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Abstract. Let G be a real reductive Lie group and G/H a reductive homogeneous space. We consider
Kostant’s cubic Dirac operator D on G/H twisted with a finite dimensional representation of H. Under
the assumption that G and H have the same complex rank, we construct a nonzero intertwining operator
from principal series representations of GG into the kernel of D. The Langlands parameters of these principal
series are described explicitly. In particular, we obtain an explicit integral formula for certain solutions of

the cubic Dirac equation D = 0 on G/H. These results generalize our previous results in [12].

1. INTRODUCTION.

In this article we study the kernel of Kostant’s cubic Dirac operator on reductive homogeneous spaces.
For the introduction let G be a connected semisimple linear Lie group and let K be a maximal compact
subgroup. Our results are in fact stated and proved for general connected reductive Lie groups. It is well-
known that there is a natural G-invariant spin structure and connection on the riemannian symmetric space
G/K (or possibly a double cover) giving rise to a Dirac operator. In particular, for a finite dimensional
irreducible K-representation F there are corresponding homogeneous vector bundles £ and S ® £ over G/ K

(where S is the spin representation of K) and a Dirac operator on sections:
Dg/(€):C¥(G/K,S®E) — C*(G/K,S®E).

In the 1970’s it was shown ([13] and [2]) that the kernel of D¢k (£) (on L? sections) is an irreducible unitary
representation in the discrete series of GG, and every discrete series representation occurs this way (for some
bundle £). Recently Kostant has defined a G-invariant differential operator in the following more general

setting. Suppose that H is a closed connected reductive subgroup of G so that the Killing form of g restricts
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2 HARMONIC SPINORS

to a nondegenerate form on h. Write

g=b+a, q=bh.
Then the Killing form is nondegenerate (and possibly indefinite) on ¢, so we may construct the corresponding
Clifford algebra C'¢(q) and spin representation Sy of h. Then, given a finite dimensional representation E
of b so that S; ® E integrates to a representation of H, Kostant ([8]) defined the algebraic analogue of a

G-invariant differential operator
D =Dg/u(€):C*(G/H,S; ®E) — C*(G/H,S; ® E)

called the cubic Dirac operator. This operator is the sum of a first order term (identical to the Dirac operator
on G/K) and a zeroth order term coming from a degree three element of C¢(q) (which vanishes when H = K).
This article studies the kernel of the cubic Dirac operator D. Interest in the cubic Dirac operator and its
kernel comes from several directions. In [11] and [9] a generalization of the Bott-Borel-Weil Theorem is
proved. This, along with the discrete series example mentioned above, shows that a complex structure on
G/H is not necessary for the construction of large families of interesting representations. Instead, the spin
structure and Dirac operator can be used. When G/H has an invariant complex structure then it can be
shown that D = 0+ 0%, therefore D is related to the Dolbeault cohomology representations (the Aq(A)’s). It
is reasonable to expect interesting representations in terms of D when there is no complex structure. There
are also interesting recent results in terms of (the algebraic version of) Kostant’s cubic Dirac operator. See,
for example, [7], [10] and [1].

In this article we prove that (under a ‘sufficiently regular’ condition on the highest weight of E) the kernel
of D = D¢,y (€) is nonzero. This is done by constructing an intertwining operator from a principal series
representation into the kernel of D. There are several interesting byproducts of this construction. One is
that the Langlands parameters of a constituent in Ker(D) are specified in a natural way. Comparing with
[4] and [3] one sees that, in the case when G/H has a complex structure, this constituent is equivalent to
the corresponding Dolbeault cohomology representation. Also, the intertwining operator gives an explicit
integral formula for solutions to Df = 0 in terms of an integral over a piece of the ‘boundary’ of G/H. The
formula is quite analogous to the classical Poisson integral formula giving harmonic functions on the disk.

The techniques we use are similar to those of [4], [3] and [5]. A special case of the results here are contained
n [12]. However the results here apply to a much larger class of groups and homogeneous spaces. A key step
is the reduction to the case of G/H where H is compact. In this case the kernel of D contains a discrete
series representation. This fact follows from [13], [2] and [16] (with some work); one may also apply [15].

This paper begins with some preliminary material, including a quick review of the key facts we need
concerning the spin representations, the definition of the cubic Dirac operator and a technical lemma. The
intertwining operator we construct maps from a principal series representation of G into the kernel of D.
The principal series is based on a parabolic subgroup which has some special properties with respect to
H. This is discussed in Section 3. The intertwining operator is constructed in Section 4, where the main
theorem, Theorem 4.12, is proved. We remark that Lemma 4.5 is essentially a very general statement about
the existence of intertwining operators. The appendix is somewhat independent of the rest of the paper. We
show that discrete series representations occur in the kernel of D when H is compact. Since this result gets
applied to the ‘M’ of the parabolic subgroup, we are forced to consider disconnected groups. The appendix

therefore becomes somewhat technical.
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2. PRELIMINARIES

2.1. The groups. Let G be a connected reductive Lie group. By this we mean that G is connected and
has reductive Lie algebra, i.e., g = Lie(G) = 3 @ [g, g] (with 3 = the center of g). We will consider a more
general class of groups in the appendix.

As is customary, Lie groups will be denoted by G, H, etc. and their Lie algebras by g,h, etc. The
complexifications of the Lie algebras will be denoted by g€, b€, etc.

Let Z = Z(G) denote the center of G. Note that Z need not be finite. For example, we have included
groups such as GL(n, C) and the simply connected groups of hermitian type. If K/Z is a maximal compact
subgroup of G/Z ~ Ad(G) then K is the fixed point group of a Cartan involution . We write the Cartan

decomposition as
g=tds.

Suppose that H is a closed connected reductive subgroup of G. We make two further assumptions on H.

