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ABSTRACT. Let Z = G/Q, complex flag manifold, where G is a complex semisimple Lie
group and @ is a parabolic subgroup. Fix a real form Go C G and consider the linear cycle
spaces Mp , spaces of maximal compact linear subvarieties of open orbits D = Go(z) C Z.
In general Mp is a Stein manifold. Here the exact structure of Mp is worked out when Gy
is a classical group that corresponds to a bounded symmetric domain B. In that case Mp is
biholomorphic to B if a certain double fibration is holomorphic, is biholomorphic to B x B
otherwise. There are also a number of structural results that do not require Gg to be classical.

SECTION 1. INTRODUCTION.

Fix a connected simply connected complex simple Lie group GG and a parabolic subgroup
Q. That defines a connected irreducible complex flag manifold Z = G/Q. Let Gy C G be
a real form and Ky a maximal compact subgroup with complexification K.

If D = Gy(z) is an open Go—orbit on Z, then for an appropriate choice of base point
z€ D,Y = Kog(z) = K(2) is a maximall compact complex submanifold of D [10]. The
linear cycle space is

(1.1) Mp: component of Y in {gY | g € G and gY C D}.

Mp is an open submanifold of the complex flag manifold Mz = {gY | g € G} 2 G/J
where? J = {g € G | gY = Y}, thus also is a complex manifold. It is also known ([12],
[13]) that Mp is a Stein manifold. We are going to sharpen that result when Gy is of
hermitian type.

There are two structurally distinct types of open orbits D, as follows.
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1See [10] for a geometric proof and [7] for an analytic proof

2In earlier work on this topic ([12], [13]) we used L to denote the G—stabilizer of Y. Here we use J for
that stabilizer, reserving L for the reductive part of Q.
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1.2. Definition. Consider the double fibration

GO/(LO N K())
D 7B

D =Gy/Lgy Go/Ko

The open orbit D C Z is said to be of holomorphic type if there are Gy—invariant
complex structures on Go /(Lo N Ky) and Go/ Ky such that mp and g are simultaneously
holomorphic, of nonholomorphic type if there is no such choice.

Now we can state our main result. It is an immediate consequence of Proposition 3.9
and Theorems 3.8 and 5.1 below. For Gy of hermitian type we write B and B for Go/Kjy
with the two Gy—invariant complex structures.

1.3. Theorem. Let GGy be a classical simple Lie group of hermitian type. Let D =
Go(z) C Z = G/Q be an open Go—orbit. If D is of holomorphic type then the linear cycle
space Mp is biholomorphic either to B or to B. If D is not of holomorphic type then Mp
is biholomorphic to B x B.

Theorem 1.3 extends a number of earlier results. In his work on periods of integrals
on algebraic manifolds ([2], [3]), Griffiths set up moduli spaces Mp for certain classes of
compact Kaehler manifolds. Wells [8] worked out an explicit parameterization of the Mp
when D = SO(2r,s)/U(r) x SO(s). He used that parameterization to verify that the
corresponding Mp are Stein, but he drew no connections between the structure of G
and the structure of Mp. Then Wells and Wolf [9] proved that Mp is a Stein manifold
whenever the open orbit D = Gy(z) C Z is of the form Gy/Ly with Ly compact. This
was done in order to prove Fréchet convergence of certain Poincaré series for construction
of automorphic cohomology related to Griffiths’ period domains, and here some tentative
connections were drawn between the structure of Gy and Mp . Patton and Rossi [6] looked
at the case Gy = SU(p, q) where Z is the Grassmannian of (r + s)-planes in CP*4 and
D is the open orbit consisting of the (r + s)-planes of a fixed indefinite signature (r, s).
Thus Gy is of hermitian type and D is not of holomorphic type. This is the first instance
in which close connections are indicated between the structure of Gy and the structure
of Mp. Recently Wolf proved that Mp is Stein whenever D is an open Gg—orbit on Z;
see [12] for the measurable case and [13] for the general case. Also recently, Dunne and
Zierau [1] worked out the cases Gog = SO(2n,1) with D indefinite hermitian symmetric,
and also the cases Gy = SU(p, q) with D arbitrary. In the SU(p, q) case they found that
Mp = B x B. And very recently Novak ([4], [5]) studied the cases where Gy = Sp(n;R)
and D = Sp(n;R)/U(r,s) with n =7+ s and rs # 0. (Here rs # 0 is the condition that
D is not of holomorphic type.) She proved D = B x B in those cases. In the case where
G is classical and of hermitian type, Theorem 1.3 confirms a conjecture of Akhieser and
Gindikin [0] that a certain extension of Go/ Ky is a Stein manifold. See [15] for a discussion
of applications of Theorem 1.3 to representation theory.
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The remainder of the introduction is devoted to some preliminary notation and facts.
The Lie algebra of GG is denoted by g and we let go C g be the real form of g corresponding
to Go. We consider the Cartan involution 6 of Gy corresponding to Ky. We extend
0 to a holomorphic automorphism of G and a complex linear automorphism of g, thus
decomposing

(1.4) g==t+s and gy = £y + 59, decomposition into + 1 eigenspaces of 6.

