HARMONIC SPINORS ON SEMISIMPLE SYMMETRIC SPACES

S. MEHDI AND R. ZIERAU

ABSTRACT. Let G/H be a semisimple symmetric space. We consider a Dirac operator D on G/H twisted
by a finite dimensional H-representation. We give an explicit integral formula for certain solution of the
equation D = 0. In particular, some quotient of standard principal series representations are seen to occur
in the kernel of D.

1. INTRODUCTION.

Discrete series representations of semisimple Lie groups occur as L?-spaces of solutions to certain twisted
Dirac operators on riemannian symmetric spaces G/K ([9], [1]). A generalization of this fact is given in [11].
In this article we consider twisted Dirac operators on nonriemannian symmetric spaces G/H. Under the
condition that G and H have equal rank we show that the space of smooth solutions to the twisted Dirac
equation is nonzero. In addition, we give an integral formula representing solutions. The integral formula is
very similar to the classical Poisson integral representation of harmonic functions, and its generalizations.

Our integral formula for the solutions to the Dirac equation is in the form of a G-intertwining operator
from a principal series representation into the sections of a twisted spin bundle on G/H. This operator is
constructed in a way similar to the construction of intertwining maps into Dolbeault cohomolgy represen-
tations (occuring on open orbits in flag varieties). See [3], [2] and [4]. In that situation the image of the
intertwining operator is annihilated by 0 and 5*, thus strongly harmonic forms are produced. The results
in this article differ considerably in that no complex structure on G/H plays a role, and in fact no invariant
complex structure exists in general.

Our results should be considered as the opposite extreme from the results mentioned above for discrete
series on G/K in the following sense. Our intertwining operator tells us nothing in the case of H = K.
Indeed, we reduce to this case. It should be noted that the techniques in the case of H = K are quite
different from ours. In particular, for H # K the Dirac operator is not elliptic and L? techniques are not
available.

This article is organized as follows. Section 2 gives some notation and describes the groups which will
arise. In Sections 3 and 4 we review the material about spin representations which we will need, define
the Dirac operator and compute its square. Section 5 gives a construction of the intertwining operator. In

Section 6 we prove that the image of the intertwining operator lies in the kernel of the Dirac operator.

2. PRELIMINARIES.

Let G be a connected linear semisimple Lie group with Lie algebra denoted by g. Let o be an involution
of G and set

H = (G%)o,
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the identity component of the fixed point group of o. Then the homogeneous space G/H is semisimple

symmetric, not necessarily riemannian. With respect to the involution o, g decomposes as

g=hdq

where ¢ = {X € g | 0(X) = —X}. Fix a Cartan involution § commuting with o and let K = G? the
fixed point group of #. This induces a Cartan involution of g, which we also denote by 6, and a Cartan
decomposition of g
g=Etds

where s = {X € g | (X) = —X}. There is a further decomposition of g as

g=0ONHO(HNs)®(@NE D (qNs).
We shall assume that the complex rank of G is equal to the complex rank of H:
(2.1) rank(G) = rank(H).

In particular, one can choose a Cartan subalgebra of g in h. More precisely, let a be a maximal abelian
subspace of h Ns. From (2.1) one can choose t in h so that a @ t is a o-stable Cartan subalgebra of both
g and h. This gives a Lie subalgebra m of g such that m & a is the centralizer of a in g and t is a compact
Cartan subalgebra of m.

Now let X(g,a) be the set of restricted roots of g relative to a. As usual, after a choice of positive roots
%% (g, a), one defines the nilpotent subalgebra

n= > g
aeXt(g,a)

where g, is the restricted root space corresponding to «. Denote by My, A and N the analytic subgroups of
G with Lie algebra m, a and n respectively. Then one obtains a parabolic subgroup P of G with Langlands
decomposition

P=MAN

where M is the closed subgroup Zg(a)My of G, with Zx(a) the centralizer of a in K. As M contains a
compact Cartan subalgebra, P is cuspidal.
It is crucial for our construction that a is maximal abelian in h Ns. Several simple consequences of this,

which we will refer to later, are contained in the following lemma.
Lemma 2.2. Assume a and P = M AN are as above. Then the following statements hold.

(a) PN H is a minimal parabolic subgroup of H and
PNH=(MnH)ANNH).
(b) The orbit H - eP of H in G/P is a closed orbit and
H-eP~H/HNP~HNK/HNM.

(¢) M,HNM and K N M all have the same (complex) rank.
(d)g=mng)emng)d@Ng) andmNg=(mNs)d(mNENgq).
We fix once and for all a positive system of A(g®, (a @ t)¢) with the property that the restriction to a of

a positive root is a positive restricted root. This determines a positive root system A(h%, (a @ t)¢). We will
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denote by p(g) the half sum of positive (a @ t)“-roots. Note that a positive system of t-roots for m may be
specified arbitrarily.