Let (, ) be an Ad-invariant nondegenerate symmetric bilinear form on g which coincides with the Killing
def. . . .

form on g, = [9,9]. Then we assume that the restriction of ( , ) to h is nondegenerate. There is therefore

an orthogonal decomposition

a=baoq g ot (2.1)
Furthermore, ( , ), i (', Mgxq is nondegenerate. We also assume that G and H have the same complex
rank:

rank(hC) = rank(g©). (2.2)

2.2. The spin representations. For the remainder of this section we do not require G or H to be connected.

The (possibly indefinite) nondegenerate form on q defines a Clifford algebra and a spin representation Sy
of s0(q). This gives a ‘spin’ representation of  via ad : h — so(q). Note that since q C gss, ( , )q is precisely
the Killing form restricted to g, therefore the Clifford algebra and spin representations are independent of
the extension ( , ) of the Killing form of gss.

Let us briefly recall how one defines the ‘spin’ representation of . See Section 3 in [12] for the most
relevant facts or Chapter 6 of [6] for a detailed study. Extend ( , )4 linearly to the complexification q€ of q,
and use the same symbol to denote this extension. The Lie group SO(q) of orthogonal endomorphisms of g

relative to ( , )4 has Lie algebra
so(q) ={A € End(q) | (AX ,Y)q+ (X ,AY)q =0, forall X,Y € q}.
Observe that, for all X and Y in ¢, the endomorphisms Rx y defined by
Rxy(W)=(Y , W)X — (X ,W),Y, W €q,

span so(q). There is an embedding of so(q) in the Clifford algebra of q€. Indeed, the Clifford algebra
Cl(q) of g€ is defined as the quotient of the tensor algebra T'(q) of q€ by the ideal T generated by elements
XY +Y®X —(X,Y),, with X and Y in q©:

Then the linear extension of
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is an injective Lie algebra homomorphism so(q) — Cl2(q), where Cly(q) is the Lie algebra defined as the
subspace of Cl(q) generated by the degree 2 elements X; X5, with X; and X5 in g.

Now suppose that ¢ is even dimensional, as is the case when the equal rank condition (2.2) holds. Then we
may choose two maximal dual isotropic subspaces V and V* of q€ with respect to {, )q such that g€ =Vav*.
Denote by AV* the exterior algebra of V*, equipped with the interior product 2 and exterior multiplication

€

S AY) = (v, 0] ) qus A A — o] A(v)(vs A A

e AVS) =0T AV A A
for all v € V,v* € V* and vi A -+ Avf € AlV*. Now define a map v : € — End(AV*) by
V(v +0")(u) = (1(v) + €(v")) (u),
for all element u in A'V*. Observing that
YX)oy(Y) +9(Y) oy(X) = (X,Y),, forall X,V €q°,
one can extend ~ naturally to a map 4 on the Clifford algebra of q©:
F:Clq) = End(AV"), XaXo-- Xp = y(X1) oy(X1) o+ 0oy(X,).
Finally, if S, def- AV*, the spin representation (oq, Sq) of so(q) is
oa(Rxy) = 3 1(X),(Y)], forall X,Y € q.
Now the ‘spin’ representation of h is defined by
84 = 0q0ad.
Lemma 2.4 below is a slight extension of the discussion in [12]; we include a proof since it plays a crucial
role in Subsection 2.4.
Suppose {X,} is a basis of ¢ so that
(X; . Xi), = a;djn, aj =% (2.3)
Note that any X € q may be decomposed as X = Zaj<X,Xj>qu.

Lemma 2.4. If T € so(q) then

0q(T) = =Y a;ar(T(X;), Xi) 1(X;)v(X).
j<k
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Proof. It suffices to check the identity for T'= R, ; for arbitrary a,b € q. We have
= ajar(Rap(X;) s X)o7 (X5) 7 (Xk)
j<k
== ajar(b, X;)(a, Xp)v(X;)v(Xe) + Y ajar(a, X;) (b, Xe)y(X;)7(Xk)
i<k i<k
=— Zajak<b,Xj><a,Xk>'y(Xj)'y(Xk), by switching j and & in the 2nd summation,
Jj#k
== ajar(b, X;)(a, Xp)v(X;)v(Xe) + Y a2 (b, X;){a, X;)v(X;)?
Jk J

= (@) + b, ),

O

2.3. The cubic term. We will need to consider a degree three element in the Clifford algebra Cl(q) in order
to define Kostant’s ‘cubic’ Dirac operator. In order to obtain the most natural results, this degree three
element is a necessary ingredient in the Dirac operator (see (2.7)). For example, the cubic term is needed
for the following: (i) a simple formula for the square of the Dirac operator ([8]), (ii) a generalization of the
Borel-Weil-Bott Theorem ([9]), (iii) a strong connection with infinitesimal character ([7, Section 7], [10] and
[1]) and (iv) Lemma 2.12 below.

There is an alternating 3-form on ¢ defined by
(X,Y,Z) = (X,[Y, Z]). (2.5)

Using ( , )q to identify q* and q we have that A(q*) ~ Aq embeds naturally into Cl(q). An element (of degree
3), which we call ¢, is determined by (2.5). It will be useful for us to have an explicit formula for ¢ in terms
of the basis {X;} of (2.3).
Defining X7 € q* by X7 = (X ,-), gives
Ll =) ajaran(X;, [(Xe, X)X A XG A X
j<k<t
It follows that
c= Y ajara(X;, [ Xp, Xo) X; X3 X, (2.6)
j<k<t
2.4. The cubic Dirac operator for homogeneous vector bundles. Let E be a finite dimensional
representation of . We assume that the h-representation Sy ® E integrates to a representation of H. Then
there is an associated smooth homogeneous vector bundle over G/H which we denote by S; ® €. The space
of smooth sections is

C®(G/H,S;® &) " {f: G — Sg® E| f is smooth and f(gh) = h=' - f(g), for g € G, h € H}.

Let {X,} be a fixed basis satisfying (2.3). Denoting the universal enveloping algebra of g by U(g), an
H-invariant in U(g) ® End(Sq ® E) is defined by

D a;X;® (v(X;)®1) = 1@ ((c) ® 1).
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Letting U(g) act by left invariant differential operators (i.e., (R(X)f)(g) = 4 f(gexp(tX))|i=o, for X € g)

a G-invariant differential operator
D:C>®(G/H,S5;®&) — C*(G/H,5,1¢)

is defined by
D=> a;R(X;)®v(X;)®1-1®5()® 1. (2.7)

Definition 2.8. D is the cubic Dirac operator on C*°(G/H,S; ® £). Often we will denote D by D¢/ g or
Dayu(€).

