga quasi-split over F, and let
LG, and “Gy be the corresponding L-groups. Given an L-homomorphism 7 : “G; — Gy,
Langlands principle of functoriality predicts the existence of a transfer IT — r(II) of the L-
packet of an automorphic representation II of G1(Ap) to an L-packet r(II) of automorphic
representations of Go2(Ap). Now assume that Go is a general linear group. We note that an
L-packet for a general linear group is a singleton set. For applications of functoriality one
needs to understand the image and fibers of the correspondence II — r(IT). In particular, it
is necessary to understand what conditions on II ensure that the transfer r(II) is cuspidal.

The main aim of this paper is to describe a cuspidality criterion for the transfer of
automorphic representations from GL(4,Ar) to GL(6,Ar) corresponding to the exterior
square map A? : GL(4,C) — GL(6,C). Langlands functoriality in this case is a deep
theorem due to H. Kim [13].

Let II = ®,II, and ¥ = ®,%, be irreducible isobaric automorphic representations of
GL(4,Ar) and GL(6, Ar), respectively. Assume that S is a finite set of places of F', includ-
ing all the archimedean ones, outside of which both of the representations are unramified.
We say ¥ is an exterior square transfer of IT if for all v ¢ S we have ¥, = A%(IL,), i.e., the
semi-simple conjugacy class in GL(6,C) determining ¥, is generated by the image under
A% of the semi-simple conjugacy class in GL(4, C) determining II,. By strong multiplicity
one theorem (see Theorem 2.1 below) such a ¥ would be unique. We will denote it by AZIL.
The existence of A2II was established by H. Kim [13, Theorem A]. Furthermore, he showed
that if IL, is not supercuspidal for the places v dividing 2 or 3, then the local component
I, and (A%I), are compatible via the local Langlands correspondence for GL(4, F,) and
GL(6, F},). The assumption at v|2,3 was made because of complications posed by super-
cuspidal representations, especially of GL(4, F}). In any event, it has no bearing on our
result as we do not need the fact that the local components of A%II and II are compatible
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via the local Langlands correspondence at all places. We now state the main theorem of
this article.

Theorem 1.1. Let F' be a number field and let 11 be a cuspidal automorphic representation
of GL(4,AFr). The following are equivalent:

(i) A1 is not cuspidal.
(ii) II is one of the following:

(a) IT = 7 W o, the transfer from GL(2,Ar) x GL(2,Ap) to GL(4,Ar) via the
automorphic tensor product K. (This may also be viewed as the transfer from
split GSpin(4) to GL(4).)

(b) II = As(w), the Asai transfer of a dihedral cuspidal automorphic representation
7 of GL(2,Ag) where E/F is a quadratic extension. (This may also be viewed
as the transfer to GL(4) from the quasi-split non-split GSpin*(4) over F' which
splits over E.)

(c¢) II is the functorial transfer of a cuspidal representation m of GSp(4,Ar) asso-
ciated with the natural embedding of the dual group GSp(4,C) into GL(4,C).
The representation ™ may be taken to be globally generic.

(d) II = 1L(n), the automorphic induction of a cuspidal automorphic representation
7 of GL(2,Ag), where E/F is a quadratic extension.

(iii) II satisfies one of the following:

(o) =TIV @ x for some Hecke character x of F, and I is not the Asai transfer
of a nondihedral cuspidal representation.

() =1 ® x for a nontrivial Hecke character x of F'.

We observe that the groups in (ii)(a)—(ii)(d) are some of the twisted endoscopic groups
for GL(4) x GL(1) which have the property that the image under A% of the connected
component of their dual groups are contained in proper Levi subgroups of GL(6,C). Recall
from [2, §3.7] that the exterior square transfer we consider here is a special case of the more
general transfer from GSpin(2n) to GL(2n). One would expect that the above theorem
admits a generalization to that setting through the theory of twisted endoscopy.

We now briefly sketch the proof of the theorem. It is easy to verify that (ii) implies
both (i) and (iii). In Section 3 we explicitly write down the isobaric decomposition of ATl
for each of the cases (ii)(a)—(ii)(d). In order to check that two isobaric representations
are isomorphic we repeatedly use a strong multiplicity one theorem, due to Jacquet and
Shalika, recalled in Section 2.1.

The proof of (i) = (iii), described in Section 4, uses some details from the Langlands—
Shahidi machinery. We show in Proposition 4.1 that if II is not essentially self-dual, then
A?II cannot have a degree 1 or degree 3 isobaric summand. In Proposition 4.2 we verify
that if IT does not admit a nontrivial self-twist, then A%II cannot have a degree 2 isobaric
summand. For a cuspidal representation o of GL(m, Ar) consider the Langlands L-function
L(s,Ix0, A’®pyy,), where p, is the standard representation of GL(m, C). These L-functions
appear in the Langlands—Shahidi machinery for a particular choice of Levi subgroup when
the ambient group is GSpin(2m + 6). We use Kim [13, §3] to show that, under the above
mentioned hypothesis on II, these (partial) L-functions are holomorphic at s = 1. The
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implication then follows from a well-known result of Jacquet, Piatetski-Shapiro, and Sha-
lika recalled in Section 2.1. We summarize some of the preliminaries we need from the
Langlands—Shahidi machinery in Section 2.3.

Finally, the proof of (iii) = (ii) is given in Section 5. It relies on the so-called ‘descent
theory’ for classical groups. The version of descent theory for GSpin groups that we need
has now been announced by J. Hundley and E. Sayag [9]. As a general reference for descent
theory we refer to Soudry’s exposition [31].

In Sections 6.1 and 6.2 we present a few examples, some only conjectural, illustrating
the above theorem. In Section 6.3 we comment on possible intersections among the cases
in (ii). In Section 6.4 we ask whether it is possible to see the cuspidality criterion from
the ‘Galois side’. The question can be made precise based on the philosophy that there
is a correspondence between automorphic representations m of GL(n,Ar) and f-adic n-
dimensional representations ¢ of the absolute Galois group of F', or n-dimensional complex
representations of the conjectural Langlands group L. Let us denote this correspondence
by m +— o(m). Part of this philosophy is that 7 is supposed to be cuspidal if and only if
o(m) is irreducible. We refer to Ramakrishnan [27] for the state of the art on this issue. In
view of the above theorem one can ask the following question. Let o be a four-dimensional
irreducible Galois representation; what condition on ¢ will ensure that A2o is irreducible?
Upon posing this question in a talk at the Oklahoma Joint Automorphic Forms Seminar,
A. Kable came up with a very elegant theorem which reflects the equivalence of (i) and
(iii) in Theorem 1.1. We are grateful to him for allowing us to include his theorem and its
proof in Section 6.4. Recall that in (iii)(«) of Theorem 1.1 above, we had to exclude the
Asai transfer of a nondihedral cuspidal representation if II is essentially self-dual. On the
Galois side, this is reflected in the fact that if a four-dimensional irreducible representation
o is essentially self-dual of orthogonal type, then for A%2o to be reducible the image of o
should lie in the connected component of the identity in the algebraic group GO(4); see
Theorem 6.5.

