INDEFINITE HARMONIC THEORY AND HARMONIC SPINORS

L. BARCHINI AND R. ZIERAU

ABSTRACT. We show how to formulate the indefinite harmonic theory of Rawns-
ley, Schmid and Wolf in the setting of harmonic spinors. A theorem on the
existence of square integrable harmonic spinors on finite rank bundles over a
semisimple symmetric space is proved.

1. INTRODUCTION

An important problem in representation theory is to find explicit realizations
of irreducible unitary representations. In this article we discuss a method, known
as indefinite harmonic theory, introduced by Rawnsley, Schmid and Wolf in [16], to
associate irreducible unitary representations to elliptic coadjoint orbits of semisimple
Lie groups. The significance of the method is that it is natural and it makes sense for
an arbitrary elliptic orbit; however there are tremendous technical difficulties and it
has not been carried out in general. We will point out some of these difficulties and
some of the successes of the method. Then we will show how indefinite harmonic

theory can be extended to the the setting of harmonic spinors.

The method given in [16] may very roughly be described as follows. One first
observes that if G/L = G - X is an elliptic coadjoint orbit, then G/L has a G-
invariant complex structure. Under an integrality condition, A exponentiates to a
character of L and defines a holomorphic homogeneous line bundle £, — G/L.
Geometric quantization (i.e., the orbit method) would suggest that one look for
unitary representations in spaces of Ly holomorphic sections of £). There are two
immediate problems. First, the space of holomorphic sections is often zero, however
irreducible representations often occur in higher degree Dolbeault cohomology. The
second problem is that there is no good (G-invariant) notion of a square integrable
differential form, since G/L typically carries an indefinite metric. An encouraging
fact is that under a negativity condition on A, the Dolbeault cohomology space
vanishes except in one degree s, and H*(G/L, L)) is an irreducible representation.

This negativity condition will hold for some choice of complex structure on G/L,
1
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which we now assume has been made. The quantization procedure of [16] is the
following.

(1) Consider the space of strongly harmonic forms of type (0, s):
HONG/L,Ly) = {w: 0w =0 and § w = 0},

where @ is the formal adjoint of @ with respect the invariant metric on G/L. One
needs to show that this harmonic space is nonzero.

(2) Define and auxiliary positive definite metric on G/L (which typically must
be noninvariant). This metric may be used to define a notion of a square integrable
differential form. It must be shown that the space ’H;O’S)(G /L, Ly) of Ly (strongly)
harmonic forms is a nonzero G-invariant Hilbert space.

(3) The invariant hermitian form defined by integration of forms is well defined on
Hgo’s)(G /L, L) (at least for a reasonable choice of auxiliary metric). Now the goal is
to show that the image of Hgo,s) (G/L, L)) in Dolbeault cohomology is infinitesimally
equivalent to H*(G/L, L)), and the invariant form is well-defined on this image in

cohomology and is positive definite there.

In Section 2 we give some examples and discuss some of the what is known
about when the procedure can be carried out. In the remainder of the paper we
show how indefinite harmonic theory can be formulated for spinors on a reductive
homogeneous space G/H. Section 3 reviews a construction of a formula for harmonic
spinors ([12]). In Section 4 we show how to construct an auxiliary metric and we

prove the following theorem.

Theorem. IfG/H is a semisimple symmetric space and E os a finite dimensional
H -representation (with highest weight ‘sufficiently reqular’), then there is a nonzero

space of Lo harmonic spinors on the homogeneous vector bundle for E.

It follows that, if E carries an H-invariant hermitian form, then this Lo- space of

harmonic spinors carries a G-invariant hermitian form.

2. COMMENTS ON INDEFINITE HARMONIC THEORY

The strategy for constructing irreducible unitary representations that was briefly
out lined in the introduction has had some success. We now discuss the construction
in more detail and indicate the extent to which it is now known to produce irreducible

unitary representations.
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To begin, we need to better understand which representations should be attached
to elliptic coadjoint orbits. Let G be a connected linear semisimple group and 6 a
Cartan involution of G. We let K be the fixed point group of #, a maximal compact
subgroup. Write the corresponding Cartan decomposition of the Lie algebra of G
as

g==t+s.
Choose a Cartan subalgebra t of £ and extend it to a Cartan subalgebra h = t+a of g
by choosing an appropriate a C s. Using the Killing form we consider t* C h* C g*.
Then an element A € t* is an elliptic element, and the orbit G- A\ C g* is an elliptic
coadjoint orbit. We may identify this orbit with the homogeneous space G/L, where
L is the centralizer in G of A. On the other hand, A defines a f-stable parabolic
subalgebra of gc as follows. Let A = A(h,g) be the roots of h in g. Then the

parabolic subalgebra associated to A is

q:[C +u,

where [ is spanned by hc and all root spaces g(ca ) with (\,a) =0, and u~ is spanned

by all root spaces g(c_a) with (A, ) > 0. Let @ be the normalizer of q in G¢. One
sees that L = @ N G, so G/L embeds into the (generalized) flag variety G¢c/Q
as an open subset. In particular, G/L has a G-invariant complex structure; the
holomorphic tangent space at the identity coset is naturally identified with g/q ~ u
(where u is spanned by the the root spaces gg) with (A, @) > 0). Observe that each
parabolic subalgebra conjugate to q and containing Ic gives a complex structure on
G/ L; these are in fact all different. In the language of geometric quantization, these
parabolics are the invariant (complex) polarizations (at A). Typically, in geometric

quantization, one chooses a particular polarization and this is what we will do here.