Remark 2.9. D is independent of the basis {X,} satisfying (2.3). In fact, each of the two terms in (2.7) is,
by itself, independent of basis.

Remark 2.10. As mentioned in the introduction, when § is the fixed points of an involution then ¢ = 0 (as

[q,9) C hand h L q). Therefore D is the more familiar operator of [13], [2], [16] and [12].

2.5. A lemma. For the remainder of this section we prove Lemma 2.12, which may (loosely) be thought of
as a statement about ‘induction in stages’.
Consider H C L C G, reductive groups so that ( , ) is nondegenerate on h and [. Then there are orthogonal
decompositions
g = [ +t,where t = [,
g=b+qand
q=(qN0)+r.
As (, ) is nondegenerate on q (respectively, v and gN[) the spin representation S, (respectively, S, and Sqni)

of b (respectively, [ and § N[) is defined. Note that as h-representations
Sq = S ® Sqni.
There is a G-equivariant isomorphism
C*(G/H, 5,0 &) ~C*(G/L,S @ C*(L/H,S4n ® £)). (2.11)
This isomorphism is given as follows. First identify Sy with S; ® Sqnr. Then for f € C°(G/H,Sq®E) define
Ff by
Fr(g)(k) = (k®1)f(gk), for any g € G and k € L.

(By £ ® 1 we mean k acting on the first factor of S; ® (Sqni ® E).) One easily checks that Fy is in the
right-hand side of (2.11).

The Dirac operator on the left-hand side of (2.11) may be pushed over to a differential operator on the
right-hand side, which we will temporarily denote by D. Thus, D is determined by

DFy = Fp;.
As several Dirac operators will appear below we will index them by the corresponding homogeneous spaces.

Lemma 2.12. (DFf)(g) = (DG/LFf)(g) +Dr/m (Ff(g))
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Proof. Let {X;} be a basis of v and {Y}} a basis of N[ so that
<X Xk> = ajéjk and <Yk7 > = bkékl

with a; and by equal to £1. Together the X; and Y form a basis of q satisfying (2.3).
Claim 1 Fiys o nix,jeveens (9) = (D aROX5) @ 9(X;) @ 1) Fy)(9):
Claim 2: Fis=p, r(vi)yen(voen) £ (9)(e) = (3 b:R(Y:) @7(Y:) ®1)Fy ) (9)(e) — (3 bisani(Ys) @7(Y)) (Fr (9))(e).-

Claim 3: Indexing the cubic term by the appropriate tangent space we have
Cq = Ce F Cant + 22 j g @akbi (Y, [ X, Xp]) YiX; X
Before proving the three claims we will show how they imply the lemma. It is enough to show the two

sides are equal when evaluated at k = e.

(DFy)(9)(e) = (Fps)(9)(e)
= Fixa;r(X e (x )01 1 (9)(€) + F(gb»R(Y-)@m(Y-)@l) (9)(e) = Fugs(enon(9)(e)

= (DL Fp)(9)(€) + (D Fr(9)(e) = (D biajan(Yi, X5, Xy (Y)y(X;)7(X)
i,j<k

D bisq(Yi) @ v(ifi))Ff(g)(e).

To see that the last two terms cancel take T' = ad(Y;) in Lemma 2.4.
Now we turn to the proofs of the three claims.
Proof of Claim 1. For X € «,

(Firooseoens (@) () = (k& 1 ((RE) @1(X) 2 1)1 ) (9h)
= (k® 1(X) 5 7ok exp(tX))imo
= (AR X)(k © 1) 5 (g exp(tAd(R) X)) 1o

(Ad(k)X

)& Fy (g exp(tAd(R) X)) (K)o

.
= ((R(AA(K)X) @ 1(Ad(})X) © 1)Fy ) (9) ()

Now

(Fizayrix oo (9)) () ( Zaj R(A(K)X) @ (Ad(K)X;) @ 1)Fy ) (9) (k)
= (R (X))@ 1>Ff)< (k)
by Remark 2.9.
Proof of Claim 2. For Y e gN I,
(Flrmeraiens ) (9)(k) = (k@ D((RYV) @1(Y) @ 1)f ) (gk)

jtf(gk exp(tY’))li=o
= Lk ® 1)1 & 1Y) (exp(—¥ )k~ © 1 F5(g)(kexp(tY )]z

~(1@ (V) (saru(Ad(K) (V) © D) Fy(9)(k) + (1@ 7(Y) (R(Y) Ey(9)) (k).

— (k@ 1)(1@A(Y))
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Proof of Claim 3. Since [[Nq,[Ng] C [ and [ L ¢, terms of the form Y;¥;X; do not occur in the formula
(2.6) for c¢q. Therefore

cq = Z bibrbi (Y, [Yi, i)Y Y3 Y + Z ajapar( Xy, [Xp, Xi]) X; X Xy

J<k<l J<k<l
+ Y bjara(Y;, [Xe, Xi))Y; X0 X
k<l, all j
=cngtet Y, biaralY;, [Xe, Xi))Y; Xp X,
k<l all j

3. A SPECIAL PARABOLIC SUBGROUP

The subgroup H determines a special parabolic subgroup of G as follows. Let a be a maximal abelian
subspace of s N h and (g, a) the set of a-roots in g. Fix a positive system 3T = 3 (g,a). The subalgebra a
extends to a Cartan subalgebra a + ty; of h. We may choose ty; C h N e By the equal rank condition (2.2)
a+ ty is a Cartan subalgebra of g, therefore defines a root system A = A(g€, (a® ty;)€). Choose a positive

system of roots AT C A with the compatibility property that
BeAT and Bl #0 = Bl, € 7.