Cuspidality criteria are important not only for their intrinsic value in helping us better
understand a given instance of functoriality but also because they have important arithmetic
applications. D. Ramakrishnan and S. Wang [29] proved a cuspidality criterion for the
transfer from GL(2) x GL(3) to GL(6) and used it to construct new cuspidal cohomology
classes for GL(6). We refer to [22] for a brief survey of cohomological applications of
Langlands functoriality. H. Kim and F. Shahidi [18] proved a cuspidality criterion for the
symmetric fourth transfer from GL(2) to GL(5), which has been used in the study of special
values of symmetric power L-functions by the second author and F. Shahidi [23]. Such a
potential arithmetic application was indeed our original motivation to seek a cuspidality
criterion for the exterior square transfer.
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and R. Zierau for helpful discussions and comments. We also thank the referee for helpful
comments. The first author is partially supported by an Alexander von Humboldt Research
Fellowship. The second author is partially supported by an ASR +1 grant from the College
of Arts and Science of Oklahoma State University.
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2. SOME PRELIMINARIES

In this section we collect some results that we repeatedly use in later sections. To be-
gin, we recall a theorem due to Jacquet and Shalika concerning strong multiplicity one
for isobaric automorphic representations. Then we recall an analytic criterion in terms of
Rankin—Selberg L-functions, due to Jacquet, Piatetski-Shapiro and Shalika, that charac-
terizes when two cuspidal automorphic representations are equivalent. Next, we note that
the natural transfer of automorphic representations of a quasi-split non-split general spin
group GSpin*(4) to GL(4) is in fact the Asai transfer. Finally, we recall some details from
the Langlands—Shahidi machinery that will be of use to us, particularly when the ambient
group is GSpin(m) with m = 8,10 or 12.

2.1. Some results of Jacquet, Piatetski-Shapiro, and Shalika. The following strong
multiplicity one theorem for isobaric representations is due to Jacquet and Shalika [11, 12].

Theorem 2.1. Let w1 and 72 be isobaric automorphic representations of GL(n,Ap). Let
S be a finite set of places of F', containing the archimedean places, such that both m and
o are unramified outside S. If w1, = wo, for allv ¢ S, then m = .

Another useful technical tool for us is the following theorem, due to Jacquet, Piatetski-
Shapiro and Shalika [10], concerning Rankin—Selberg L-functions.

Theorem 2.2. Let w1 and o be cuspidal automorphic representations of GL(n1,Ap) and
GL(ng, Ap), respectively. Let S be a finite set of places containing the archimedean places of
F and the ramified places of my and mo. The partial Rankin-Selberg L-function L° (s, 71 x m2)
is holomorphic at s = 1 unless n; = ng and mo = m), and in which case it has a simple pole
at s =1.

2.2. The Asai transfer and the quasi-split non-split GSpin*(4). Let E/F be a qua-
dratic extension of number fields and let I' = I'r denote the absolute Galois group of F.
In this section we let G denote the group GSpin*(4), a quasi-split non-split linear algebraic
group over F', which is isomorphic to the split GSpin(4) over E. The L-group of G can be
written as “G' = GSO(4,C) x T, where the Galois action, which factors through Gal(E/F),
is described below. We note that GSO(4, C) denotes the special orthogonal similitude group;
one can identify it as a quotient of GL(2,C) x GL(2,C) given by

GSO(4,C) = B(GL(2,C) x GL(2,C)),

where [ is the map on the right of the exact sequence

1 — C* — GL(2,C) x GL(2,C) -2 GO(4,C).
For details see [26, §2]. Furthermore, the I'-action on GSO(4,C) is as follows. If v € " and
9 = B(91,92) with g; € GL(2,C), then

g = B(91,92) if g =1,
B(g92,91) if v[E # 1.

We also need to recall the Asai transfer. Consider the group H = Resg/rGL(2) as a
group over F'. Its L-group is given by

LH = (GL(2,C) x GL(2,C)) x T,



CUSPIDALITY CRITERION 5

with the Galois action given by

‘ _ Jlong) ifrle=1,
(2:3) 7 (91.92) = {(92,91) if ylp # 1.

Let W be a 2-dimensional C-vector space, and let V =W ® W. After fixing a basis for
W, we identify GL(W) with GL(2,C). Consider the map
(2.4) As: (GL(W) x GL(W)) xI' — GL(V) = GL(4,C)

given, on pure tensors, by

91&1 @ g€ if g =1,
9162 @ g2&1 if | # 1,

for all ¢ € W and all g; € GL(W). It is straightforward to check that this map is indeed a
homomorphism. It is called the Asai (or ‘twisted tensor’) homomorphism. (Alternatively,
one could take the map satisfying As(g1, g2;7)(§1 ® &2) = —g1&2 ® g2&1 when ~|g # 1. This
choice would lead to a quadratic twist of the above map. )

Further, let ¢ : “G — GL(V) 2 GL(4, C) be the map defined via

, &gt ifyle=1,
L(B(g1,92);7)(§1 @ &2) = {91§2 © gofs if Al £ 1.

Again it is straightforward to check that this map is an L-homomorphism. It is now clear
that ¢ o (3,id) = As. In other words, the following diagram commutes:

As(g1,92;7)(§1 @ &) = {

GL(2,C) x GL(2,C) x T (Bid) — 5 GSO(4,C) % T
As L
GL(4,C)

Assume that 7 is a cuspidal automorphic representation of GL(2, Ag) and let IT = As()
be its Asai transfer to GL(4, Ar). (See Krishnamurthy [19] or Ramakrishnan [26].) Then
IT = +(B(m)), where 3(m) denotes the transfer of 7 to the group GSpin*(4, Ar), and ¢(3(7))
denotes the transfer of 3(m) from GSpin*(4,Ar) to GL(4,Ap). The transfer corresponding
to 3 exists for formal reasons and the existence of the transfer corresponding to ¢ (for generic
representations) is part of a joint work of the first author with F. Shahidi [2, 3].

2.3. The Langlands—Shahidi L-functions. Let P = M N be a maximal proper parabolic
subgroup of a connected reductive quasi-split linear algebraic group G, where M denotes a
Levi subgroup and NN denotes the unipotent radical of P. Let o be a generic automorphic
representation of M(Ap). Let r denote the adjoint action of the complex Langlands dual
group M on the Lie algebra of the dual of N. Write r = r1 & --- & ry,, where the r;’s
denote the irreducible constituents of r and the ordering is according to the eigenvalue of
the adjoint action as in, for example, [30, p.278]. The Langlands—Shahidi method then
constructs the L-functions L(s,o,r;) for 1 <i < m.