Observe that the discrete series of M is nonempty. So let (6, W) be a discrete series representation of M
in some Hilbert space W. Let v be a linear form on a, and denote by pg the half-sum of (restricted) positive
roots:

1
Py =35 Z a.
aeXt(g,a)
As usual, one can form the nonunitary principal series representation 75, of G as the induced representation
d§; 4y (6®e” ©1) of G from the irreducible P-representation d®e” ®1 on W @ C,, (normalized induction).
The induced representation space is the space of smooth sections of the homogeneous vector bundle for
W ® C,4p,. This space of sections is denoted by C*°(G/P,W ® C,,,,) and consists of smooth functions
G-V Cl,erE such that

(2.3) f(gman) = (6(m)~! @ e~ WHea)nl@a)y(£(4)) Vg € G and Yman € P = MAN.

We shall refer to 6 and v as the Langlands parameters of the nonunitary principal series representation s,
of G (page 132 of [7]).

3. THE SPIN REPRESENTATIONS.

We apply the general construction of Clifford algebras and spin representations associated to a vector space
with a nondegenerate (possibly indefinite) symmetric bilinear form. A good reference for this construction
is Chapter 6 of [5]. Note that under our equal rank assumption (2.1) q is even dimensional. Let ( , )4 be
the restriction of the Killing form of g to q. Extend ( , )4 linearly to the complexification q€ of q and use
the same symbol ( , )4 to denote this extension. Let V' and V* be two dual maximal isotropic subspaces of
q€ relative to ( , ). Denote by AV* the exterior algebra of V*:

dirr;(q)
V= P AV
1=0
equipped with the interior product 2 and exterior multiplication e:
S AY) = (U, 0] ) qus A A — o] Ar(v)(vs A A
AU =0T AU A A
for allv € V,v* € V* and v A---Avj € AlV*. On the other hand, the Clifford algebra Cl(q€) of q€ is defined

as the quotient of the tensor algebra T'(q€) of q€ by the ideal Z generated by elements XQY +Y®X —(X ,Y) 4
X and Y in q©:

Now define a map v by
(3.1) v:q% = End(AV*), v+v* — 1(v) + e(v*)

where, as usual, End(AV*) denotes the vector space of complex linear endomorphisms of AV*. Observing
that

YX) oy (V) +9(Y)oy(X) = (X,Y)q, VXY €q,
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one can extend ~ naturally to a map 4 on the Clifford algebra of q€ by
7:ClA%) = End(AV"), X1 X3+ X, = v(X1) 0 y(X1) 0+ 09(Xp).
Next, let SO(q) be the Lie group of orthogonal endomorphisms of q relatively to ( , )4 with Lie algebra
so(q) ={A € End(q) | (AX,Y)q+(X,AY), =0, VX,Y €q}.
For all X and Y in q, define the endomorphism Rx y by
Rxy(W)=(Y W)X — (X, W)Y, Weuq,
and observe that
Rxy €s0(q), VX,Y €q.

In fact, these Ry y generate the Lie algebra so(q). Then one can define an injective Lie algebra homomor-
phism, which embeds so(q) in the Clifford algebra of € (Lemma 6.2.2 of [5]) by

1
N ZEU(CI) - CIQ(qC)a RX,Y = i(XY - YX)a

where Cly(q€) is the Lie algebra defined as the subspace of Cl(q€) generated by the elements X; X5, with
X3 and X5 in q. Next, let SCT and S;~ be the following vector subspaces of AV*:

Sy= P AviandS; = P AV

| even 1 odd

Obviously, both Sa“ and S;° are invariant under the y-action of Cly(q©):
Y(a)(SF) € S8F, Va € Cly(q°).
Next, consider the two involutions a and * in Cl(q) defined by
a(y(v1) -+ y(vk)) = (=1)*y(v1) -+ y(vk), Voj €4

and

(Y(v1) - y(or)* = (=1)"y() -+ y(v1), Voj €q.
The spin group of q with respect to ( , )4 is the subset of the Clifford algebra defined by
Spin(q) = {u=vi v |vj€q, u-u* =1, a(u)y(q)u” =~(q), k even} C Cl(q).
Observe that the Lie algebra spin(q) of Spin(q) is (Theorem 6.3.6 of [5])

spin(q) = ®(s0(q)),

so that

o (2(X)) EA(@(X) .. X € s0(a)

defines a representation of spin(q) in Sqi. The representations (o, S) and (o~,5;) are called the half-spin
representations of spin(q).
Now we describe the weights of the half-spin representations of spin(q). Let {e;} and {e}} be bases of V/
and V* respectively, such that
(ej,er)q=(€]j,er)q =0, Vj,k, and

(3.2) )
(ej,ex)q = £0jk-
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It is easy to see that the algebra

di
(33) C= Span{ReJ',e; 1<5< %@}
is a Cartan subalgebra of so(q), and ®(C) is a Cartan subalgebra of spin(q). Observe that
* * * 1
D((e; vej>qR6j,e§) = (e; a€j>ql(€j)€(€j) 5

dim(q)

For each integer [ in {1,---, =5} and each set I = {1 <43 <ip <--- < ¢y < dime)}, define the element

*

* *
ur =e; Neg, N Nej,

with up = 1. Then one obtains

1 .
* —5Uur, .761
7Rl R = {151 i#1
2 )

so uy is a weight vector of weight
1
(3.4) Al = 5(2 € — Z )
JEI jel

where
(3.5) i (P((en, ex)aRerer)) = G-

Observe that each such weight has multiplicity one, and there are only two dominant weights, namely Ay
and A (ima)y- Actually, T (resp. 07) is an irreducible highest weight representation of spin(q) with highest
weight Ag (resp. )\{WITL@)}) with respect to an appropriate positive system of C-roots. Both o% lift to
representations of the group Spin(q).