Now set
n= Z g% and n = Z g ¢
aeXt aext
and
m =ty + Z g”.
BEA,Bla=0

Then (since a is the split part of a Cartan subalgebra of g) p = m + a + n is a parabolic subalgebra. Denote
by M., A and N the analytic subgroups of G with Lie algebras m,a and n. There is a unique f-stable
subgroup M so that Zg(a) = M A. The identity component of M is M,. Then P = M AN is the Langlands
decomposition of our special parabolic subgroup. We remark that without the equal rank condition (2.2) it
is not clear how to define a useful parabolic subgroup.

The following lemma contains facts which are easily checked (and are essentially contained in [12]). We

p(g):% > 6andpg:% > o

BEAT aeXt
Similar notation is used for other subspaces of g invariant under a 4 tp; or a. We use the further notation:

use the following notation:

def. def.
pa = pla and p = ply,, when € (a4 ta)”.

Lemma 3.1. For the special parabolic subgroup defined above the following hold.
(1) The subgroup PN H of H is a minimal parabolic subgroup of H having Langlands decomposition
PNnH=(MnH)ANNH).
(2) Under the action of H on G/P, H - eP is a closed orbit and
H-eP~H/HNP~HNK/HNM.
(3) The complex ranks of M, M N H and M N K are all equal. Therefore P is a cuspidal parabolic

subgroup in the sense that M has nonempty relative discrete series.
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(4) The following decompositions hold:
qg=(mnNgq)+mNg)+([@Ng)
m = (mNb)+ (mN )
mNg=mNs+mNE€Ngq

mNt=mnNetNg+mnh.

Observe that our choice of AT determines a positive system of ty;-roots in m. Using the same notation

1
of p() for 3 the sum of positive ty/-roots in a tp/-invariant subspace we have (from part (4))

p(m) = p(mNb) + p(mNaq) (32)
pmNg) =pmnNs)+pmNeNng), and (3.3)
pmNh) =pmNe) —pmNeng).

We will need some technical facts about finite dimensional representations of H and their restrictions to
M N H. We let A(q) (resp. A(h)) denote the a + ty-roots in q (resp. h), and set AT(q) = AT N A(q) and
AT (h) = AT NA(h). Let E, be the irreducible finite dimensional representation of h with highest weight p
(with respect to the positive system A% (f)). We assume that Sy ® E,, integrates to a representation of H
and give the following decomposition in irreducibles. For any subset Q@ C AT (q) set

@<y s
BeQ
Note that the set of weights of Sq is {p(q) — (Q) : @ C AT (q)} = {(Q) — p(q) : @ C AT (q)}. We impose the
condition on g that for all & € AT (h)
(n+plg) — (Q),a) >0, for all @ C A*(q) and

(1+p(g) —2p(mNENg),a) > 0.
Let Q@ ={Q: (u+p(g) — (Q),a) >0 for all @ € AT(h)}. We therefore have the following decomposition as

(3.4)

H-representations:

Sq @ By = @ Byt p(a)-(@)- (3:5)
QeQ
By (3.4) ELyp(q)—2p(mneng) occurs in Sq @ E,. We set

def.
Vo =" (B p(a)-20(mren) "

a constituent in the M N H-representation (Sq ® E,)"™. This M N H-representation is described as follows.
Some care must be taken since M and M N H are in general disconnected. By Cor. A.15, M N H =
Zynp(mNb) (M N H),, where Zyap(m N h) is the centralizer of mN b in M N H and (--- ). denotes the
connected component containing the identity. Therefore, the irreducible finite dimensional representations
of M N H may be described in terms of

(i) (o4,Uy), the irreducible finite dim. representation of (M N H), with some highest weight v and

(i) (r,U;), an irreducible representation of Zprng(m N h)
satisfying

(ili) Zyna(mNh) N (M N H). (= the center of (M N H).) acts by the same scalars under 7 and o,.
Then any irreducible finite dimensional representation of M N H occurs on

U, 4 v, eU,
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with well-defined action given by (7 ® 0,)(zh) = 7(2) ® o,(h) for some choice of 7 and . Now, since V} is

irreducible and p(q); = p(m N q), we may conclude that

Vo =~ UT,m—'rp(mﬂq)—Qp(mﬁéﬂq) (3'6)

for some 7 € Zyap(mNb) (dezf' the set of irreducible representations of Zp~p(mNh)).

For the following recall that there is a natural embedding Smnq C Sq.

Lemma 3.7. With 7 as in (3.6), the following hold.
(1) Sung € (50)""
(2> ‘/0 C Smﬂq ® U"’7ML

Proof. See [12, Lemma 3.8]. O

4. THE INTERTWINING OPERATOR

Let o € (a+ tar)* satisfy the ‘sufficiently regular’ condition described in (4.3) below and let (o, E,) be
an irreducible finite dimensional representation of h with highest weight u. We assume as in the previous
sections that Sq ® E, integrates to a representation of H. Our goal is to give an explicit formula for a

nonzero G-intertwining operator
C*(G/PW®C,,)— C*(G/H,S;®E,) (4.1)

so that the image lies in the kernel of Dg /g (£,). It turns out that W will be of the form (relative discrete
series)®e” ® 1. Here P is the parabolic subgroup of Section 3 and

CHGE/PWRCyy) ={f: G —W|[f(gman) =a""*m- f(g)}

is the space of smooth sections of the homogeneous vector bundle W ® C,,_.

Due to the disconnectedness of M it is simpler to construct an intertwining operator with domain
C>*(G/PT,W®C,,) instead of C>°(G/P, W®C,, ), where P* is described as follows. Set M+ = Z;(m)Me,,
Zar(m) = {m € M : Ad(m) = I on m}. Then P+ ““" M+AN.