We need the following cases of the Langlands—Shahidi method. Let G = GSpin(2n + 6)
with n = 1,2,3, and consider a maximal parabolic subgroup of G with Levi subgroup
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M = GL(n) x GSpin(6). (One could also work with split spin groups as in [13, §3]; however,
we find it more convenient to work with the similitude version of the groups.) The algebraic
group GSpin(6) is isomorphic to a quotient of GL(1) x Spin(6) by a central subgroup
A ={1,(—1,¢)}, where c is the nontrivial element in the center of Spin(6) of order 2; see [2,
Proposition 2.2]. The algebraic group GL(4) is isomorphic to a quotient of GL(1) x SL(4)
by a cyclic central subgroup B of order 4. We identify Spin(6) with SL(4) such that B
contains A. This way we get a natural map, defined over F', from GSpin(6) to GL(4), which
in turn induces a map

(2.5) f 1M — GL(n) x GL(4).

Let IT be an irreducible cuspidal representation of GL(4,Ar) and let o be an irreducible
cuspidal automorphic representation of GL(n,Ar), n = 1,2,3. Choose any irreducible
constituent ¥ of o & II| F(M(ap)) and let 3 also denote the corresponding representation of
M(Ar). The Langlands—Shahidi method then gives

(26) L(3727r1) = L(570®H7pn®/\2p4)7

where py denotes the standard representation of GL(k,C) and the L-function on the right-
hand side is a Langlands L-function; see [13, §3]. We record a general fact that we need
from the Langlands—Shahidi method.

Proposition 2.7. Let wg and wys denote the longest elements of the Weyl group of G and
M, respectively. Let wg = wgway. If wo(X) £ X, then L(s,X,11) is entire.

Proof. This is a standard fact in the Langlands—Shahidi method. For example, see the proof
of [13, Proposition 3.4]. O

In order to apply the above proposition one needs to know the action of wg on a repre-
sentation of M (Ap).

Proposition 2.8. Let G = GSpin(2n + 6) with n a positive integer and let o @ II be a
representation of M(AFr) as above. Moreover, let wy be as above and denote its image
under the map (2.5) by wo again. Then we have

oV @ (IlY ®wy,) if n is odd,
0’/ @ (M w,) if n is even.

wo(o @ 1II) = {

Here, w, denotes the central character of o.

Proof. Recall that the nontrivial automorphism of the Dynkin diagram of type A,, corre-
sponds to an outer automorphism of GL(m + 1) and it conjugates an irreducible represen-
tation to its dual representation. The proof of the proposition will follow from a description
of how wyp acts on the root system of type D,.

We use the Bourbaki notation for the simple roots:

Q] =€ — €, ,Qp2 = €2 — €_1,0p_1 = €1 — €, Q = €—] T €.

The Weyl group of G is isomorphic with {£1}"~! x S, which we identify with a subgroup
of signed r x r permutation matrices acting on the space R" = Re; @ - - - @ Re,.. With this



CUSPIDALITY CRITERION 7

identification observe that

-1, if r is even,

wa = I
<_ r=1 1) if r is odd.

Let 7 = n+3 and let M be a maximal Levi subgroup of type A,,—1 x A3 in G = GSpin(2r).
The simple roots in the As-factor are a1, a,_2, ;.. The proposition follows by observing
that

wo(or—1) = wewy(r—1) = wa(—a;)
( ) €—1+ € = if r is even,
= wa(—€-1—¢)=
Aot " €—1— € = ap_1 if ris odd,
and
wO(ar) = wGwM(ar) = wG(*arfl)
€1 — € = ap_1 if r is even,
= wg(—€—-1+€)=
al=er r) {er_l + € = o, if r is odd,
while

wo(or—2) = wownr(or—2) = wa(—or—2) = wg(—€r—2 — €-1) = Ar_2

in either case. Moreover, for 1 < j7 <n — 1 we have
wo(ay) = wawnr () = wa(—on—j) = wa(—€n—j + €njy1) = an—j.

This means that wg induces the nontrivial automorphism of the Dynkin diagram of the
A, _1-factor of M, and on the As-factor it induces the nontrivial automorphism of the
Dynkin diagram if and only if r is even.

Let m = m(g, h) be an arbitrary element in the Levi subgroup M identified with GL(n) x
GSpin(6), in G = GSpin(2n + 6), where g € GL(n) and h € GSpin(6), and let v = v(m)
denote its similitude character value. Then

wom(g, hwy " =m('g” v(m), ),

where

W th™1if ris even,
|k ifrisodd

We conclude that

wo(o @ M)(m(g,h)) = (o @M)(m('g" v(m)

= o('g (" )ws(v(m)
= (9" (h)wo (v (h))
= (0" ®@(I*®w,)) (m(g

h*))
)
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where
o — IV if r is even,
T ifris odd.
Note that » = n + 3 is even if and only if n is odd. This completes the proof. O

3. THE PROOF OF (ii)=(i)

We verify that for each of (ii)(a) through (ii)(d) the exterior square transfer A%II is not
cuspidal. Indeed, it is not difficult to write down the isobaric decomposition for AII in
each case.

3.1. (i) (a)=(i).

Proposition 3.1. Let m and my be cuspidal automorphic representations of GL(2,AF).
Let m Xy be the transfer to an automorphic representation of GL(4, Ar), whose existence
was established in [24]. For brevity, we let 11 = m Ko and w = wy,wy,. We have

(a) A2(m M mg) = (Sym2(7rl) ® ng) 2] (SymZ(ﬂ'g) ® wm) .

(b) Assuming Langlands functoriality one should expect

Sym?(m M my) = (Sym2(7r1) X Sym?(m2)) B Wy Wi, -

(c) The partial L-function L°(s, N>(IT) ® w™!) is entire while the partial L-function
L3(s,11,Sym? ® w™!') has a pole at s = 1.

Proof. The proof of (a) and (b), using Theorem 2.1, is an easy calculation using Satake
parameters on both sides. More precisely, for a finite place v at which both m; and o
are unramified we let 1, and 7y, have Frobenius-Hecke eigenvalues ¢; = diag(ai,b1) and
to = diag(ag, ba), respectively. Then

N (ty ® to) = (diag(af, a1y, b) - agha) B (diag(a3, azbs, b3) - arb)

and
Symg(tl ® tg) = (diag(a%, aiby, b%) ® diag(a%, asba, bg)) B (a1b;1 - agbs) .
Part (a) has also been observed by others; see [19, (7.27)] and [28, (2.6)], for example.
For (b) to make sense one has to assume the symmetric square transfer from GL(4) to
GL(10) and the automorphic tensor product from GL(3) x GL(3) to GL(9), both particular
instances of functoriality.
To prove (c), observe that TV 2 IT ® w~!, which implies
LO(s, I x T1) = L¥(s, A2(I1) @ w™ 1) L5 (s, 11, Sym? @ w™1),

where S'is a finite set of places including all the archimedean ones such that II is unramified
outside of S. From (a) we have A2(IT)®@w ™! = Ad(m)BAd(ms). (Here Ad(m;) = Sym?(m;)®
wyt.) If m; is not dihedral, then Ad(m;) is cuspidal (by Gelbart-Jacquet [7]) and hence its
partial L-function is entire. If 7; is dihedral, say m = I5(x), then it is easy to see that
Ad(m;) = wg/p @ Ig(x’x_l), where wg/p is the quadratic character of F' associated to F
by class field theory, and x’ is the nontrivial Gal(E/F')-conjugate of x. Since 7; is cuspidal,

the inducing character y is Galois regular, i.e., X' # X, or equivalently x'x ! is a nontrivial
character, whence L (s, Ad(m;)) = LS(S,wE/F)LS(s, IE(x'x™1)) is entire. (In particular, it
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does not have a pole at s = 1.) Therefore L (s, A2(I) @w™') = L¥(s, Ad(m1)) L7 (s, Ad(2))
does not have a pole at s = 1. However, L%(s, I x II") has a pole at s = 1, which implies
that L°(s,TI,Sym? ® w™') has a pole at s = 1.