We now consider the ‘spin’ representations of h and H. These are essentially the restrictions of o* to

h C so(q). Since ( , )q is Ad(H)-invariant, we obtain the Lie group homomorphism

¢: H — 50(q), h— Ad(h)

lq>

whose differential d.( at the identity is a homomorphism of Lie algebras:
d.¢ =ad: b — so(q).

For the above construction we have arbitrarily chosen dual isotropic subspaces V' and V*, and a special
basis (as in (3.2)). Now we would like to be more specific about these choices. Since a @t C b, each root

space (g§€)a, for a in A(g€, (a @ t)©), is o-stable so that

(6%)a = ((8%)anNb®) @ ((8%)a Nq°).

But, as (g€), is one-dimensional, one has (g€), C h€ or (g€), C q€. In the first case, we shall say that
a is an h-root of g€, while in the second case « is called a g-root of g€. We denote the sets of h-roots and
g-roots respectively by A(h€, (a@®t)C) and A(q€, (a@t)C). Asin Lemma 2.2, g = (mNq) @ (nNq)® (MNq).
Set V equal to the span of the root vectors for positive g-roots and V* equal to the span of the root vectors
for the negative g-roots. Then V and V* are isotropic and the basis in (3.2) may be chosen to consist of

root vectors (properly normalized).

4 ), where

We define the half-spin representations of f as the representations (s*, S;I“ ) and (57,9,

st =0F o ®o (d).
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The description of the set H(S;t) of weights of the half-spin representations of b is as follows. As an b-
representation the set of weights of q€ relative to (a @ t)€ is precisely the set of g-roots of g€. By definition,
de¢ composed with the standard representation of so(q) is exactly the adjoint action of § on q. We may

assume that
d(((a®t)®) CC,

so that the pullback (de¢)* of d.C is a bijection between the set of weights relative to C of the standard

representation of so(q) on q€, and A(q€, (a @ t)€). Enumerating the roots in A+ (qC, (a @ t)€) as

di
{ag, 9, ...,ap}, with m = %(q)
we see that the sets H(Sqi) of weights of the half-spin representations S;‘E of b are
1
I(S;) = {E(ial tast- -+ Qumw) | even number of minuses }
2

and

1
(S, ) = {5(:|:a1 tayt---+£ adi,,,;q)) | odd number of minuses }.

In particular, each such weight is of multiplicity one. It is useful to observe that one can rewrite these weights
as follows. Let F' be any subset of AT (qC, (a @ t)€) and denote by < F > the sum of the elements of F.
Let p(q) be the half-sum of positive g-roots of g<:

1
p(a) = ) Z a.
a€AT (g%, (at)C)
Then any weight of S (resp. S, ) under b is of the form p(q)— < F' > for some subset F' of At (g€, (a@t)©)
of even (resp. odd) cardinality. We may write
I(Sy) ={p(a)- < F >| F C AT(C, (a® ©)€) and #F even}

and

(S, ) = {p(a)— < F>| F C A*(q%, (a® 1)) and #F odd}.

Let (74, E,) be an irreducible highest weight representation of h with highest weight p. Then the tensor
products Sét ® E, are h-modules under the actions sT® T,. In particular, any weight occurring in the
decomposition into irreducibles of the h-modules Sc:lt ® E,, is of the form p + p(q)— < F >. We assume that

our weight 4 satisfies the following inequalities. For each simple root o € A+ (€, (a @ t)©),

(n+p(a)— < F>+p(h),a) >0, for every F ¢ AT(q%, (a & t)€)

(n+pa) =2p(mnena) +p(h),a) > 0.
Then the weight u + p(q)— < F > +p(h) is dominant, relative to A+ (h€, (a @ t)€), for all subsets F of
AT (g€, (a ® t)€). Thus, applying the Steinberg formula (page 111-112 of [7]), the decomposition of the

(3.6)

h-modules S;‘E ® E,, into irreducible h-modules is as follows:

(3.7) S$®Eu = Z Eu+p(q)7<F>7
FCF+

where Fy = {F C AT(q€, (a @ t)€) : #F is even (or odd) and u + p(g)— < F > is dominant regular}.
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We will use the following technical lemma in the proof of Theorem 6.2. There we will be considering
the spin representations of m N h. Observe that the killing form restricted to m N q is nondegenerate, so we
may construct spin representations on m Nk on Snimq in the same manner in which we constructed the spin
representations of h on Sqi above. We choose the dual isotropic subspaces to be spanned by root vectors
for positive (respectively negative) m N g-roots. Therefore there is a natural embedding Snimq C Sglt as
m N b-representations. For any irreducible h-representation E,, of highest weight p we set U, = (EH)“”", an

irreducible representation of m N § on h of highest weight pu def- Ll

ef. nnh . .
Lemma 3.8. Consider Snfmq C Sét as above. Set'V def (E#+p(q)72p(mmmq)) , a constituent in S;‘ ®E,

by taking F = At (mNeNq) in (3.7). Then the following hold.
n 4 nnbh
(a) Sing C (S5)
(b) V C SEng @ Uy,

Proof. (a) By [5], equation (6.2.1), as h-representations A2q = s0(q) via X AY — Rxy.
Claim: ad(nNbh) is spanned by Rxy with X and Y root vectors for g-roots « and § with o + 3 positive
and nonzero on a.
By the isomorphism above the weights in so(q) are all of the form « + 8 for some g-roots « and . The
weighs occurring in n N b satisfy a+ 8 > 0 and (a + §8)|q # 0. The claim follows.

In particular, for such X and Y there are three possibilities:

(i) X, Y enng,

(ii) X enng,Yenngand a4+ 5> 0,

(iii) Xemng,Yenng.
Let u € Snimq. We check that s*(Rx y)(u) = 2(v(X)y(Y) — 4(Y)v(X))(u) = 0 for each of the possibilities.
For (i) this is clear since y(X) = +(X) and v(Y) = «(Y) for X, Y € nNgq, and 2(X)(u) = +(Y)(u) = 0, since
nNq L mnNgq. For (i), again y(X) = +(X) is zero on u and

s (R ) (1) = 5 (1(X0)e(V) = (X)) (w)

since X LY (as a # —). For (iii),

since v(X)(u) € Snimq.
(b) It will be enough to show that the highest weight vector in E,,| ,(q)—2p(mnenq) lies in Sntﬁq @ Uy,

As in (3.7) Sfnq ® Uy, contains the irreducible m N h-representation of highest weight p¢ + p(m N q) —
2p(mNbhNgq). Denote by uy the highest weight vector of this constituent.
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Claim: Viewing w4 as in S;r ® E,, uy is a highest weight vector for the irreducible h-representation
Eyitp(a)-2p(mneng) C S§ ® By

Since w4 is a highest weight vector for m Nk and is killed by nNq, u4 is a highest weight vector for an
b-subrepresentation of S ® E,,. We need to check that it has weight u + p(q) —2p(mN€Nq). The t-weight
is correct. To see this note that by the choice of At (g€, (a @ t)€) following Lemma 2.2, p(q)|¢ = p(m N q).
Therefore
(3.9) (k+p@@) = 2p(mNENq))|c= (n+pmNg) —2pmNENQ))|c

We must calculate the a-weight of u,. For any t-weight vector u € S;Imq ® U, we may write u = up @ u
where up = X_ o, A--- AN X_q,, with F' = {a;} € A(mNb), and @ are t-weight vectors. However, by (3.4)
up has a @ t-weight (p(q)— < F >)|4. This weight is (p(q) — 2p(m N €N q))|a, as roots in m restrict to 0 on

nNh
a. Since @ € (Eu) , the a-weight of @ is u|q. Therefore the a-weight of w is (4 p(q) — 2p(m N ENQq))lq.
O

Finally, we need to make the following integrability assumption.
Assumption 3.10. The h-representations sT @ Ty ON Sff ® E, lift to representations of H.

As H is connected, the decomposition in (3.7) holds as H representations.

4. THE TWISTED DIRAC OPERATOR ON G/H AND ITS SQUARE.

Let (71, E1) and (72, E2) be two finite dimensional representations of H. Denote the corresponding ho-

mogeneous vector bundles on G/H by & — G/H and & — G/H. The spaces of smooth sections are
(4.1) C=(G/H.&) = 1f : G — B[ f(gh) = 7 (h™")f(g), for all g € G,h € H}.

Equivariant differential operators C*(G/H, &) — C*°(G/H,&;) may be described as follows. Let U(g) be
the enveloping algebra of g and Hom(FE, Es) the space of complex linear maps from E; to Es. Then H acts
on the tensor product U(g) ® Hom(E, E2) by

h-(u®T) = Ad(h)(u) ® (r2(h) o T o1 (h)), forhe€ H, u®T €U(g)®Hom(E;, E,),

where Ad is the adjoint action of G on g, naturally extended to U(g). Then any > u; ® T; € {U(g) ®

Hom(E;, E3)} (the H-invariants) defines a G-equivariant differential operator
Df (Y Rw) @ T)() Y T(R(w,))).
Here R(u) is the right action of u € U(g) extending the action of g by left invariant vector fields:
R(X)(1)(o) = S Fgexp(tX)),.,, Vo€ G, X €5
For the Dirac operator we fix a basis {X;} of q satisfying
(4.2) (X, Xp)q = £
We also fix an irreducible H-representation (7, E,) of highest weight 1 € (a @ t)* satisfying Assumption