The relative discrete series representations of M may be described in terms of

(i) a relative discrete series representation m(\; M, ) of M, with Harish-Chandra parameter A, and

(ii) a finite dimensional representation 71 of Z(m)

satisfying
(iii) Zp(m) N M, = Z(M,) acts by the same scalars under 7, and w(\; M,).
This gives a relative discrete series representation (71, A; M) ael 71 ® T(A\; M) of M. Finally,

(11, \; M) = Ind%+ (7(1, \; M 1))

is an irreducible representation in the relative discrete series of M (and all representations in the relative
discrete series are of this form.) See [17] for a thorough discussion of the relative discrete series for reductive

groups. Now by induction in stages
C™®(G/P,m(ti, ;M) ®@e" P @1) ~ C°(G/Pt,n(r, s MT)@e" s @1).
We conclude that there is no loss of generality in considering intertwining operators

C=(G/PT W C,,) — C(G/H,Sq & E,) (4.2)
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in place of (4.1).

Throughout the remainder of this paper we assume the following condition on g holds:
(n,B) > C, forall B € AT, (4.3)

where C' is some sufficiently large positive constant. It suffices for C' to be large enough so that (3.4) holds
and (A.12), applied to p¢ + p(mNh) and m in place of A + p(¥) and g, holds.
The following proposition is contained in Theorem A.23 and Corollary A.24.

Proposition 4.4. Let pu satisfy (4.3), and let Vo and 7 be as in Lemma 3.7. Then for 11 € Zy(m) satisfying
Homg,, . 1(m)(T1,7) # 0, the relative discrete series representation m(7i, pu + p(m N h); MT) may be realized
as a subspace of Ker (DM+/M+QH(Z/{T,/“)). Furthermore, defining my to be the projection Smnq ® Ur e — Vo
(see Lemma 3.7), we have
[ mo(fle))
(71, e+ p(m N h); MT) — Vo

is a nonzero M N H-homomorphism.

The following lemma contains a (sufficient) condition for the existence of a nonzero intertwining operator

as in (4.2). We write g € G = Kexp(mNs)AN as g = x(g)m(g)e’9n(g). Observe that if h € H then

h = k(h)e® M n(h) is the Iwasawa decomposition, as H N P is a minimal parabolic subgroup of H.

Lemma 4.5. Let (0, E,) be as above and let W be a representation of P™ = M+*AN. Let t € Hom(W ®

C,,,Sq®E,) be M+ N H and N N H equivariant and satisfy the following a— equivariance condition
tlexp(X) - (w® 1)) = X (5, @ 0,,) (exp(X))t(w @ 1), for all X € a,w € W.

Suppose further that t #0. Then
Po)o) = [ (sa®0)(Otlg0))dt

HNK
defines a nonzero G-intertwining operator

Py : C*(G/PTW®C,,) — C*(G/H,Sq®E,).
Proof. We must check that P, satisfies the correct transformation property under H.

Pt = |

HN

= / C-t((eT M (he)) =t - p(gr(hL)))de
HNK

- t(p(gr(he)e™ MOn(he)))de

= [ e n(he) e O (gt
HNK

B k(RO (p(gr(hL)))e =200 H(RO) gy
HNK

-t / 0y - t(é(gl1))dly, by the standard integration formula for the
HNK

Il
>

change of variables £ — x(hf) in H N K.

P; is clearly intertwining for the G-actions (by left translation of functions).
To see that P, is nonzero, let wy € W and v* € (Sq ® E,)* be such that (v*,t(wp)) = 1. Since the

(complex valued) function Y + (v*  exp(Y) - t(wp)) is continuous on the orthogonal complement (h N m)+
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of h N'm in h N &, there exists a neighborhood U of 0 in (h N'm)L such that Re({(v*,exp(Y) - t(wp))) > 0,
VY € U. Now let v be a positive real valued smooth function on (h N m)+ with support on U such that
1(0) = 1. Define, using the local coordinates (exp(Y),m) € exp(Ud) x (HN M) on H N K, a smooth section
¢ e C®(HNK/HNMW) by

(1) = Y(Y)(m™t - wp), if I =exp(Y)m € exp(d) x (HN M)
~ o, if [ & exp(U) x (H N M).

Now pull ¢ back to some smooth section ¢ € C’OO(K /M, W). We have:
O P} = [t 130N = [ G0 exp(r) )Y,
HNK

So (v*, (Pip)(e)) # 0, since its real part is positive. Therefore P; is nonzero.

a
Remark 4.6. The lemma holds with M in place of M.
We now specify the representation W of PT which we will need. Set W = § ® e ® 1 with
§ = m(r1, e+ p(mNBp); MT) and
(4.7)

V= [q + Ph»
for some 1 € Zps(m) with Homyz,, , (m)(71,7) # 0 and 7 as in (3.6).
We now make precise a choice of ¢ as in the lemma. Viewing W as a space of harmonic spinors as in

Proposition 4.4 we define t : W ® C, — Sy ® E, to be evaluation at e € G followed by projection:
t: ¢ mo(e(e)). (4.8)
Lemma 4.9. The hypotheses of Lemma 4.5 are satisfied by t.

Proof. Equivariance under M+ N H is clear. Equivariance under N N H follows from the fact that Vy =

(Eu+p(q),2p(mnmq))nmh. The stated equivariance with respect to a holds because
(1 +p(a) = 2p(mNENQ))|a +2p5 = pa + pg + 2p5 = (Ha + py) + pg-
The fact that t # 0 is contained in Prop. 4.4. O

Definition 4.10. Using ¢ as defined in (4.8) we set P = P;. Therefore, P is the nonzero G-intertwining
operator
P:C®(G/PtW®C,,) — C®(G/H,Sq®E,)

given by

(Po)o) = [ t-moogt) (et (@)

HNK
We now come to our main theorem.
Theorem 4.12. For each ¢ € C*(G/PT,W®C,,), Dg/u(P¢) =0.
Proof. Observe that if {X,} is a basis of q satisfying (2.3) then > a; R(X;) ®v(X,) is H-invariant. Therefore
(DR X;)(P9))(9)
/ Za] 1)) molb( - £)(eNlit
HNK

- /HQKE- (Zaij(Xj) ®7(Xj))70(¢(')(6))\ged£.
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In particular we need to show that

(D a4 R(X;) @ v(X;) = 1@7(e))mo(¢( - )(e))lge = 0.
Since D¢, is independent of basis of q (subject to (2.3)) we are free to choose such a basis in a special

way. To do this let {E;} be a basis of nNq and {E;} a basis of N q so that

(Ej, Ey)q = dj, and (Ej, Ey)q = (Ej, Ex)q = 0.