The Lie algebra of K is £y, and K = G? is the complexification of K. Ky is connected
and is the Gyp—normalizer of £3, and K is connected because G is connected and simply
connected.

From this point on we assume that G is of hermitian symmetric type, that is,
1.5 s =6, P s_ where K acts irreducibly on each of s+ and s_ =5,
+ y +

where & +— £ denotes complex conjugation of g over go. Set Sy = exp(s+). So S_ = S
where g — ¢ also denotes complex conjugation of G over Gy . Then

the p. = €+ s are parabolic subalgebras of g with p_ =p ,
(1.6) the P = K Sy are parabolic subgroups of G with P_ = P, , and
the X4 = G/Py are hermitian symmetric flag manifolds.

Note that X_ = X in the sense of conjugate complex structure, for s, represents the
holomorphic tangent space of X_ and s_ = s, represents the holomorphic tangent space
of Xy . Letxzy =1-Py € X1,50 Go/Kop= Go(xy) C Xy . We denote

B = Gy/Ky : symmetric space Go/K( with the complex structure of Go(z_),
1.7y -
(L.7) B =Gy /Ky : space Gy/K( with the (conjugate) complex structure of Go(x4).

The distinction between s_ and s in (1.5) is made by a choice of positive root system
At = AT(g,b) for g relative to a Cartan subalgebra h = h C £ of g. The choice is made
so that s is spanned by positive root spaces and consequently s_ is spanned by negative
root spaces.

We can view the complex flag manifold Z = G/Q as the set of G—conjugates of q. Then
gQ = z € Z = G/Q corresponds to Q. = Ad(9)Q = {g € G | g(z) = =z} as well as its
Lie algebra q, = Ad(g)gq. Since hg = hNgo C & is a Cartan subalgebra of go, complex
conjugation acts on the root spaces by go = g—o. Thus a Gy—orbit in Z = G/Q is open if
and only if it is of the form Gy(z) in such a way that h C q,. This choice of z in the open
orbit amounts to a choice of Gp—conjugate of q., and some such conjugate must contain
ho because all compact Cartan subalgebras of gy are Gop—conjugate. In other words, our
standing assumption (1.5) that Gy be of hermitian type, implies that all open Gg—orbits
on Z are measurable. It also follows that we may choose a base point z € D so that
Ko(z) = K(z), a maximal compact complex submanifold of D. We fix such a base point
and set Y = K (z). See [10].
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Fix an open orbit D = Gy(z) C Z as above. We may suppose h C q =g, and Q = Q.
Since D is measurable we decompose q = [+ t_ where h C [, where t_ is the nilradical of
q, and where [ = qN7q is a reductive complement (Levi component). Here Ly = GoNQ is
connected and is a real form of the analytic subgroup L C G with Lie algebra [. Its Lie
algebra is the real form [p = go N[ of [.

The orbits of holomorphic type are further characterized by [14, Prop. 1.11], which is
an extension of [12, Prop. 1.3]. It says

1.8. Proposition. The following conditions are equivalent: (a) the open orbit D is of
holomorphic type, (b) either sNty = s, Nty orsNty =s_Nty, (c) eithers_ Nty =0 or
s_Nt_ =0, (d) one of qNp and qNp is a parabolic subalgebra of g, (e) there is a positive
root system AT (g,b) such that both v, and s, or both vy and s_, are sums of positive
root spaces, (f) there is a positive root system A* (g, ) such that q is defined by a subset
of the corresponding simple root system W, and ¥ contains just one gop—noncompact root.

SECTION 2. AN EMBEDDING FOR THE LINEAR CYCLE SPACE.

The linear cycle space Mpis the component of Y = Ky(z) = K(z) in {gY | g €
G and gY C D} as in (1.1). Here Y is a maximal compact subvariety of the open orbit
D = Gy(z). As before, J = {gY | g € G} so Mp is an open submanifold of the complex
homogeneous space Mz = G/J. By [12], Prop. 1.3 we know that if D is of holomorphic
type then J is one of K Py and if D is of nonholomorphic type then J is a finite extension
of K.

Recall the notation (1.6); X_ x X is a complex flag manifold (G x G)/(P- x Py). Both
the diagonal subgroup dG C G x G and the product Gy x G are real forms of G x G, so each
of them acts on the complex flag manifold X_ x X with only finitely many orbits [10]. Let
(r_,24) € X_ x X, denote the base point (1P_,1Py). Thus Bx B = (Go x Go)(z_,z).
Our goal is to identify this with Mp in the nonholomorphic case. We start with

2.1. Lemma. (G x Go)(z_,z4+) C 0G(z_,x4) C X_ x X, and both of these orbits
are open in X_ X X4 .

Remark. Novak [5] was the first to see the key role of this sort of embedding.