Note that (c), unlike (b), is unconditional and does not depend on assuming unproven
instances of functoriality. O

3.2. (i) (b)=(i).

Proposition 3.2. Let E/F be a quadratic extension. Let m be a cuspidal automorphic
representation of GL(2,Ag) and let I = As(7) be its Asai transfer. Assume that I1 is a
cuspidal automorphic representation of GL(4, Ar). Then A1 is cuspidal if and only if 7
1s not dihedral.

Proof. The proof depends on the following identity
A2 (As(m)) = IE(Sym?r ® W),

where ' means the nontrivial Gal(F/F)-conjugate. (See [19, §7].) To begin, assume that 7 is
not dihedral. By [26, Theorem 1.4] we know that As(7) is cuspidal if and only if 7’ * 7@
for any p. If A?II is not cuspidal, then

(Sym?7 ® w;r)/ >~ Sym’m @ W
This implies that Sym?7’ ® w, = Sym?7 @ !, i.e., Ad(r) = Ad(x’). This, in turn, implies

s
that 7’ =2 7 ® p (by [24, Theorem 4.1.2]), contradicting the fact that there is no such twist.
Hence A%II is cuspidal.
Next, assume that 7 is dihedral. In this case Sym?(7) is not cuspidal and therefore,

1Z(Sym?r ® w!.) cannot possibly be cuspidal. O
3.3. (ii)(c)=-(i).

Proposition 3.3. LetII be a cuspidal automorphic representation of GL(4, Ar) and assume
that 11 is a transfer from a cuspidal (generic) automorphic representation ™ of GSp(4, Ar).
Then

AT = 75(m) B whr,
where 75 is a degree 5 representation of GSp(4,C) defined below. In particular, A*I1 is not
cuspidal.

Proof. We use Kim [14, p. 2793]. As observed there, one has
Sp(4,C) < GL(4,C) 25 GL(6, C)

and A2 o1 = r5 @ 1l decomposes into a direct sum of the trivial representation and a
five-dimensional representation r5. Similarly,

GSp(4,C) <& GL(4,C) 25 GL(6, C)

and A2 07 = 75 @ v, where v is the similitude character of GSp(4,C) and 75 is a five-
dimensional representation of GSp(4,C). This implies the desired equality of automorphic
representations. O
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Remark 3.4. Embedded in the above proof is the assertion that a cuspidal (generic) auto-
morphic representation m of GSp(4, Ar) admits a transfer to an automorphic representation
75(m) of GL5(A ) corresponding to the representation 75. This depends on the generic trans-
fer from GSp(4) to GL(4) (see Asgari-Shahidi [4]), and the exterior square transfer from
GL(4) to GL(6) due to Kim [13].

3.4. (ii)(d)=(i).

Proposition 3.5. Let m be a cuspidal automorphic representation of GL(2,Apg), where
E/F is a quadratic extension, and let 11 = Ig(ﬂ') be the automorphic induction of m to an
automorphic representation of GL(4,Ar). Then A2II is not cuspidal.

Proof. 1t is known that
N (IE(m)) = As(m) Quwg/r B 15 (wn),

where wg/p is the quadratic Hecke character of F' associated to F /F by class field theory.
See, for example, Kim [16, §3]. O

4. THE PROOF OF (i)=-(iii)

It is equivalent to prove that if I is a cuspidal automorphic representation of GL(4, Ar)
which neither has a nontrivial self-twist nor is essentially self-dual, then A%(II) is cuspidal.
Observe that if an isobaric automorphic representation p of GL(6,Ar) is not cuspidal,
then it must have an isobaric summand of degree 1,2, or 3, i.e., there exists a cuspidal
representation o of GL(n, Ar), with 1 <n < 3, such that Ls(s,p x o) has a pole at s = 1.
Again, S denotes a finite set of places of F, including all the archimedean ones, such that
all the representations involved are unramified at places outside S. Now with IT as above,
the cuspidality of A%II follows from the following two propositions.

Proposition 4.1. IfII 2 IIV ® x for all x, then L% (s, 11 ® o, A2 ® p2) is holomorphic at
s =1 for every cuspidal representation o of GL(n,Ap), n =1,3.

Proof. Let ¥ be as in (2.5). By Proposition 2.7, it is enough to show that wg(X) 2 3. If
we have wg(X) = 3, then wo(o @ II) = o @ II. On the other hand, by Proposition 2.8 we
have wo(oc @ I1) 2 0¥ @ (IIY @ w,). In particular, we must have IT = 1TV ® w, contradicting
the hypothesis. O

Proposition 4.2. IfII % II®x for all nontrivial x, then L° (s, TI®o, A2®p2) is holomorphic
at s =1 for every cuspidal representation o of GL(2,Ap).

Proof. The same argument as in the above proof works as long as w, # 1 because by
Proposition 2.8 we have wy(c ® I1) = 0¥ @ (Il ® w,) % o ® II. This means that if o is a
cuspidal representation of GL(2, Ar) with nontrivial central character, then ¢ cannot occur
as an isobaric summand of AZ(II).

Now suppose that o is a cuspidal representation of GL(2, Ar) with trivial central char-
acter and that o is an isobaric summand of A%(IT). Then the representation o ® 62 occurs
in A2(Il ® 0) for any Hecke character §. Note that II ® § also satisfies the hypothesis that
it has no nontrivial self-twists. Choose 6 such that

Woger = w0t =04 £ 1
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to get a contradiction. ]

5. THE PROOF OF (iii)=-(ii)

We prove that if II satisfies (iii)(3), then it is of the form (ii)(d), and if it satisfies
(iii) (), then it is one of (ii)(a)—(c).

5.1. (iii)(B) = (ii)(d). Assume that
(5.1) Moy

for some nontrivial y. Taking central characters we have xy* = 1. If x2 # 1, then we
may replace x with x? in (5.1), which means we may assume that the character x in
(5.1) is quadratic. We want to show that II is induced from a quadratic extension. If II
is a representation of GL(2), then the analogous statement is a well-known result due to
Labesse-Langlands [20]. In our case it follows from the work of Arthur-Clozel [1] and some
L-function arguments as we explain below.