Now let
{Z;} be a basis of mNq so that (Z;, Zy/)q = a;0; (with a; = £1)
+ def. 1 —
v (B £ ),
Note that (YJi ,Y.E) = +6,1,. We choose the basis {X;} to be {Z;, in} This is a basis satisfying (2.3) and
Dg/a =Y aiR(Z) @v(Z) + Y (R(Y;") @4(Y;") = R(Y;) @~(Y;)) —1@3(c) @ 1.

The following lemma puts ¢ into a more useful form.

Lemma 4.13. For Z;, E; and Ej as above
€= Cmng + Z ai{Z; ,|Ej, Ey)) Z,E; By, + Z<E] ,[Ex, B)E;EcE; + Z<E] ,|Ex, E))E;EcEy.
Proof. This is a straightforward computation from (2.6). O

In the realization of the spin representation given in Subsection 2.2 we take V' to be the maximal isotropic
subspace which is spanned by root vectors for positive roots in q. Therefore
R(Y;H) @4(Y;") = R(Y, ) @ (Y;) = R(E;) ® e(Ey) + R(E;) ©(E)
and we may write
Do/n =Y aiR(Z:) @ ¥(Z:) = 1@ 7(cmrg) + Y_(R(E;) @ €(E;) + R(E;) @ u(E;))
= ai(Zi,[Ej, Ex))Y(Zi)e(E;)u(Ex) (4.14)
— > (B [Be, E)e(Ey)e(Ex)i(Er) — (B, [Bx, Bil)e(Ej)u Ei)u(Er)).-
We apply this to mo(¢(-)(e)) and see that each term is zero. Indeed, for any X € mNgq

R(X)mo(s(-)(e))lg = %Wo(cb(g exp(sX))(e))ls=o

= Lo (6(9)(exp(sX))) o
= R(X)mo(¢(9)(+))le-

Therefore

(> aiR(Z) @ 7(Z:) = Alcmaa))T0(3( ) (€)]g = (Dar+ jar+nn (m0d(9))) (e) = 0,
since ¢(g) € W C Ker(Dy+ /p+nm)-
Since ¢ is in the principal series representation, ¢ is invariant under the right action of N. Therefore,
(R(Ej) @ e(Ej))mo(¢(-)(e)) = 0.
Now observe that for v € Vo C Sunq®U-,, (Lemma 3.7), o(E;)v = 0 since E; L mNgq. As image(my) = Vj

each of the remaining terms in (4.14) annihilates mo(¢(-)(e)).
O
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APPENDIX A. THE RELATIVE DISCRETE SERIES

For the appendix G is of a more general type than in the body of the paper. We give a description
of relative discrete series representations of G as spaces of harmonic spinors on G/H, where H C K is
a subgroup of G having the same complex rank as G. Our interest is in a description of discrete series
representations of the group M of Section 3. It will therefore suffice to consider groups G satisfying the
following conditions. We let Zg(g) = {9 € G : Ad(g) = Idg} and G. be the connected component of G
containing the identity. Then we require G to satisfy:

(1) For all g € G, Ad(g) is an inner automorphism of g€,
(A.1) (2) G is reductive in the sense that g =3 @ [g, 9], (3 L center of 9),
(3) There is a closed normal subgroup Z C Z¢(g) so that:
G/ZG. is finite and G./Z N G, is compact.

This class of groups is studied in detail in [17] and [16]. If M AN is the Langlands decomposition of any
cuspidal parabolic subgroup of the group G, then M also satisfies (A.1). See [17, pages 11-13] for a discussion
of such hereditary properties of various conditions on G.

It follows that G/Zz(g) contains a maximal compact subgroup K/Zs(g) and K satisfies the following
properties.

(1) K is the fixed point group of an involution 6,
(A.2) (2) Zg(g) is a subgroup of K, so Z¢(g) = Zk(g),
(3) K meets every connected component of G and K NG, = K..

As in Section 2, the Cartan decomposition of g under the differential of € is written as

g=t®s, s==tt.

We now assume that G, in addition to satisfying (A.1), has a nonempty relative discrete series. Therefore,
there exists a Cartan subalgebra of g contained in €. We fix such a Cartan subalgebra t.
Define G+ < Zc(8)Ge. Tt follows from (A.2(3)) above that

G"NK = Zg(g)Ke.

The irreducible finite dimensional representations of GT N K may therefore be described as follows. Fix a
positive system of roots in A(€,t). Suppose

(1) (o, F)\) is the irreducible finite dim. representation of K, with some highest weight \ € t*,
(A.3)  (2) (7, F;) is an irreducible finite dimensional representation of Zg(g),

(3) Zg(g) N K. = Z(G.), the center of G, acts by the same scalars under 7 and oy.
Then there is a well-defined representation of Gt N K given by (1 ® o))(zk) = 7(2) ® ox(k) acting on
Fr def. F, ® F. This representation is irreducible and every irreducible representation of G N K is of this
form.

It is known that the relative discrete series representations of Gt occur as L? spaces of harmonic spinors
on GT/GTNK. See [16], [2] and [13]. The following proposition is a version of these results which contains
the precise statements we need. Before stating the proposition we make a few observations. Since Zg(g)
centralizes g, Ad(z)|s = I € SO(s). Therefore, Zo(g) acts on S, by some character (with values £1), so we
may define 7/ to be this character times 7. Under this convention it follows that Ss @ ;- x = 7' ®(Ss ® F}), as

representations of GT N K. Then, S, ® F;  contains the irreducible constituent F,/, Ap(s) With multiplicity
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one. We may therefore define the projection

TS @ Fr ) — FT’,A—i-p(s)' (A4)

Remark A.5. The statements of this appendix hold in a slightly more general setting than described above.
Suppose that (o, Fy) is an irreducible representation of the Lie algebra ¢ with highest weight A and assume
that Ss ® F) integrates to a representation of K.. (Thus, we do not assume that S and F)\ each integrates
to a representation of K..) Now let 7/ be a finite dimensional irreducible representation of Zg(g) so that
on Z(G,.) both 7 and o; ® o) act by the same scalars. Then, throughout our discussion, we may replace

Ss ® Fr » by 7' @ (Ss @ Fy) and the results will still hold.