Proof. Let g1 ,92 € Go. Use Gy C Sy KS_ to write g5 'g1 = exp(&y )kexp(é_) with
ke K and &4 € s+ . Then

(g10—, gawy) = 692(g5 'ra—, x4) = Sga(exp(&y)z_, 24)
= dg2(exp(§+)z—, exp(§4)24) = 0g2 dexp(§y)(z—,24) € 6G(z—, 24)

shows that (GoxGo)(z—,2+) C 6G(z—,x4+) C X_x X, . They are open because Go(z—) =
B is open in X_ and Go(z+) = B is open in X_, so they all have full dimension. U

The isotropy subgroup of 0G at (z_,z4)is {(9,9) € GXG | gr_ = z_ and gry = x4},
in other words {(g9,9) € G xG | g€ P_ NPy = K}. Thus

(2.2) dG has isotropy subgroup 0K at (z_,x4), i.e. 6G(z_,z1) = G/K.
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We combine (2.2) with Lemma 2.1. That gives us the first part of

2.3. Proposition. There is a natural holomorphic embedding of B x B into G/K. Let
m:G/K — G/J = Mz be the natural projection. If the open Go—orbit D C Z is not of
holomorphic type, then 7 is injective on B x B.

Proof. Suppose that D is not of holomorphic type. Let g1, g1, 92,95 € Go and suppose
m(grx—,goxry) = w(gix—, ghxs). As in the argument of Lemma 2.1, write

95 g1 = exp(&4)kexp(é-) s0 (g12—, gow4) = 692 Sexp(éy)(z_, 24).

Similarly, this time reversing roles of the two factors,

g g = exp(EL)K exp(€l) so (ghx_, ghwy) = 8g} Sexp(€)(x_, x4 ).

The hypothesis 7(g12_, gox+) = 7(giz—, ghry) now provides j € J such that goexp(£y) =
gy exp(€_)j. In other words, (¢4) 192 € S_jS, .

Let {w;} be a set of representatives of the double coset space Wi \W¢ /Wi for the Weyl
groups of G and K. The Bruhat decomposition of G for X is G = |J, P-w; Py, the real

group Gy is contained in the cell P_Py for w; = 1, and G does not meet any other cell
P_ wiP+ .

Since D is of nonholomorphic type J C Ng, (Ko)K, so we may write j = nk with
n € Ng,(Kp) and k € K. Express n = wko with w € {w;} and kg € Ky. Then
j=k'wk" € KwK with k" k"' € K, so (¢}) 192 = exp(&")k"wk" exp(—&,) € P_wPy.
In particular Gy meets P_wP;, so w =1 € Wk and j € K. This shows g exp(é4)K =
g exp(§)K. Now

(91217—,9293+> =092 56XP(§+)($—,«’E+) = 59’1 5eXp(§’_)(9§—,fE+) = (9137—7959#)

as asserted. That completes the proof. O

SECTION 3. B x B D Mp.

In this Section we prove: (a) Mp C B x B when the open orbit D = Go(z) C Z is not
of holomorphic type and (b) Mp = B or B when D is of holomorphic type. Here Gy is of
hermitian symmetric type. That is the standing hypothesis in this paper.

3.1. Lemma. One or both of A(ty Nsy ,h) contains a long root of g.

Proof. If all the roots of g are of the same length there is nothing to prove. Now assume
that there are two root lengths. The only cases are (i) Go = Sp(n;R) up to a covering and
(ii) Go = SO(2,2k + 1) up to a covering.

Consider case (i). D = Go(z) C Z is open and q = q.. The positive root system is
adapted to g = [+ t_, so t_ is spanned by negative root spaces. Let v be the maximal
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root. Then v € A(vy,h) and + is long. Every compact root of go = sp(n;R) is short. So
~ is noncompact, hence contained in one of s1 . Now Lemma 3.1 is proved in case (i).

Consider case (ii). Then g has a simple root system of the form {aq, ..., ar+1} with oy
noncompact and the other «; compact. Here o; = ¢; — ;41 for 1 <4 < k and g1 = €xi
with the €; mutually orthogonal and of the same length. The noncompact positive roots
are the a1 ++ - -+ ay, with 1 £ m < k+1 and the (ag+- -+ ) +2(my1+- - -+ agyr). All
are long except for a; + -+ -+ agy1 = €1, which is short. Now at least one of A(ry Nsy ,bh)

contains a long root unless both t; Ns; =g, and vy Ns_ = g_,, . That is impossible
because v, is nilpotent. Now Lemma 3.1 is proved in case (ii), and that completes the
proof. O

Interchange s, and s_ if necessary so that A(ry Ns, ,b) contains at least one long root.
The Gy—orbit structure of Xy is given in [11]. This is summarized as follows. Construct

U8 = {~y,...,%}:

(3.2) . o
maximal set of strongly orthogonal noncompact positive roots of g

as in [14, (3.2)]: 71 is the maximal root and, at each stage, the next ;41 a maximal root
in AT (s, ,b) that is orthogonal to {v1,...,7;}. Then ¥? consists of long roots, and any
maximal set of strongly orthogonal long roots in A* (s, ,b) is W (K, Hy)-conjugate to
U9, In fact, any two subsets of U8 with the same cardinality are W (Ky, Hp)—conjugate.
In particular, by modifying the choice of z within K (z) we may assume that

(3.3) V% meets A(ty L b).
Using the notation and normalizations of [14], Section 3 we have

e_ : root vector for v € A(h)
T, Yo, Ny + spanning gly] ~ slo

Cy,Cr = H cy : Cayley transforms
yel

G[I'| = H G[v], G[v] = three dimensional subgroup corresponding to g[y].
~el

The G orbits on X_ are all of the form
(3.4) Goercx(z_), T, X disjoint subsets of W9.