3.10. Then by the invariance of ( , )q under H

dim(q)
(4.3) (X X)X @ (X)) @1
j=1
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is an H-invariant in U(g) ® Hom(Sf]t ® By, S§ @ Ey). Therefore, there are well defined G-equivariant
differential operators D= : C*°(G/H,S; ® £,) — C*(G/H,SF ® &,) defined by

dim(q)
(4.4) D* = Y (X;, X;)qR(X;) @ 4(X;) ® 1.

j=1
These are our ‘twisted Dirac’ operators. (See Prop. 3.2 of [9] for the case of riemannian symmetric spaces,
i.e., for o = 6.) Note that the expression in (4.3) is independent of basis satisfying (4.2).

Now let ( , )y be the restriction to b of the Killing form of g. Let {Y;} be a basis of  so that

(Y;,Yi)y = £6j5, Vi, k.

Then the Casimir elements Qg of G and Qg of H are respectively defined by

dim(p) dim(q)
Q= Y (¥, Y)Y} and Qo =Qu + Y (X;, X)X
j=1 j=1

Proposition 4.5. The ‘square’ of the Dirac operator is

1
D:FODi:i(R(QG)®1®1+1®8i(QH)®1—1®1®T#(QH))

acting on {C*°(G) ® S;t ® B, > C~(G/H, Sqi ®EL).
Proof. We have

1
DF o D¥ = 5 > (X, X)) R(XD) @1®1

+ % Z<Xi  Xi) g (X5, X5) g R([Xi, X;5]) @ v(X)v(X;) @ 1.

Decomposing [X;, X;] in the above basis {Y;} of h, we see that

1
DT o D* = 3 DX X)) R(X) 1@ 1

+ %Z D X6 X5), Yi)y (i, Vi (X, Xi) o (X, X;)q R(Yi) @ 7(Xi)y(X;) @ 1.
ki,

On the other hand, as for the Lie algebra so(q), one can also embed b in Cly(q€) using the map ® o ( so
that
(Po)(Y)= Zcij(Y)Xin VY € b.
i<j

To determine the coefficients ¢;;(Y"), observe that
[(Xi X, Xi] = (X, Xp)q Xi = (X, Xi)q X

thus
cij(Y) = (Xi, Xi)q (X5, Xj)q([Y; X;], Xi)g-

Hence one obtains that

1

sT(Y) = 3 D (X, Xi)q (X5, X;)a [V, X1, Xi) gy (X)) (X5),

%
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because ([Y,X;], X;)qX:X; = ([Y,X;],X;)qX;X;. In particular, by invariance of the Killing form of g,
<[X¢,Xj] 7Yk>h + <XJ R [XZ, Yk]>q =0, so that
1
DT o D* = 5 DX X))aR(X) @1®1 =Y (i, Vi) R(Ye) ® s5(Yi) @ 1.
J k

Finally, since

(RosT)(Y) =10sT(Y2) @1+ RYZ) @101+ 2R(Y;) @s5(Ye) @1, Vk,
one gets that

D¥oD* = - (R(Qe) @10 1+1@s(Qn) @1 - Y (Vi,Vi)y(R@ s* @ 1)(Y)).

k

N | =

The conclusion comes from the identity

(R®8i®1)(QH)| :(1®1®TM)(QH)|

(c*@esfem)H (c*@esfem)H’

5. CONSTRUCTION OF THE INTERTWINING MAP.

We continue with an irreducible representation (7, E,,) of H with highest weight y satisfying (3.6) and
(3.10). The space of smooth sections C*(G/H,SF ®&,) is as in (4.1). Given a representation § @ e” s @1
on W& C, 4, of the parabolic subgroup P = M AN, the corresponding homogeneous bundle is denoted by
W® C,yp,. The space C*(G/P,W® C,,,) of smooth sections of this bundle is as in (2.3).

Our goal is to determine the ‘parameters’ § and v for which there is a nonzero G-intertwining map
(5.1) 73:COO(G/PJ/V®C,,erg)—>COO(G/H,SET®<€'N)7

so that the image of P lies in the kernel of Dt. We will also write the intertwining operator as an explicit
integral formula.

In the remainder of this section we will determine the parameters § and v, and write down a formula for
P. In Section 6 we will see that the image of P lies in the kernel of the Dirac operator.

We begin with a Proposition which gives a condition on the infinitesimal character. Let p, be half
the sum of the positive (restricted) a-roots in h. We now specify a positive system of t-roots in m by

At(m,t) = {a: (u,a) > 0}. We obtain the following conditions on the Langlands parameters of s ,,.

Proposition 5.2. Let (7, E,) be an irreducible highest weight representation of H with highest weight p,
where . satisfies the conditions (3.6) and (3.10). Assume there exists a mnonzero intertwining operator P+
from the G-module C*(G/P,W @ C,,,,) into the G-module C*(G/H, Sqi ® &,) such that D* o P* =0,
then

llchar(8) + vl = |11+ pyl,
where char(9) is the infinitesimal character of the discrete series representation 6 of M.