Lemma 5.2. Let II be a cuspidal representation of GL(2n,Ap) satisfying I =2 I ® x for
a nontrivial quadratic character x. Then 11 = 15(7), where E/F is the quadratic extension
associated with x and 7 is a cuspidal representation of GL(n,Ag).

Proof. We first claim that the base change Ilg is not cuspidal. To see this, assume that it
is cuspidal. For a finite set S of places of F' and the corresponding set T of places of F
lying above those in S, as before, we have

(5.3) LT(s, Tl x IIf) = L9(s, I x IY)L(s, T x IIV ® x)

L5(s, T x I1V)2.
For sufficiently large S, the left hand side of (5.3) has a simple pole at s = 1 while the right
hand side has a double pole at s = 1. This contradiction shows that IIg is not cuspidal.

This means that IIp = 7 Hmo, where m; are cuspidal representations of GL(n, Ag). Further,
m 2 mo, because if they are equivalent, then

LS(s, I x TIV)? = LT (5,11 x I)) = LT (s, m x w))%,

but L(s,II x I1V)? has a double pole and L (s, 7; x 7)) has a pole of order 4 at s = 1.
Next, we claim that II = Ig(m). To show this it is enough to prove that the partial
L-function L%(s,15(m1) x I1V) has a simple pole at s = 1. This follows from

LS (s,15(m) x 1Y) = L5(s,15(m x I1}))
= LT(s,m xII})

= LT(s,m x w))LT(s,m1 x 7).

Since o % 71 we know that LT (s, m x my)LT (s, m x my) has a simple pole at s =1. [
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5.2. (iii) (o) = (ii)(a)—(c). Now assume that

(5.4) IIY @y

for some . For a finite set .S of places of F', as before, we have

Lo(s,IIxT1Y) = L5(s,IIx (II®x 1Y)
= L%(s,(MxMex ")
= L5(s,ILA* @ x ") L7 (s, 11, 8ym* @ x 7).

The last two L-functions are the standard twisted exterior square and twisted symmetric
square L-functions of II. If S is a sufficiently large set, then L% (s,II x IIY) has a simple
pole at s = 1. Therefore one and exactly one of the partial twisted exterior or symmetric
square L-functions has a simple pole at s = 1.

First, assume that L%(s,II, A> ® x~') has a pole at s = 1. Then there exists a cuspidal
representation 7, which may be taken to be globally generic, of GSp(4, Ap) such that II is
the functorial transfer of II, i.e., IT is a representation as in (ii)(c). This result has been
known for a long time and, we believe, is originally due to Jacquet, Piatetski-Shapiro, and
Shalika. See Gan-Takeda [6] for a proof. It would also follow from the more general method
of “descent” as we explain below.

Next, assume that L(s, II, Sym? ® x ') has a pole at s = 1. Taking central characters
in (5.4) we have wyy = wﬁlx4. In other words, ;1 = w2 is a quadratic character. If y is
trivial, then II is a transfer from a cuspidal representation 7 of GSpin(4), a split connected
reductive group of type Dy whose derived group is Spin(4). If u is nontrivial, then II is
a functorial transfer from the quasi-split non-split group GSpin*(4) associated with the
quadratic extension E/F attached to pu. These facts can be proved using the “descent”
method of Ginzburg-Rallis-Soudry. If x is trivial, then II would be a transfer from a special
orthogonal or symplectic group. We refer to Ginzburg-Rallis-Soudry [8, Theorem A] and
Soudry [31, Theorem 4 and 12] for the proofs for classical groups, and Hundley-Sayag [9]
for the case of GSpin groups.

With the above notation, if y is trivial, then IT is as in (ii)(a), and if it is nontrivial then
IT is as in (ii)(b).

6. EXAMPLES AND COMPLEMENTS

In this section we give a few examples of our main result. In some of them the proposed
representation IT of GL(4, Ar) is not yet proved to be automorphic, but it is conjecturally so.
We also comment on possible intersection among the four cases in part (ii) of Theorem 1.1.
Finally, we present a theorem due to A. Kable on when the exterior square of an irreducible
four-dimensional representation is reducible.
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6.1. K. Martin’s Gigz. The matrices

in GL(4,C) generate a group G192 of order 192. Let p be the four-dimensional representa-
tion of the group Gigs given by inclusion. Then p is an irreducible representation. In [21]
K. Martin showed that p is modular, i.e., there exists a (cuspidal) automorphic representa-
tion II(p) that corresponds to p.

Ezample 6.1. Let II; = TII(p). Then II; is a cuspidal automorphic representation of
GL(4,Ar). Moreover, it is neither essentially self-dual nor does it have a nontrivial self-
twist. It is not on the list of possibilities of (ii). Furthermore, A?Il; is cuspidal. In other
words, II; is an example of a cuspidal representation which does not satisfy any of (i)—(iii)
of Theorem 1.1.

Proof. First we check that A?(p) is an irreducible representation. To see this consider the
standard basis (ey, ea, €3, e4) for C* and fix the ordered basis (w1, ws, ..., wg) of C® = A2C*
given by

wp =e; ey —ea®e;, wy=e1Q@e3 —ez3Re;, wyg =€ Weqs—eq4Req,
wy =ex3 ez —e3®er, Wy =e20e4 —eq4 R ez, Wg=¢€3Req —eqQ es.

Let A, B,C, D be the images of a, b, c,d under A2, respectively. Then, with respect to the
above basis, we have
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It is easy to check that if a 6 x 6 matrix X commutes with A, B, and C, then it has to be
of the form

Further, if XD = DX, thena=c=d=eand b= f =0, i.e., X is a scalar matrix. There-
fore, Homg,,, (A%p, A%2p) = C and, by Schur’s lemma, the representation A2p is irreducible.
This implies that A%II; is cuspidal. (This is because if a complex Galois representation o
is modular, i.e., corresponds to an automorphic representation m = 7(o), then o is irre-
ducible if and only if 7 is cuspidal. This fact follows from L(s,oc ® ¢¥) = L(s,m x ©); see
Ramakrishnan [27, Introduction].) Martin observes that p, and hence I1;, is not essentially
self-dual. Clearly II; is not on the list of possibilities in (ii) of the main theorem because
if it were, then A%II; would not be cuspidal (see Section 3). Hence II; does not satisfy any
of the equivalent statements of Theorem 1.1. O

In [21] Martin considers a four-dimensional irreducible representation p of the absolute
Galois group of Q whose image in PGL(4, C), denoted G, is an extension of A4 by Vj. In this
situation G is either V x A4 or Vj - A4. In the former case p is of GO(4)-type and II = II(p)
is a transfer from GL(2,Ar) x GL(2,AF), which is contained in our (ii)(a). The example
of Gg2 is an instance of the latter situation. In either case, II(p) may also be thought of
as being obtained by automorphic induction across a non-normal quartic extension with no
quadratic subextension.

6.2. The standard representation of Ss5. Consider a tower of number fields J/J/E/F.
Here, E/F and J/J are quadratic extensions, J/E is an As-extension, .J/F is an Ss-
extension, J/E is an SL(2, F5)-extension, and .J/F is Galois. (Recall that A5 = PSL(2,F5).)
In what follows we identify As, S5 and SL(2,F5) with these Galois groups.