The boundary of B = Go(xz_) C X_ consists of the orbits in (3.4) with ¥ = (). The
boundary orbits are described further by

(3.5) Go(crax—) = KoGo[V® \ I')(crz_).

One may use the Cayley transforms to gain some information about the the Gy—orbit
structure of Z = G/Q. In particular we use the following fact.
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3.6. Lemma. Suppose I' C V8 N A(ry ,bh). IfT'NA(vy ,b) is non—empty, then cr(z) is
not contained in any open Gg—orbit on Z.

Proof. The isotropy subgroup of Gy at cr(z) has Lie algebra goNq’ where ¢’ = Ad (cr)qg.
If vy e 'NA(r4 , b) then, by [14, (3.5)], Ad (cr)(e—,) = Ad (CF)(%(x7+\/—1y7)) = %(w7—

v —1h.). But z.,v/—1h, € go, so now Ad(cr)(e_4) € go Nq’. Evidently Ad (cr)(e,) ¢
go N q’. Conclusion: gg N q’ is not reductive. As the Gy—orbits on Z are measurable, now

Go(cr(z)) cannot be open in Z ([10], Theorem 6.3). O
We’ll also need a topological lemma:

3.7. Lemma. Let X; and X, be topological spaces, let B; C X; be open subsets, and
let M C (X7 x X3) be a connected open subset such that (i) M meets By x By and (ii)
M N (bd (Bl) X BQ) =0=Mn (Bl x bd (BQ)) Then M C (Bl X Bg)

Proof. (X; x X2)\ M is closed in (X7 x X2) because M is open, contains (bd (B;) x B2)U
(B1 x bd (B3)) by (ii), and thus contains the closure of (bd (B;1) x B2) U (B x bd (Bz)).
That closure contains the boundary of the open set By x By . Thus

M = (Mm (B x Bg)> U (M N (X1 x X») \ closure (By x Bg))>.

As M is connected and meets By x By, now M C (B X Bs). O
Now we come to the main result of this Section:

3.8. Theorem. Let Gy be of hermitian type, let Z = G /(@) be a complex flag manifold,
and let D = Go(z) C Z = G/Q be an open Gy—orbit that is not of holomorphic type.
View B x B C My as in Proposition 2.3 and Mp C My as usual. Then Mp C B x B.

Proof. Retain the notation of §2. Suppose that (g1z_, goz) belongs to the boundary of
BxBin X_x X, . The closure of GoKS_ in G is contained in S; K'S_ , and similarly the
closure of GoK S, in G is contained in S_K Sy . So the boundary of B x B in X_ x X is
contained in G/K. That allows us to write g, 'g1 = exp(£,)kexp(£_) with &4 € s4 and
k € K, as before. We will prove that goexp({4)Y ¢ D, that is, goexp({4)Y ¢ Mp. The
Theorem will follow. The proof breaks into three cases, according to the way (g12_, g2z )
sits in the boundary of B x B.

Case 1. Here gyv_ € bd(B) and gz, € B with g1,92 € G. We may suppose g» € Gy .
Then g, 'g12_ also belongs to the boundary of Bin X_, so g5 'g17_ € koGo[Ve\T](cr(z_))
for some kg € Ko and I' C W8 by (3.5). Thus g5 'g1(z4) = kogocr(z_), go € Go[¥? \ T].
Using [14, (3.4)], [14, (3.5)], and strong orthogonality of W9, decompose

go = H (exp(§+,¢)k¢ 6Xp(f—,¢)> and cp = H(eXP(\/__lev) eXP(\/ﬁhv) exp(\/—_le_v))

wo\I
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with {4 € g4y . Set {4 5 = vV —1ley, for v € I'. Now

(912, gaxy) = 6ga dexp(Ad (ko)&,)(z—,z4) where &} = E+p -

YEWS

At the cost of changing ko within Ky, and in view of (3.3), we may assume ’'NA(ty, ) # 0.
Then cr(z) = crna(e,,p)(2) is not contained in any open Go-orbit on Z, by Lemma 3.6.
In particular cp(z) ¢ D. Now exp(&4)(koz) = exp(Ad(ko) (&) (koz) = koexp(&))(z) =
kogocr(z) ¢ D, thus gaexp(§4)Y ¢ D.

Case 2. Here g12_ € B and goxy € bd (B). The argument is exactly as in Case 1, but
with the roles of B and B reversed. Here note that this reversal of roles replaces W9 by
—W% and cr by c_r.

Case 3. Here g1z_ € bd (B) and gz € bd (B). Then Mp is connected, Mp meets B x B
because Y € Mp N (B x B), and Mp N (bd(B)x B ) =0 = MpN (B xbd(B)) by Cases
1 and 2. Case 3 now follows from Lemma 3.7. O

The same type of argument applies to prove the following.