Proposition A.6. Suppose A + p(£) is dominant for AT (€t) and nonsingular for A(g,t). Let AT be a
positive system of roots in g for which A+ p(€) is dominant reqular. Assume also that A+ p(s) is analytically

integral. Then there is a positive constant Cy so that whenever
(\,B) > Cy, forall B € AT, (A7)

K@T(Dg+/c+m}( (.TT,A)) contains, with multiplicity one, a subrepresentation infinitesimally equivalent to a

relative discrete series representation of G. Denoting this subrepresentation by WT/)‘JFP(?),

f — Wl(f(e))
WA Frr xtp(9)

is a nonzero GT N K-homomorphism.

Remark A.8. The representation W™ A +e(t) jg infinitesimally equivalent to a relative discrete series repre-
sentation 7(7/, A + p(€); GT) having infinitesimal character A + p(¢) and containing the G+ N K-type with
highest weight A + p(s).

Proof. By [16], Ker(Dg+/G+ni (Fr,)) contains a relative discrete series representation (the L? harmonic
spinors). Denoting this space by W A+e(®) we have
1 < dim Homg+ (WT,’M"’(E), Ker(Dg+g+nr(Frn)))
< dim Homg+ (W7 AP0 0%(GH/GT N K, S, @ Fr.)))
= dim Homg g (WP S, @ F, ) (A.9)
~ 1. (A.10)
To see the last equality we check that
the only G N K-type occurring in both W™ A8 and S, @ F, , is Frr 2 dp(s)- (A.11)

For this, we apply the Dirac inequality ([14, Proposition 2.6]) along with (A.7). We will use the following
nonsingularity condition:

(A+p(8),8) > (Q), 8), for all Q C A™(s), 3 € AT ()
(A.8) > ((Q), ), for all Q C AT(s),8 € AT (s).
This follows from (A.7) when the constant C is

C = max (Q), B)-

QCAt(s),BeAT

(A.12)
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The Dirac inequality states that for any irreducible, unitarizable (g, K)-module V' of infinitesimal character
A, if § is the highest weight of a K —type occurring in S; ® V', then

AL <116 + p(B)]]- (A.13)

Note that the infinitesimal character of W™ A+P(®) jg A = X\ + p(t) and the possible K —types of Ss ® F; »
have highest weights of the form A+ p(s) — (Q), for @ C AT (s). Now suppose that such a K —type occurs in
W A0 By the first condition in (A.12), § = (A+p(s) — (Q)) — p(s) = A— (Q) occurs in Sy @ W7 A+e(®)
therefore, by (A.13)
1A+ p@®) < [IX+ p(8) — (@)

However this inequality can only hold when Q = () (as X satisfies the second part of (A.12)). Now (A.11)
follows.

Since the isomorphism of hom’s which gives (A.9) is evaluation at e € G, we may conclude from (A.11)

that evaluation at e followed by projection to Fr/ x ) is nonzero on W A+e(®),
a

Now suppose that H satisfies (A.1), H C K and rank(h€) = rank(¢€). We may assume that our Cartan
subalgebra t is contained in h. Since our goal is to realize relative discrete series representations of G as
harmonic spinors on G/H we will apply Lemma 2.12 to H C GT N K C G. Proposition A.6 takes care of
one step. The other step is essentially the corresponding statement for compact groups, which will follow
from [11, Theorem 4]. The exact statement is contained in Proposition A.16 below. We will first need a few

facts related to the disconnectedness of G and H.

Lemma A.14. Let T, be the analytic subgroup of H with Lie algebra t. Any automorphism of g fizing t
(pointwise) is Ad(t) for somet € T,.

Proof. Let ¢ be such an automorphism. Since ¢ fixes t, ¢ must be inner. In Int(g€), ¢ lies in the Cartan
subgroup containing Ad(7,). Since the Cartan subgroups in a connected complex group are connected,
¢ = Ad(exp(H; + iH>)) for some Hy, Hy € t. By using the fact that {(g) C g and considering the action on

root vectors one sees that ad(Hs) = 0. O
We obtain the following corollary.

Corollary A.15. Let H be as above.
(1) H=H* = Zy(h)H,.
(2) H = Zy(g)H,.
() Zu()Ke = Zy(g)Ke.

Proof. The first statement follows from the facts that Ad(h) is inner for any h € H and H C K. The second

statement follows from the first and the Lemma. Statement (3) follows from the lemma. O

Since H = Zy(g)H. the finite dimensional irreducible representations of H are of the form (1 ® 0, E- ;)
with 7 an irreducible representation of Zg(g), o, the irreducible finite dimensional representation of H. with
some highest weight y satisfying the condition that 7 and o, act by the same scalars on Zg(g) N He. (See
(A.3).) Let &, — K/H be the associated homogeneous vector bundle over K/H.
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Proposition A.16. Let K' = Zy (8) K, and let F,,_,¢nq) be the irreducible finite dimensional representation
of K. of highest weight — p(€Nq). Then
Ker(Dyu(Ery)) =~ Indig, (7' @ F\_ peng) ) -
Proof. Our proof is a reduction to the case where K is a compact connected semisimple group and H is a

connected subgroup, which is handled in [11, Theorem 4].
The first step is to determine Ker(Dg,/u,(E,)). We may write
K.=71Kss and H, = Z1(H. N Kss)

where K, is the compact semisimple Lie group with Lie algebra &g ael: [e,€] and Z; = exp(3(P)), 3(¢) =

center of ¢&. Note that H. N K s and K5 are connected compact groups of equal rank. Decomposing pu as