Let o be the standard four-dimensional irreducible representation of Ss,

o:S; — GL(4,C).
Here are some properties of o:

(1) A20 is a six-dimensional irreducible representation of S5 (see [5, §3.2]).
(2) olay is irreducible (because o % o ® €, where € is the sign character of S5).
(3) A%(a]a,;) = (A%0)|a, is reducible (because A%(0) = A%(0) ® €), and its irreducible
constituents are both of degree 3.
(4) o is self-dual (because the character of o has integer values).
(5) olas = p1® p2, where p; and ps are the two-dimensional irreducible representations
of SL(2,F5) (see [15, Lemma 5.1]).
We need some details about the p;. Let p be the unique (up to twists) cuspidal representation
of GL(2,F5) whose restriction to SL(2,F5) is reducible. In this case, plsr,2r;) = p1 © p2. If
g € GL(2,F5) — Z(F5)SL(2,Fs5), then p{ = ps. Here Z is the center of GL(2). Conjugating
SL(2,F5) by such an element g induces the nontrivial outer automorphism of SL(2,Fs)
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because if it were an inner automorphism, then we would have p; = ps, which contradicts
the fact that the restriction from GLo to SLg is multiplicity free.

Let p denote either p; or ps. In constructing examples (to illustrate our main theorem),
we make the following assumption: p is modular, i.e., there exists a cuspidal automorphic
representation w(p) of GL(2,Ag) with p <> 7(p). In this situation, it is expected [17] that
there exists an automorphic representation m(c) of GL(4,Ar) with 7(c) < ¢ and 7(0) is
the Asai transfer of 7(p), i.e., m(c) = As(7(p)).

Ezample 6.2. Let Il = w(o) = As(m(p)). Then Il is a cuspidal automorphic represen-
tation of GL(4, Ar) which is self-dual. However, it is the Asai transfer of a nondihedral
cuspidal representation. Moreover, it has no nontrivial self-twists and it is not on the list
of possibilities in (ii). Furthermore, its exterior square transfer A?Il5 is cuspidal. In other
words, I3 is an example of a cuspidal representation which does not satisfy any of (i)—(iii)
of Theorem 1.1.

Proof. Since Iy = (o) and o is irreducible, we conclude that Il is cuspidal. (Cuspidality
of Il may also be seen by appealing to the cuspidality criterion for the Asai transfer due
to Ramakrishnan [26, Theorem 1.4].)

Next, we note that Il is self-dual and is the Asai transfer of a cuspidal representation,
namely 7(p). Note that 7(p) is not dihedral as p is not induced from a character of an index
two subgroup because there is no such subgroup in SL(2,F5). Also, IIy has no nontrivial
self-twists because o has no nontrivial self-twists.

Finally, note that A%l is cuspidal since A’Il; = A%7(0) = m(A%0) and A20 is an irre-
ducible representation implying that w(A%0) is cuspidal. (See, for example, Ramakrishnan
[27, Introduction].) O

Ezample 6.3. Let II3 = (II3) g be the base change of Iz to an automorphic representation
of GL(4,Ag). Then II3 is a cuspidal automorphic representation of GL(4, Ag) which is self-
dual and is not the Asai transfer of a nondihedral representation. It is contained in (ii)(a)
and its exterior square transfer A?Il3 is not cuspidal. In other words, II3 is an example of
a cuspidal representation which satisfies (i)—(iii) of Theorem 1.1.

Proof. To see cuspidality of II3, as well as the fact that it is contained in (ii)(a), note that

I3 = (I2)p = w(0)p = m(0]a;) = 7(p1 ® p2) = m(p1) KW 7(p2).
Neither p; is monomial since SL(2,F5) does not have an index two subgroup. Applying
the cuspidality criterion for 7(p1) ® m(p2) due to Ramakrishnan [25, Theorem 11.1], we
see that I3 is not cuspidal if and only if m(p;) = 7(p2) ® p for some Hecke character p
of E. On the other hand, m(p2) ® u = 7(p2 ® ), where we identify the Hecke character
u with a character of the absolute Galois group of E via global class field theory. Hence,
we have 7(p1) = 7(p2 ® p). This implies that p; = ps ® p (since, for any two Galois
representations 71 and 79, one has m(71) = 7(72) if and only if 71 = 79; one can see this by
considering the equality L° (s, 7(11) x w(m2)¥) = L5(s, 71 ®7y)). Therefore, y is a character
of Gal(J/E) = SL(2,F5), a perfect group, hence p is trivial. Whence p; = po, which
contradicts the fact that they are inequivalent as was observed earlier.
Next, observe that A?Il3 is not cuspidal because

N3 = A (m(p1) B 7(p2)) = (Sym*(m(p1)) @ Wr(py)) & (Sym?*(7(p2)) @ Wr(py)),
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which is of isobaric type (3,3). (See Proposition 3.1.)

Finally, we observe that II3 is self-dual because o, and hence o|4,, is self-dual and that
I3 could not be an Asai transfer of a nondihedral representation because if it were, then
A%(I13) would be cuspidal by Proposition 3.2. O

6.3. On possible intersections between representations in (ii). The purpose of this
subsection is to show that the cases (ii)(a) through (ii)(d) are not mutually exclusive.

Example 6.4. Let m = Ig(x) be a cuspidal automorphic representation of GL(2, Ar) which
is automorphically induced from a Hecke character x of E, where E/F is a quadratic
extension. Let 7 be a nondihedral cuspidal automorphic representation of GL(2,Ar). Let
I1y = 7 W 7. Then Iy is a representation that is common to (ii)(a), (ii)(c) and (ii)(d).

Proof. From Ramakrishnan’s cuspidality criterion [25, Theorem 11.1] we know that Il4 is a
cuspidal representation of GL(4, Ar). By construction, Il is in (ii)(a).

We observe that

Iy = Ip(x) M7 = I5(x @ 7).

Since the induced representation Ig(x ® T ) is cuspidal, the inducing representation y ® 7g
is, a fortiori, cuspidal. Hence Il is in (ii)(d).

Now we claim that II is also a transfer from a (generic) cuspidal representation of
GSp(4,Ar). To see this we recall the following well known identities:

SymP(I500) = 1503 By,
N(IE(x) = X|A;‘WE/F7

where wg is the quadratic Hecke character of I associated to E/F by class field theory.
In particular, the central character of 7 is given by w, = x| A% WE/F From Proposition 3.1

we have
A (n R T) = (Sym2(ﬂ') ® w,) B (Sme(T) ® wr) -
For brevity write w = wrw,;. We deduce that
N (IL) = (IE(X?) @ wr) Bwwgp B (Sym*(1) @ w) .