Proposition 3.9. Suppose D is of holomorphic type. Then Mp is biholomorphic to either
BorB

Proof. We may assume that Mz = X_ = G/KS_ by switching s1 if necessary. It is
clear that g C D for g € Gy, so B C Mp. Now suppose that gz_ (for some g € G)
is in the boundary of B C X_. Then gz_ = gocr(z_) for some gy € Gy and some
' # (. Conjugating by an element of Ky we may assume I' N A(ty,h) # (. Now, for
I =TNA(ty, ), gY contains gocr(z) = gocrs(2). By Lemma 3.6 that is not in an open
orbit. U

SECTION 4. A REDUCTION FOR THE INCLUSION B x B C Mp .
We reduce to the case where @ is a Borel subgroup of G:

4.1. Proposition. Suppose that, if QQ is a Borel subgroup of G, then B x B C Mp
whenever D is an open Go—orbit on G/Q) that is not of holomorphic type. Then the same
is true when () is any parabolic subgroup of G.

Proof. The maximal compact subvariety in the open orbit D = G(2) C Zis Y = K(z) =
Ko(z). We may, and do, take @ to be the G—stabilizer of z; in other words we assume
that ¢ = q.. Let Q' C @ be any parabolic subgroup of G contained in @ such that
Go N Q' contains a compact Cartan subgroup Hy C Kqy of Gy, let Z/ = G/Q’ be the
corresponding flag manifold, and let 7 : Z/ — Z denote the associated G—equivariant
projection g@Q’ — gQ. Write 2’ € Z’ for the base point 1Q’. Then D’ = Gy(z’) is open in
Z' because gg N q’ contains a compact Cartan subalgebra of gg. We have set things up so
that Y’ = K(2') = Ky(2') is a maximal compact subvariety of D’.
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Since D is not of holomorphic type, both intersections t_ N s4 are nonzero. But tv_ is
contained in the nilradical v’ of q’. Now both intersections t N s, are nonzero, so D’ is
not of holomorphic type.

If g € G with gY’ C D’ then ¢Ky C GoQ’, so gKy C GoQ@ and thus ¢gY C D. In other
words, m maps Mp to Mp. This map is an injection equivariant for the correspondence
of Proposition 2.3. If the inclusion holds for Z’ then B x B C Mp C Mp, so it holds for
Z. The assertion of the Proposition is the case where Q' is a Borel subgroup. O

SECTION 5. B x B € Mp WHEN G 1S CLASSICAL.

In this section we prove a partial counterpart of Theorem 3.6:

5.1. Theorem. Suppose that G is a classical group and that its real form Gg is of
hermitian type. Let Z = G/Q be a complex flag manifold, and let D = Gy(z) C Z = G/Q
be an open Gy—orbit that is not of holomorphic type. View B x B C M as in Proposition
2.3 and Mp C My as usual. Then B x B C Mp.

We run through the classical cases. By Proposition 4.1 we may assume that () is a Borel
subgroup so that Z is the full flag. In each case, the standard basis of C™ will be denoted
{e1,...,en}. Without further comment we will decompose vectors as v = Y vje;. We
will have symmetric bilinear forms (-, -) or antisymmetric bilinear forms w(-,-) on C™ and
the term isotropic will refer only to those bilinear forms. We will also have hermitian forms
(-,-) on C™, and the term signature will refer only to those hermitian forms. In each case
the flag manifold Z is described as a flag of subspaces z = (23 C -+ C z,,) in some C™
with dim z; = j, usually with m = 2n or m = n. As we run through the cases, B and B
are described in terms of such flags, as in [11]. Then we give explicit descriptions of (i) the
embeddings of Section 2, (ii) the full flag and its open Gy—orbits, and (iii) we describe the
G-action on My, in such a way that the result of Theorem 5.1 is easily visible.

If {f1,..., fe} is a linearly independent subset in a vector space V then [f1 A -+ A f]
denotes its span.

Typel: B={Z € CP*?|[—-27*7Z >> 0}. Here G = SL(n;C) and Gy = SU(p, q), indef-
inite unitary group defined by the hermitian form (u,v) = Z§:1 VW5 — Z?:l Vpt i Wpts
with p+q =n.

The hermitian symmetric flag X_ = G/KS_ is identified with the Grassmannian of
g-planes in C”, the base point x_ = [ep41 A -+ A epyq], and B = Go(z_) consists of the
negative definite ¢g—planes. Similarly, X, = G/K Sy is identified with the Grassmannian
of p-planes in C", 2, = [e; A+ Aepy], and B = Go(x4) consists of the positive definite
p—planes. The embedding

BxBCG/K=G(x_,z4)CX_x X,
of Section 2 is given by
(5.2) Bx B={(V,W)C (X_x X,)|V negative definite and W positive definite}

and G/K =G(z_,zy) ={(V,IW) € (X_ x X;) |V and W transverse in C"}.
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The full flag manifold is Z = {# = (x1 C -+ C z,—1) | dimz; = j}. By Witt’s
Theorem, if two subspaces U, U’ C C™ have the same signature and nullity (relative to
the hermitian form (-,-)) then there exists g € U(p,q) with gU = U’, and of course
we can scale and choose g € Gy = SU(p,q). It follows that the Go—orbits on the full
flag Z = G/Q are determined by the rank and signature sequences of the subspaces in
the flag. Let r = (ry1,...,74-1) and s = (s1,...,8,—1) consist of integers such that
0Srm < Srp15p, 08515 Ss,-1 =S¢, and r; +s; = j for all j. Then r and s
define a point z, ; € Z and an open Gy—orbit D, ¢ C Z by

Zrs = (Zrys,15 -+ Zrs,n—1) Where 2,55 = [e1 A== ANep, ANepp1 A+ Aes, ] and

2.3
(53) D, s = Go(zrs) ={2=(#21,...,2n-1) | z; has signature (r;, s;) for all j}.