Proof. Since D* o P* =0, we have DT o D* o P* = 0. Then, using Proposition 4.5, one obtains that

| char(8) +v |1 = |l p(g) II* + Il p(a) + p(b) [1* = 11 p(b) [I* = 1| 1+ p(B) II* + | p(b) |I*= 0.
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Observe that even though the representations S;t of h are not in general irreducible, the Casimir operator
of H acts on each irreducible component by the same scalar. This follows from Lemma 2.2 of [9] and the

‘Weyl unitary trick’. We therefore have
|| char(6) + v [[=Il n+ p(b) || -
|

In order to specify the representation § we need to carefully describe the discrete series representations of
M. As noted earlier M is a cuspidal parabolic subgroup, i.e., M and M N K have equal (complex) ranks, so
M has nonempty discrete series. The fact that M is generally neither semisimple nor connected complicates
the description. See [7], Ch. XII, Section 8, and [6], Section 27, for details.

First, the identity component My has compact center and there is a subgroup F' C Zys (the center of M)
so that M# def- My - F has discrete series representations parameterized by the data

(a) A € t* with A — p(m) analytically integral, and

(b) a character y of F so that xy = e* (™) on MyN F.
When ) is a dominant t-weight the corresponding discrete series representation, denoted by (X, x; M%),
satisfies the following.

(i) 7(A, x; M#) has infinitesimal character \.

(ii) The minimal K N M#-type has highest weight A + p(m) — 2p(m N €).

(iii) The action of F on 7(\, x; M#) is by the character x.
Finally, the representations

7\, x; M) = IndiT. (m(\, x; M#)).
of M are irreducible and in the discrete series.
Remark 5.3. Set P# <" M#AN. For § = (M x; M), Ind% (6 @ v) = IndS s 4 (7N, x; M#) @ v). We find
it slightly simpler to to find an intertwining map
P:C®(G/P¥,W®C,) —» C*(G/H,S} ®&,)

rather than as in (5.1). Thus our W will be one of the 7(\, x; M#).

We will denote the restrictions of (a @ t)©-weights to t and a by applying subscripts, therefore i, (resp.
ftq) is the restriction of p to t (resp. a).

Theorem 5.4. Assume that the weight v satisfies conditions (3.6) and (3.10). Consider the discrete series
representation (6, W) of M# with § = m(u¢+p(mNb), x; M#) (x will be determined below). Let v = g+ py.
Then we have
Homg(C™(G/P* W& C,4,,),C™(G/H, S ©&,)) # {0}.
Proof. First, one has the standard isomorphisms
Homa(C™(G/P* W& Cyyp,), C°(G/H,SF ® &,))
(5.5) ~ Homp (C™(G/P#*, W ® Cyyp,), S5 ® E,)
~ Homp (S5 ® E.)*,C™(G/P* W& Cyyp,))
where C°°(G/P#,W @ C,4,,)" is the continuous dual of C*°(G/P# W @ C,,,). Therefore, our problem
is to find certain H-finite vectors in C°(G/P#* W & Cl,+pg)/. This is hard in general. However, as in [12],
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we shall restrict our attention to H-finite vectors in C*(G/P#* W& C,4,, )" which are supported on closed
H-orbits in G/P#. Observe that by Lemma 2.2, our choice of P = M AN guarantees that PN H is a minimal
parabolic subgroup of H and H -eP = H/H N P is a closed H-orbit in G/P. Also H/P# N H is a closed
H-orbit in G/P#. The space of distributions in C*°(G/P# W& C,4,, )" which restrict to smooth functions
on H-eP# ~ H/P# N H can be identified with the space C*(H/P#*NH W*®C_,_,_ 12,,), as in Lemma
2.3 of [12]
C=®(H/HNP*¥ W*® C_,_p 12p,) CCX(G/PEF W@ Coyp,) .
Moreover, we have the obvious isomorphisms
Homp ((Sy ® E,)*,C*(H/HNP*¥ W*®C_,_,, 12p,))

~ Homprnp ((Sy @ Eu)* s W* @ Cypytap,)

~ Hom ps gy (W ® Cop py—20, 5 (SE ® Ey))

~ Homprnm a(W @ Cuyp,—2p, 5 (S;IE ® E,)").
Observe that by formula (3.7), and the fact that A™(m N €N q) has even cardinality, S;” ® E,, contains the

(5.6)

irreducible constituent

Byt p(a)—<a+(maena)>
of highest weight 1+ p(q) — 2p(m N €N q). The highest a-weight is g + pq, where pq is p(q)q. This forces
our choice for v.

‘We now consider

def.