Hence, the partial L-function L(s,II, A2 ® (wwg/p)~') has a pole at s = 1. Applying a
recent result of Gan and Takeda [6] we conclude that II is a transfer from GSp(4), i.e., I is
in (ii)(c). O

6.4. A calculation on the Galois side. As mentioned in the introduction, one may ask
for an irreducibility criterion on the Galois side, i.e., for f-adic Galois representations or
complex representations of the Langlands group £, which reflects the cuspidality criterion
one is looking for. In this section we present such a theorem due to A. Kable. We are
grateful to him for the permission to include this material here. Theorem 6.5 below is the
analogue of the equivalence of (i) and (iii) in Theorem 1.1. We begin by reviewing some
preliminaries.

Let k be an algebraically closed field whose characteristic is not two and let V' be a
four-dimensional k-vector space. Fix a nonzero element n € A*V. There is a nondegenerate
symmetric bilinear form B on A%V defined by wi A wy = B(wi,wy)n for all wi,ws € A2V,
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The bilinear space (A%V, B) is isomorphic to the orthogonal sum of three hyperbolic planes.
Let GO(B) be the group of similitudes of B, A\ : GO(B) — k* the similitude character, and
GSO(B) the subgroup of proper similitudes. This subgroup consists of those ' € GO(B)
such that det(T) = A(T)3, and it coincides with the connected component of the identity
in the algebraic group GO(B). (In the literature, the group GSO(B) is also denoted by
SGO(B) or GO'(B).) We use similar notation also for the similitude groups of forms on
V itself. Let p: GL(V) — GL(A%V) be the homomorphism p(S) = A2S.

Let G be a group and let o be an irreducible representation of G on V. Recall that o is
essentially self-dual if there is a character x of G such that 0¥ = y ® ¢. In this case, ! is
a subrepresentation of o ® 0. We say that o has symplectic type if Y~ occurs in A% and
orthogonal type if x 1 occurs in Sym?c. If o is essentially self-dual of orthogonal type, then
there is a nonzero symmetric bilinear form C on V such that G acts on V' by similitudes
of C. The kernel of C' is a G-invariant proper subspace of V' and hence trivial. Thus, C'
is nondegenerate and o(G) C GO(C). If o(G) C GSO(C), then we say that o is of proper
orthogonal type; otherwise, we say that o is of improper orthogonal type. Finally, we say
that o has a nontrivial quadratic self-twist if there is a nontrivial {+1}-valued character x
of G such that 0 2 y ® 0.

Theorem 6.5 (A. Kable). Let o be an irreducible 4-dimensional representation of a group
G over an algebraically closed field whose characteristic is not two. Then the following two
conditions on o are equivalent:

(1) A20 is reducible.
(2) o satisfies at least one of the following:
(a) is essentially self-dual of symplectic type,
(b) has a nontrivial quadratic self-twist, or
(c) is essentially self-dual of proper orthogonal type.

Toward the proof of the above theorem, we begin with a lemma.

Lemma 6.6. The bilinear space (A2V, B) has the following properties.

(1) The image of p is GSO(B).

(2) An isotropic line in N*V has the form N?Q, where Q <V is a uniquely determined
2-dimensional subspace of V.

(3) An isotropic 3-space in N2V either has the form L AV, where L <V is a uniquely
determined line, or the form N2U, where U <V is a uniquely determined 3-space.

(4) Let W < A%V be a 3-space on which B is nondegenerate. Then there is a nonde-
generate symmetric bilinear form C on V such that

{g € GL(V) [ p(9)(W) = W} = GSO(C).

The form C is determined by W up to scalars. FEvery nondegenerate symmetric
bilinear form on V' occurs in this way for a suitable choice of W.

Proof. We omit the proofs of (1), (2), and (3), as they are easy exercises, and briefly sketch
the proof of (4). Let @ be the quadric hypersurface in P(A%2V) consisting of null vectors
for B. By (2), we may identify @) with the Grassmannian of lines in P(V'). Let W be a
3-dimensional subspace of A2V on which B is nondegenerate, and Y = P(W) N Q be the
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smooth plane conic defined by Bl . Let T be the subvariety of P(V') obtained by taking
the union of the lines in P(V') corresponding to points of Y. It is easily verified that T is
a smooth quadric hypersurface, and so there is a nondegenerate symmetric bilinear form C
on V', unique up to scalars, such that 7" has equation C'(v,v) = 0. An element g € GL(V)
preserves 1" together with the ruling 7' — Y sending a line in T to the corresponding point
of Y if and only if g € GSO(C). From the construction, the set of g with this property is
the same as the set of all g such that p(g)(W) = W. The last claim in (4) follows from the
fact that GL(V') acts transitively on the set of all nondegenerate symmetric bilinear forms
on V. g

Proposition 6.7. The representation (o,V) is essentially self-dual of symplectic type if
and only if NV contains a G-invariant line.

Proof. This follows immediately from the definitions. O
Lemma 6.8. There is no G-invariant isotropic 3-space in N2V .

Proof. 1f there is such a 3-space, then, by Lemma 6.6, it is of the form L AV or of the form
A%U. Note that G-invariance of the 3-space combined with the uniqueness statements in
Lemma 6.6 imply that L or U is also G-invariant, which contradicts irreducibility of . 0O

The proof of the following proposition would be substantially simpler if the action of G
on A%V were completely reducible. However, in the current generality, this need not be
true.

Proposition 6.9. Suppose that o is not essentially self-dual of symplectic type. Then o
has a nontrivial quadratic self-twist if and only if A2V contains a G-invariant 2-space.

Proof. Suppose first that ¢ has a nontrivial quadratic self-twist, say by the character x.
Let H be the kernel of y and recall that, by Clifford theory, o|g is the sum of two 2-
dimensional subrepresentations. Let W < V be the H-invariant 2-space on which one of
these subrepresentations is realized. Then it is easy to see that the G-translates of A2W
span a G-invariant 2-space in A?V. (The reader should compare this with the proof of
Proposition 3.5. Indeed, the 2-dimensional G-invariant subspace is the induction to G of
the determinant character of the representation of H on W. Recall that if ¢ is a Galois
representation that corresponds to an automorphic representation 7, then the determinant
character of o corresponds to the central character of 7.)

Now suppose that A2V contains a G-invariant 2-space P. The kernel of B|p is G-invariant
and thus is either {0} or P, for the first hypothesis implies that there can be no G-invariant
line in A%2V. Suppose that the kernel is P. Then the 4-space Pt contains P and the form B
and the action of G pass down to P+/P. Suppose that B has a nontrivial kernel in P+ /P.
This kernel cannot be all of Pt /P, for then PL would be an isotropic 4-space in A%V
Thus the kernel must be a line in P+/P and this kernel is necessarily G-invariant. The
preimage of this line in Pt is an isotropic G-invariant 3-space in A2V, contrary to Lemma
6.8. We conclude that (P+/P, B) is a nondegenerate quadratic 2-space. Such a space is
isomorphic to a hyperbolic plane and hence contains exactly two isotropic lines. The action
of G on P+ /P is by similitudes, hence it permutes these lines. Taking the preimage in pL
we obtain two isotropic 3-spaces A; and As in A2V that are permuted by G. By Lemma
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6.8, these isotropic G-spaces cannot be fixed by G and we conclude that the stabilizer of
each is a subgroup H of index two in G. By repeating the argument of Lemma 6.8 with
H in place of G, we conclude that there is either a line L < V or a 3-space U < V that is
H-invariant. By replacing o by oV if necessary, we may assume that the former possibility
holds. Let g9 € G — H. Then the 2-space L + o(go)L is easily seen to be G-invariant,
contrary to the irreducibility of o and ¢V. This contradiction finally allows us to conclude
that the restriction of B to P is nondegenerate.