Each pair r, s is obtained by choosing p of the numbers from 1 to p+ ¢, the indices at which

rj > 1j_1, so the number of pairs r, s is (Z) = ﬁ!ﬂ, which is the quotient |W¢|/|Wk| of

the orders of the Weyl groups. As these D, , are distinct open orbits, it follows from [10,
Corollary 4.7] that they are exactly the open Go—orbits on Z.

Fix r and s. Let (V,W) € G/K C (X_ x X4). Define
(5.4) Yyw ={2€ Z|dimz; NV =s; and dimz; N W =r; for all j}.
Weset D=D,ss0Y = K(2.5) =Y, 5, . If g€ Gthen gY =Y, 4. If (VW)€
B x B then Yyw C D, so Yyw € Mp, . Thus (V,W) = Yy defines a map 7 :
Bx B — Mp, .. Ifri =---=r,=0then ryy; = j for 1 < j < p and n(V, W) depends
only on V; if s; =--- = s, = 0 then s,4; = j for 1 £ j < g and n(V, W) depends only on
W those are the cases where D, ¢ is of holomorphic type. In the nonholomorphic cases, n

injects B x B into Mp, , and we have B X B C Mp, . Theorem 5.1 is verified when B is
of type 1.

TypeIl: B={ZecC"" | Z=%Zand [ —Z-Z* >> 0}. Here G = Sp(n;C) and Gy =
Sp(n;R). These are the complex and real symplectic groups, defined by the antisymmetric
bilinear form w(v,w) = 3°7_ (vjwy1j — Vnyjw;) on C?" and R?", respectively. Here it is
more convenient to realize Gy as G N U(n,n) where U(n,n) is the unitary group of the
hermitian form (v, w) = Z?zl VW — Z?zl Un+;Wnt; » and we do that.

The hermitian symmetric flag X_ = G/KS_ is identified with the Grassmannian of w—
isotropic n—planes in C?", the base point x_ = [e,11 A+ - Aea,], and B = Go(z_) consists
of the negative definite w—isotropic n—planes. Similarly, X, = G/K Sy is idgltiﬁed with
the Grassmannian of w—isotropic n—planes in C*"*, 2, = [e; A -+ Ae,], and B = Go(z4)
consists of the positive definite w—isotropic n—planes. The embedding

BxBCG/K=G(r_,ry)CX_x X,
of Section 2 is given by
(5.5) Bx B={(V,W)C (X_x X.) |V negative definite and W positive definite}

and G/K =G(z_,zy) = {(V,IW) € (X_ x X,) |V and W transverse in C*"}.

The full flagis Z = {z = (21 C -+ C 2,—1) | each z; is isotropic with dim z; = j}. One
extends Witt’s Theorem from (C2", (-,-)) to prove
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5.6. Lemma. Let U;,Us; C C?" be w-isotropic subspaces of the same nondegenerate
signature for (-,-). Then there exists g € Gy with gU; = Us.

Somewhat as in the Type I case it will follow that the open Gy—orbits on the full flag
Z = G/Q are determined by the signature sequences of the subspaces in the flag. Let
r=(ry,...,mn) and s = (s1,...,8,) consist of integers such that 0 < r; < --- < r, < n,
0Ss1S---<s,<n,and rj+s; =j for all j. Then r and s define a point z, s € Z and

a Gy-orbit D, C Z by

(5.7) Zrs = (2rs,10 C o+ C Zrsn) Where 2. 5 = [e1 A-- - Aep, Nean_s;41 A A€oy
' and D, s = Go(2r5) = {2z = (21 C--- C z,) | z; has signature (r;, s;) for all j}.

The last equality uses Lemma 5.6.
5.8. Proposition. The D, ; are exactly the open Go-orbits on Z, and they are distinct.

Proof. The Go-stabilizer of 2, s is the maximal torus consisting of diagonal unitary ma-
trices, so D, s is open in Z by dimension. If D, = D,/ o then (5.7) forces r = r’ and
s = s'. Now the open orbits D, s are distinct. Each pair 7, s is obtained by choosing a
set of numbers from 1 to n, the indices at which r; > r;_1, so the number of pairs r, s
is 2", which is the quotient |Wg|/|Wik| of the orders of the Weyl groups. As these D, s
are distinct open orbits, it follows from [10, Corollary 4.7] that they are exactly the open
Go—orbits on Z. O

Fix r and s. Let (V,W) € G/K C (X_ x X;). Define
(5.9) Yyw ={2€ Z|dimz; NV =s; and dimz; N W =r; for all j}.

Weset D =D,s50Y = K(zp5) =Yy o, . If g€ Gthen gY =Yy, g, If (V,W) €
B x B then Yy C D, so Yyw € Mp, .. Thus (V,W) — Yy defines a map 7 :
BxB — Mp, . Ifri =---=r, =0thenn(V,W) depends only on V; if s; = --- =5, = 0
then n(V, W) depends only on W; those are the cases where D, ; is of holomorphic type.