(5.7) V= )no

(Eﬂ+p(q)*29(mﬂmq)

as an m N h-representation.
Claim: (p+ p(q) = 2p(mNENq))|e = pe + p(m) + p(m N h) — 2p(m N e).
To see this note that by the choice of AT (g€, (a @ t)€) following Lemma 2.2, p(q)|¢ = p(m N q). Therefore
(ntp(q) = 2p(m O EN )]
= (p+pmnq) —2p(mNENq))le
= pe+ p(mNq) +2p(mNh) —2p(mNh) —2p(mNENQ)
= pe+ p(m) + p(mNh) — 2p(mNE).
The last equality follows from mNh=mNHNE by Lemma 2.2, (a). We conclude that V is the irreducible
representation of M N H with highest weight p + p(m) + p(mNh) — 2p(m N E).
We choose the character y of F' to be the action of F on V.

Therefore V' is a constituent of §|;#~g. This proves that
HomM#ﬁH-A(W ® CV+ng2ph7 (S;_ ® E,U«)nnb) 7é {0}7

and the theorem follows from the isomorphisms in (5.5) and (5.6) above. O

One can get an explicit formula for the intertwining operator given in the proposition above. Indeed,
let ¢ be a nonzero element of Hom . a(W @ Cypp, 29,5 (S ® E,)"Y) contained in Hom 4 ng.4(W ®
Coiog—2p0+ (Bt p(a)—2p(mneng))™?). Tracing through the isomorphisms of (5.5) and (5.6), one obtains a
nonzero intertwining operator P from the G-module C*°(G/P# W @ C,4,,) into the G-module
C>*(G/H,S; ®&,) defined as follows
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68 P = [ OO0 Vo€ O (G/PEWE Cyry,) and Vg € G

To obtain a more explicit formula for P; we consider an explicit geometric realization of the discrete series

representations 0 of M#. By Proposition A.3, W occurs as the kernel of the Dirac operator

D+

Vo pran P O (M7 /M* N H, S

mNgq

®Uy,) — C(M* /M# N H, S50, @ Uy,).
Now, evaluation at e gives a nonzero M# N H-homomorphism
C®(M#*/M# N H,Sfn, @Uy,) = Shing @ Uy,
There is also a nonzero projection
T:Sgng ® Uy =V C(SF® E,)"

(with V' as in equation (5.7)). Now take t to be t(f) ael

choice of ¢ we have a nonzero intertwining operator

(5.9) (Pé)(g) = /H (0@ mO)((oa) et

7(f(e)), which is nonzero by Prop. A.2. With this

6. SOLUTIONS OF THE DIRAC EQUATIONS.

In this section we show that the image of P lies in the kernel of the Dirac operator. For this we need a

simple lemma.

Lemma 6.1. Consider (mNq)* = (nNq) @ (@Nq). The subspaces n N q and n N q of q are isotropic for
() )q and there is a basis {Ex} of nNq and a basis {Ey} of nNq so that

(B, El)q = 0k
In particular,
(By £ By, E £ E))q = £20
and
(B, £ E B F E)yq = 0.

Proof. This is clear since the killing form is nondegenerate on (n+ ) N q and zero on each of n N g and

nngq. 0
Theorem 6.2. For each ¢ € C*(G/P#* W ® C, ), DT (P(¢)) = 0.

Proof. Recalling the definition (4.4) of D*, we have, for all ¢ in C*(G/P;W ® C,4,,) and for all g in G,

dim(q)
O PN = [ D (55, Xi)a((RUX) ©3(6) @ D70 )l
dim(q)

N /W” > (X Xy)a((R(X5) @9(X5) @ Dm(6( - ))(e)lge dl
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by the H-invariance of Y01 (X;, X;),R(X;) ® 7(X;) ® 1. Now note that ¢(gm)(e) = (m~" - ¢(g))(e) =
¢(g)(m). In particular, for X € m, ((R(X)¢)(gl))(e) = ((R(X)¢(gf))(e). We may rewrite the above in two
terms as
| LXK A (R0 (0) o
(6.3) !
F [ Y X X)) ROG)6Ma0) ) e

HNK X, emng

The second term is [}, . ¢ W((D;[#/M#quﬁ(gZ))(e)) de.

Now recall that the Dirac operator is independent of the basis (subject to (4.2)), so we may choose the
X,’s in (mNq)* to be the vectors %(Ek + Ey), for k=1,2,..., 1 dim(mNq). Recall that nN g C V and
nNg C V* in the notation of Section 3. Note that

R(E; + E;) ® (Ej + Ej) — R(E; — Ej) ®v(E; — Ej)
=2R(E;) ® e(E;) + 2R(E;) @ 1(E;).
Therefore, the terms in (6.3) corresponding to X; € (mNq)+ contain expressions of the form

e(B;)m ((R(Ej)¢)(90))(e))  and  o(Ej)m((R(E;)¢)(g0))(e))-
The first is zero since ¢ is right N-invariant by (2.3). The second vanishes since the image of 7 is contained

in Snﬂfmq ® U,, by Lemma 3.8 and the fact that (mNgq) L (nNq).
We conclude that

DY PO = [ n(Dfye jprenndlat)) (@) dt.

HNK
The theorem follows.