=y + fiss € 3(8)* + (tNEs5)* we have
C™(Ke/He,Senqg ® Eu) ~ et @ C°(Kys/He N Kys, Seng © )
and
Ker(Dg,ju,(E4)) = e @ F,. _penq), by [11, Theorem 4]
= Lp—p(enq)-
Observe that K'/H ~ K./H., so
C®(K'/H,Senqg ® Erp) =7 @ C°(K./He, Serng ® E,1)

and

Ker(Dgryr(&rp)) =17 @ Ker(Dk, yu, (E))
Now apply Lemma 2.12 to H C K’ C K to get

Ker(Dg/u(Exp)) = Indig, (7' ® Fu_peng))-

Remark A.17. If K is replaced by GT N K in the proposition then

Ind%rmK (7' ® Fu-p(ena)) @ (1@ Fupena)) (A.18)
T1E€S(T)

for some S(7) C Zk(g). The set S(7) is easily described as follows: 7, occurs in the induced representation

Indfng(FT/#_p(mq)) if and only if Homy,, (4)(71, 7') # 0. Therefore
S(r) = {n € Zk(g) : Homgy,, () (11, 7') # 0} (A.19)

Continuing with the case where K is replaced by Gt N K, let F, ,_,nq) be one of the constituents

occurring in Ker(Dg+nx/p(Ery)). Then
Homg+ i (Fry i p(ena)s Ker (Datarym(Erp)) # 0,
which gives (by evaluation at e € H) a nonzero H-homomorphism
Fr i—p(eng) — Seng @ Er - (A.20)

The only H-constituent which F., ,_,nq)|r and Seng @ Er ), have in common is £/ ,_,eng)- (To see this

note that the Hc-constituents in F;, ,_,¢nq) have highest weights of the form p — p(€Nq) — > myy,m, >
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0,7 € AT (#) and the highest weights of the H,-constituents in Sgnq®E-,, are of the form pu+(Q)—p(¢Nq), Q C
A*(tNq). The only way these can be equal is if all m, = 0 and @ = §.) Now we may conclude that evaluation
at e € H (map (A.20)) followed by the projection

o - SEI’Wq ® ET,H — ET/’#,p(qu) (A.21)

is nonzero. We summarize as follows.

Corollary A.22. Let 7 and p be as in Proposition A.16. Let S(1) = {11 € Zk(g): Homg,, (g (T1,7") # 0}.
Then

Ker(De+nr/(Erp)) = @ Fry pi—p(ena)
T ES(T)

and on any constituent Fr ,,_ ,(¢nq)

= ma(f(e))
Fry u—pena) = Er u—p(ena)

1S NONZEro.

We are now ready to put Propositions A.6 and A.16 together for our final result. It follows from part (2)
of Corollary A.15 that H C Gt N K C G*. Therefore, H C G N K and we have (by (2.11)):
C®(GY/H, S84 ® &) =~ C®(GT/GTNK, 8 ® C®(GT NK/H,Seng @ Er ).
Now

@ wrste(®) - Ker (Dg+/G+mK(@Tles(7—) fnﬁu,p(mq))),by Proposition A.6,
T1ES(T)

~ Ker (Dg+/G+mK (Ker (DG‘H‘]K/H))) , by Corollary A.22,
C Ker (DGHH(&,H)),by Lemma 2.12.

We have established the following theorem.

Theorem A.23. Suppose H C K, G and H satisfy (A.1), rank(g€) = rank(hC), u+p(q) € t* is analytically
integral, p satisfies (3.4) and T € Zy(g) is compatible with o, as above. Then for 71 € S(1), m(T1, 1 +
p(h); G) is equivalent to a subrepresentation WTH+P(0) of Ker(Dg+ u(Eru))-

Since p + p(g) — (Q) is AT (h)-dominant for all @ C AT (q) and is dominant regular when @ = AT (¢Nq)
(compare with (3.4)), E;/ ,,—op(enq)+p(q) 1S @ constituent of multiplicity one in Sq ® E- . (Note: p— p(€N
q) + p(s) = p—2p(ENa) + p(q).) We may define

mo : Sq ® Ery — Err i—2penq)+0(a)

to be the corresponding projection.

Corollary A.24. For any constituent W™ #+tP() a5 in the theorem
f—=mo(fle))

Wn,/ﬁ-ﬂ(h) — ETl#fp(Eﬂq)JrP(s)

is a monzero homomorphism.
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Proof. Recall from (A.4) and (A.21) there are projections

m1 1 Ss @ Frx — Frixip(s)s for A=p—p(ENq)
T2 1 Seng @ Er o — Err i peng)-
Consider also
TS ® Err i pena) = Err p—2p(ena)+o(a)-

Note that my = 7’ o (1 ® m2) since each map is nonzero and dim (Homp (Sq ® Er 1, Err ji—openg)+p(q))) = 1.

Let us use the following (temporary) notation:

Wo = Fr| i—2p(tnq)+0(q) Gt N K-type in W™ #+r(0) gee Proposition A.6,

* . highest weight vector in Wy,

highest weight vector in Fy ,_,&ng)s
u™ @ highest weight vector in E./ ,_,¢nq),

s : highest weight vector in Ss.
Consider

Wo = Ss ® Fory pi—p(ena) =8 ® Err ji—pena) — Ert u—2p(ena)+0(a) (A.25)
f— File) —  (1om)(Frle)(e) — (1o m)(Fy(e)(e) = mo(f(e))-

We claim that this is nonzero. For this we follow w™ through each homomorphism. Note that the
w— 2p(tNq) + p(q)-weight space occurs in each representation in (A.25). By Proposition A.6 the image
of 11 18 Fry i op(enq)+p(q), SO contains 2;(w™) = sT @ vt. By Corollary A.22, 15 is nonzero, therefore
12(sT @vT) = st @ut. Also, n'(st ® uT) is a highest weight vector in E./ ,_o,enq)+p(q)- Lherefore,
7 g o (wh) #0. O
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