In the nonholomorphic cases, 7 injects B X B into Mp, , and we have B x B C Mp, .
Theorem 5.1 is verified when B is of type II.

Typelll: B={Z e C"" | Z=-'Z and I-Z-Z* >> 0}. Here G = SO(2n;C), special
orthogonal group defined by the symmetric bilinear form (v, w) = 377, (vjwntj +vn1jw;)
on C* and Gy = SO*(2n), the real form with maximal compact subgroup U(n). We
realize Gy as GNU(n,n) where U(n,n) is the unitary group of the hermitian form (v, w) =

Zj:l Ujw; — Zj:l Un+jWnj -

The hermitian symmetric flags X4 = G/KSy are identified with the two choices of
connected component in the Grassmannian of isotropic (relative to (-, -)) n—planes in C".
The components in question are specified by orientation. X_ has base point z_ = [e,41 A
- Aeap), X2 = G(xz_), and B = Go(x_) consists of the negative definite isotropic n—
planes in X_ . Similarly, X, has base point z, = [e; A--- A e,], and Xy = G(z4), and
B = Gy(z,) consists of the positive definite isotropic n-planes in X, . The embedding

BxBCG/K=G(r_,ry)CX_x X,
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of Section 2 is given by
Bx B={(V,W)C (X_ x X) |V negative definite and W positive definite}

5.10
(5.10) and G/K = G(z_,2,) = {(V,W) € (X_ x X,) |V and W transverse in C*"}.

Z ={z= (21 C--- C z,) | each z; is isotropic with 2z, € X_ and dimz; = j} is the
full flag. Here of course the z; are linear subspaces of C?". One could require z, € X
instead, with the same results, but it is necessary to make a choice. Witt’s Theorem
extends from (C?", (-, -)) as follows.

5.11. Lemma. Let U;,Us C C?" be (-, -)-isotropic subspaces of the same nondegenerate
signature for (-,-). If dim U; = n then assume also that the U; are contained in the same

X . Then there exists g € Gy with gU; = Us .

As in the Type II case it will follow that the open Gy—orbits on the full flag Z = G/Q are

determined by the signature sequences of the subspaces in the flag. Let r = (ry,...,7r,_1)
and s = (s1,...,8,—1) consist of integers such that 0 < r; £ --- < r,_1 Sn—1,0=
s1 S-S sp-1 Sn—1,and rj +s; = j for all j. Then r and s specify integers r,,

and_sn such that (i) r,—1 < rp < n, (ii) sp—1 = s, < n, (iil) 7 + s, = n, and (iv)
[er A Aep Neap—s 11N+ Neay] € X_ . In effect, (iv) is a parity condition on r,, . Now
r and s define a point 2, ¢ € Z and a Gg—orbit D, ; C Z by
ZT‘,S — (Zr’s’l (@GO CZT‘,S,n) WheI‘e
(5.12) Zrsj =1 N Nep, Neap_s, 11 A Neapl(d < n),

Zr.s,n € X_ )
and D, 3 = Go(2r,5) = {2z = (21 C--- C 2z,) | #; has signature (r;, s;) for all j}.

The last equality uses Lemma 5.11.
5.13. Proposition. The D, , are exactly the open Go—orbits on Z, and they are distinct.

Proof. The Go—stabilizer of 2, s is the maximal torus consisting of diagonal unitary ma-
trices, so D, 4 is open in Z by dimension. If D, ¢ = D,/ & then (5.12) forces r = r’ and
s = s'. Now the open orbits D, s are distinct. Each pair r, s is obtained by choosing a set
of numbers from 1 to n — 1, the indices at which r; > r;_1, so the number of pairs r, s is
27~1 which is the quotient |Wg|/|Wk| of the orders of the Weyl groups. As these D,
are distinct open orbits, it follows from [10, Corollary 4.7] that they are exactly the open
Go—orbits on Z. O

Fix r and s. Let (V,W) e G/K C (X_ x X). Define
(5.14) Yyw ={2€ Z|dimz; NV =s; and dimz; N W = r; for all j}.
Weset D=D,ss0Y = K(2p5) =Y, 5, . If g€ Gthen gY =Y, 4. If (V,IW) €
B x B then Yy,w C D, so Yyw € Mp,,. Thus (V,W) — Yy defines a map 7 :
BxB — Mp, . Ifry =---=r, = 0thenn(V,W) depends only on V; if s; = --- =5, = 0
then 7(V, W) depends only on W; those are the cases where D, s is of holomorphic type.

In the nonholomorphic cases, 7 injects B X B into Mp, , and we have B x B C Mp, .
Theorem 5.1 is verified when B is of type III.
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Type IV: B ={Z ¢ C" |1+ |'Z-Z>~-22*-Z >0and I — Z*- Z > 0}. Here
G = SO(2+n; C), special orthogonal group defined by the symmetric bilinear form (v, w) =
Z?Zl VjWj — Z?Z; vjw; on C*t™ and Gy is the identity component of SO(2,n). We view
Gy as the identity component of G N U(2,n) where U(2,n) is defined by the hermitian

form (v, w) = (v, w).