APPENDIX A

In Section 5 we use the realization of the discrete series representations of M# as solutions of twisted
Dirac operators on M# /M# N H. This appendix justifies the use of this realization. We observe that M#
decomposes into a compact and a noncompact factor. As M# N H is compact, o restricts to a Cartan
involution on the noncompact factor. In particular, M#/M#* N H is (locally) a product of riemannian
symmetric spaces of compact and noncompact type. We treat the two cases separately.

Therefore, we consider a riemannian symmetric space G/K. Note that this is the situation of Section 2
when o = 0. The twisted Dirac operators are defined as in formula (4.4). Suppose that X is dominant for
A% (g,t). (Note that a =0 when o = 6.)

Case 1. Suppose that G is compact. Then by [10], the irreducible (finite dimensional) representation of G

with infinitesimal character A occurs as the kernel of the twisted Dirac operator
Dt LX(G/K,SF ® Ex_pe)) — L*(G/K,8; @ Ex_pr))-

Case 2. Suppose that G is noncompact. Then, by [9] and [1], the discrete series representation of G with
infinitesimal character A and minimal K-type A + p(g) — 2p(¥) occurs as the kernel of the twisted Dirac
operator

DY LX(G/K,SF ® Ex_pe)) = LA (G/K, S ® Ex_pe))-
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Remark A.1. Here DT is an elliptic operator, so the L?-solution spaces to Dt = 0 consist of smooth
functions.

In each of the two cases above evaluation at e gives a well-defined nonzero K-homomorphism
Ewal. : Ker(DV) — ST ® Ex_ -

Consider this evaluation followed by the projection 7 : S ® Ex_pt) = Exypig)—2p(¢)- Then we have the

following.
Proposition A.2.
7o Eval, # 0, on KerD™.

Proof. In the noncompact case this follows from the discussion in Section 5 of [1], in particular the paragraph
preceding (5.11) and the fact that the K-type Ejy,(g)—2p(¢) Occurs in the discrete series with multiplicity

one. In the compact case this follows from the proof of Theorem 4 in [8]. O

Let ¢ be the discrete series representation of My with the infinitesimal character pi + p(mNp) and minimal
My N K-type p + p(mNh) + p(m) —2p(m N €). We may conclude from the two cases above that d occurs in
the kernel of

Dt L2 (Mo/Mo N H,S{ng ®Uy) — L*(Mo/Mo N H,Sing @ Uy).

To pass to M# note that M# /M#* N H = My/My N H.

Denote by DAJ}#/M#QH the Dirac operator for M# /M# N H.

Proposition A.3. The discrete series representation m(ug + p(mNh), x; M#) may be realized as the kernel
of

D+

N# rom LA*(M#/M# N H, S}, @Uy,) — L*(M#/M# 0 H, Sy @U,,).

mNgq

REFERENCES

[1] M. Atiyah and W. Schmid, A geometric construction of the discrete series for semisimple Lie groups, Inv. Math. 42
(1977), pp. 1-62.

[2] L. Barchini, Szegé mappings, harmonic forms and Dolbeault cohomology, J. of Functional Analysis 118 (1993), pp. 351-406.

[3] L. Barchini, A. W. Knapp and R. Zierau, Intertwining operators into Dolbeault cohomology representations, J. Functional
Analysis 107 (1992), pp. 302-341.

[4] R. W. Donley, Intertwining operators into cohomology representations for semisimple Lie groups, J. Funct. Anal. 151
(1997), pp. 138-165.

[5] R. Goodman and N. R. Wallach, Representations and invariants of the classical groups, Encyclopedia of Mathematics and

its Applications 68, Cambridge University Press, 1998.

[6] Harish-Chandra, Harmonic analysis on real reductive groups, Journal of Functional Analysis 19 (1975), pp. 102-204.

[7] A. W. Knapp, Representation theory of semisimple groups: An overview based on examples, Princeton University Press,
1986.

[8] G. D. Landweber, Harmonic spinors on homogeneous spaces, Representation theory 4 (2000), pp. 466-473.

[9] R. Parthasarathy, Dirac operator and discrete series, Ann. of Math. 96 (1972), pp. 1-30.

[10] S. Slebarski, The Dirac operator on homogeneous space and representations of reductive Lie groups II, Amer. J. Math.
109 (1987), pp. 499-520.

[11] J. A. Wolf, Partially harmonic spinors and representations of reductive Lie groups, J. of Functional Analysis 15, no. 2,
(1974), pp. 117-154.

[12] R. Zierau, Unitarity of certain Dolbeault cohomology representations, in The Penrose Transform and Analytic Cohomology
in Representation Theory, M. Eastwood, J. A. Wolf and R. Zierau (Eds.), Contemp. Math. 154, 1993, pp. 239-259.



16

S. MEHDI AND R. ZIERAU

OKLAHOMA STATE UNIVERSITY, MATHEMATICS DEPARTMENT, STILLWATER, OKLAHOMA 74078
E-mail address: smehdi@math.okstate.edu
E-mail address: zierau@math.okstate.edu