We now repeat the argument of the previous paragraph with the space P in place of the
space P+/P. It yields an index two subgroup H of G and two isotropic lines in A%V that
are fixed by H. By Lemma 6.6, each of these lines has the form A?Q with Q < V a 2-space.
By the uniqueness assertion from Lemma 6.6, each of these 2-spaces is H-invariant. It now
follows from Clifford theory that if y is the nontrivial {#1}-valued character on G whose
kernel is H, then x ® 0 2 ¢. Thus ¢ has a nontrivial quadratic self-twist, as required. [

Proposition 6.10. Suppose that o is neither essentially self-dual of symplectic type nor
has a nontrivial quadratic self-twist. Then o is essentially self-dual of proper orthogonal
type if and only if A2V contains a G-invariant 3-space.

Proof. Let W < A%V be a G-invariant 3-space. By Lemma 6.8, W cannot be isotropic. The
group G acts on W by similitudes and so the kernel of B|y is G-invariant. We have just
observed that this kernel cannot be W and, by the hypotheses and the preceding results, it
cannot be of dimension 1 or 2. Thus the restriction of B to W is nondegenerate. It follows
from Lemma 6.6 that there is a nondegenerate symmetric bilinear form C on V such that
o(G) € GSO(C). This implies that o is essentially self-dual of proper orthogonal type.
Now suppose that o is essentially self-dual of proper orthogonal type, so that there is a
nondegenerate bilinear form C' on V such that o(G) C GSO(C). By Lemma 6.6, there is a
3-space W C A2V such that p(GSO(C)) preserves W. In particular, W is G-invariant, and
the reverse implication is proved. ]

Proof of Theorem 6.5. The representation A?c is essentially self-dual. Thus if it has any
proper nonzero G-invariant subspace, it necessarily has such a subspace of dimension at
most 3. The proof follows from Propositions 6.7, 6.9 and 6.10. O

6.5. Exception in (iii)(«). Using Theorem 6.5 it is possible to explain the seemingly
strange exception in (iii)(«) of Theorem 1.1. For this we first set up some notation.

Let G be a group and let H be a subgroup of index two in G. If (7, W) is a 2-dimensional
representation of H, then Asg,y(7), the Asai lift of 7, which is a 4-dimensional represen-
tation of G, is defined as follows. Fix g € G — H. Define the representation (7', W) of H
via

7'(h) = 7(ghg™).
We have a homomorphism
7x 7 H— GL(W) x GL(W) — (GL(W) x GL(W)) x (G/H).

Here the action of G/H on (GL(W) x GL(W)) is as in (2.3), i.e, via switching the two
factors. We can extend the map 7 x 7/ from H to a map 7 from G to (GL(W) x GL(W)) x
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(G/H) by setting 7(g) = (1, 7(g?), ), where v denotes the nontrivial element of G/H. In
other words

(7(h),7(ghg),y)  ifz=hge Hyg.

It is easy to check that 7 is a homomorphism. We define Asq, f(7) = Aso 7, where the
map “As” is as in (2.4). This gives a representation of G on the space V.= W @ W. To
summarize, we have the following commutative diagram:

) = {(T(h),T(ghgl), 1) ifz=heH,

H " (GL(W) x GL(W)) % (G/H)
J / Asl
¢ Asg/p(T) GLV)

Proposition 6.11. Assume that 7 is an irreducible 2-dimensional representation of H and
o = Asq/g(7) is irreducible. Then T has a nontrivial self-twist if and only if o has a
nontrivial self-twist.

Proof. First, assume that 7 has a nontrivial self-twist, i.e., there is a nontrivial quadratic
character x of H and a nonzero T' € Hompy (7,7®Yx). Set K = ker(x). Since o is irreducible,
by [26, Theorem 1.4] we know that K is not normal in G. Hence gKg~! # K. Let x* be the
character of G obtained via composing x with the transfer homomorphism from G2 to H?b.
Observe that x*|z is nontrivial because otherwise we would have x*(h) = x(h)x(ghg™!) = 1
for all h € H, which implies that K = gKg~'. Therefore, x* is nontrivial. It is now easy to
see that T'® T is a nonzero element of Homg (0,0 ® x*), i.e., o has a nontrivial self-twist.

Next assume that o has a nontrivial self-twist. This implies that o 2 I§;(p) where M is
a subgroup of index 2 in G and p is a 2-dimensional representation of M. Hence, we have

Asq/u(T) 215 (p).

Take A2 of both sides and restrict back to H. The semisimplification of the left hand side
then gives

Res (A2 (Asqyu(7)))ss = A*(Resm(Asgu(7))ss
A (T @7 s
((Sme(T) ® det(T')) &) ((Sme(T/) ® det(r)) ,
i.e., a direct sum of two 3-dimensional representations of H. However, the right hand side,
by [16, §3], gives
Resy (A*(1F7(p)))ss = Resp(Asn (p) © weyn) @ Resp (15 (det(p))),

i.e., a direct sum of a 4-dimensional and a 2-dimensional representation. Therefore, at least
one of the two 3-dimensional representations on the left hand side should be reducible. This
implies that Sym?(7) should be a reducible representation. Replacing 7 by 7V if necessary,
we may assume that there is a character x occurring as a quotient of Sme(T). Hence,

TV RYE(T® det(r)fl) RXET® (Xdet(r)fl),
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i.e., 7 has a self-twist by y det(7)~!. We claim that x det(7)~! is nontrivial, for otherwise
we would have

2 < dim Hompy (7 ® 7,det(7)) = dim Homg(r,7" ® det(7))
= dim Hompg(7,7) =1

which is a contradiction. O

The above proposition explains the strange exception in (iii)(«) of Theorem 1.1. Assume
that (7, W) is the parameter of a cuspidal representation 7 of GL(2) over a quadratic ex-
tension E//F of number fields. Then o = As(7) is the parameter of Il = Asg/p(7). Assume
that II is cuspidal, i.e., o is irreducible. Since 7 is 2-dimensional, there is a symplectic form
S on W which 7 preserves up to similitudes. It is easy to see that o preserves S ® S on
W @ W up to similitudes. In fact, o is an essentially self-dual representation of improper
orthogonal type. Further, by the above proposition, we see that 7 is dihedral if and only if o
has a nontrivial (quadratic) self-twist. By Theorem 6.5, one concludes that A% is reducible
if and only if 7 is dihedral.
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