The hermitian symmetric flags X1 = G/K S are each identified with the space of (-, -)
isotropic lines in C27". X, has base point 4 = [e; *-ies]. B = Go(z_) and B = Go(r4),
and each consists of the (-,-) positive definite (-,-) isotropic lines. The embedding

BxBCG/K=G(x_,z4)CX_x X,
of Section 2 is given by

BxB={(V,W)e€ (X_x X,)|V and W positive definite}

(5.15) and G/K = G(z—,z4) ={(V,W) € (X_ x Xy) |V LW}

Here “positive definite” refers to the hermitian form (-, -) and “1” refers to the symmetric
bilinear form (-, -).

The full flag manifold Z is a connected component of Z = {z = (21 C -+ C 2zp) |
z; isotropic Subspace of C**" and dimz; = j}. Here m = [3]+1. If n is odd then Z = Z,

in other words Z is connected. If n is even then Z has two topological components. In
any case
Zy = G([(61 + ieg) A (63 + i€4> VANKIERIVAN (ezm_l + i€2m>])

is a connected component in the variety of all maximal isotropic subspaces of C2*t", and

(5.16) Z={2= (21 C - C 2zm) | zj isotropic in C**", dim z; = j, and z,, € Z}.
Witt’s Theorem extends from (C27, (-, -)) as follows.

5.17. Lemma. Let Uy, Us C C**™ be (-, -)—isotropic subspaces of the same nondegenerate
signature for (-,-). Then there exists g € O(2 +n;C)NU(2,n) with gUy = Us,.

As in the earlier cases it will follow that the open Gp—orbits on the full flag Z = G/Q
are determined by the signature sequences of the subspaces in the flag. Let 1 £ k < m,
and define points z,f € Z and Gg—orbits D,f C Z, by

7 = (zki1 C---C zkim) where
Zkij = [(63 + i64> VANRIERWA (62j.|_1 + i€2j+2] for ] < k‘,

zkij [(e1 £iea) A (e3 +ideq) A--- A (egj—1 +iegj] for j 2 k
and Dif = Go(2)

= {z € Z | z; has signature (0, j) for j < k,(1,j —1) for j = k,

(5.18)

and z; meets Go(z4) for j = k}.

The last equality uses Lemma 5.17.
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5.19. Proposition. The D,f are exactly the open Gy—orbits on Z, and they are distinct.
The D} U D, are the open (O(2+ n;C) NU(2,n))-orbits on Z.

Proof. The Gy—stabilizer of z,f is the maximal torus consisting of independent rotations of
the planes [e; A eg] through [e2,—1 A €2,], S0 Dy is open in Z by dimension. If Df = D,il,
(¢, = =) then (5.18) shows that (k, ¢) = (K, ¢'). Now the open G—orbits Dj are distinct,
and the DY U D, are open (O(2+ n;C) N U(2,n))-orbits on Z.

There are 2m pairs k,e. Whether n is even or odd, the quotient |Wg|/|Wk| of the

orders of the Weyl groups is 2m. As the D,f are distinct open orbits, it follows from [10,
Corollary 4.7] that they are exactly the open Go—orbits on Z. O

Fix k and e. Let (V,W) € G/K = (X_ x X4). SoV = [v] and W = [w]| where
v,w € C?>T" are isotropic vectors with (v, w) # 0. Define

Yyw ={2€ Z|dimz; N[v Aw] =0 and dimz; N [v Aw]* = j for j <k,
(5.20) dimz; N[v Aw] =1 and dimz; N [v Aw]*t =4 —1 for j =k,
vezjife=+andj2k; wezjife=—andj=k}.

Here | refers to the symmetric bilinear form. Also, note that the only isotropic vectors in
[v A w] are the multiples of v and the multiples of w.

We set D = D,f soY = K(z,f) =Y, o, . fgeGthen gy =Y, g0 .
5.21. Lemma. If (V,W) € B x B then Yy,w C D7, s0 Yy,w € Mp:.

Proof. First consider D,j. Let 2" € Yyw. For j = k we have v € 2;. AsV € B it is
positive definite for (-,-), so we need only check that 27 N [v A w]t is negative definite for
<'7 >

Let u € 25 N[v A w]t. Here L refers to the symmetric bilinear form (-,-). If (u,u) = 0

then U = [u] is in the closure of B or in the closure of B. In the first case the pair
(U, W) sits in G/K by the remarks at the beginning of the proof of Theorem 3.8. Then
(u,w) # 0, contradicting u € [v, w]t. Similarly, in the second case the pair (V,U) € G/K,
so (v,u) # 0, contradicting u € [v A w]*. We have verified that z; N v A w]t is negative
definite for (-, -). O

Now (V,W) +— Yy defines a map n : B x B — Mps . If k=1 and € = + then
n(V, W) depends only on V; if £ = 1 and € = — then n(V, W) depends only on W; those
are the cases where D,f is of holomorphic type. In the nonholomorphic cases, i injects
B x B into MDZE and we have B x B C MD? . Theorem 5.1 is verified when B is of type
IV, and that completes its proof. O
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