To attach a representation to G - A, we assume that A lifts to a character x) of
L. There is then a holomorphic homogeneous line bundle associated to x). The
natural thing is to attach cohomology representations H?(G/L,O(L))) to the orbit
G - A. This is, however, a long story as the cohomology spaces are difficult to study
directly. For example, it is not at all clear that they have a topology for which the
natural action (by left translation) is a continuous representation. In fact it was such
analytic difficulties that motivated Zuckerman ([25]) to define an algebraic analogue,
which is now known as cohomological induction ([10]). Wong ([24]), generalizing and
extending [18], confirmed that the cohomologically induced modules are in fact the
proper algebraic analogues of the cohomology representations. Viewing the sheaf
cohomology spaces as Dolbeault cohomology, he proved that (1) the HP(G/L, L))
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are continuous Fréchet representations (by showing that the image of 9 is closed in
the C* topology on forms), (2) the Harish-Chandra module of HP(G/L, L)) (i.e.,
the (g, K )-module of K-finite vectors) is a cohomologically induced module, and (3)
HP(G/L, L) is a maximal globalization of its Harish-Chandra module in the sense
of [17].

Using these fundamental facts of Wong about the cohomology representations,
along with results about the cohomologically induced representations, one may con-
clude that under the negativity condition (A + p, ) < 0, for S a root in u (and p
equal to half the sum of the positive roots for a positive system containing the roots
A(u) ofu), HP(G/L, L)) = {0},p # s :=dimc(K/KNL), and H°(G/L, L)) is irre-
ducible ([22]) and unitarizable ([21]). It follows from Harish-Chandra ([7, Theorem
9]) that there is a unitary representation infinitesimally equivalent to H*(G/L, Ly).
As H%(G/L, Ly) is a maximal globalization, this unitary representation embeds into
H*(G/L, L)) (as a proper subrepresentation, unless G/ L is compact). Thus, the goal
is to construct this unitary representation in a explicit way, perhaps as a subspace

of H¥(G/L, L)). Let us give a couple of examples indicating how this might go.

Suppose that G is compact. Then (under a negativity condition on A) the Borel-
Weil Theorem tells us that H*(G/L, L)) is an irreducible finite dimensional repre-
sentation. The homogeneous space G/L has a G-invariant positive definite metric.
This gives rise to an elliptic G-invariant Laplace-Beltrami operator [1 = 99" +9°0.
The Hodge Theorem says that each cohomology class is represented by a unique har-
monic form. Letting A% (G/L, L)) be the space of smooth L£y-valued differential
forms of type (0, s), we define

HONG/L, L)) := {w e A®)(G/L, L)) : Ow = 0},

the space of Harmonic forms. Since each each harmonic form is Ly (as G/L is
compact), we conclude that H(%%)(G/L, £,), with the Ly-inner product, is a unitary
representation equivalent to H%(G/L, Ly).

If G is a simple group so that G/ K is of hermitian type, then G/K has an invariant
complex structure and is an elliptic orbit. In this case s = 0 and H°(G/K, L) is the
maximal globalization of its Harish-Chandra module. In [8], Harish-Chandra proved
that (under a negativity condition on \) the space of Ls sections is an irreducible
unitary representation infinitesimally equivalent to H°(G/K, L)). Note that G/K
has an invariant positive metric and for an Lo section n, On = 0 if and only if

On = 0. Therefore, the space of Ly harmonic sections is the Lo-harmonic space.
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Another example is that of the regular elliptic orbits. Let us assume that G and
K have the same complex rank. Therefore, t is a Cartan subalgebra of g; we let T
be the corresponding cartan subgroup of G. Again, G/T has a G-invariant positive
metric and there is a G-invariant elliptic Laplace-Beltrami operator [ = 99" +0'0.
Schmid proved ([19], [20]) that the Lo-harmonic space (under a negativity condition
on \) is a unitary representation infinitesimally equivalent to H*(G/T,L)). He
also proved that these unitary representations are in the discrete series of G, and
all discrete series representations occur this way. If L is compact then G/L has a
positive invariant metric, and the corresponding Lo-harmonic spaces are realizations
of discrete series representations in much the same way as for G/T. We point out
that in this case the invariant metric is positive definite, and serves as the auxiliary

metric.

For regular semisimple orbits, Wolf has given geometric realizations of the corre-
sponding representations ([23]). This includes a class of groups with relative discrete

series.

We now return to an arbitrary elliptic orbit G/L. Assume that L is now non-
compact. Then G/L typically does not have a G-invariant metric. (For example,
if G is simple and L C G then G/L has no invariant positive metric.) If we wish
to construct a unitary realization of H*(G/L, L)) in analogy with the previous ex-
amples, the initial obstacle is that there is no natural G-invariant notion of an Lo
form. However, G/L has a G-invariant indefinite hermitian form. For example, the
Killing form restricted to u + u™ is nondegenerate and L-invariant, so may be used
to define a G-invariant hermitian form ( , ) on G/L. This form may be used to

define 8" and a harmonic space
HONG/L, L)) = {we A)NG/L,Ly) : Ow =0 and § w = 0}.

The differential forms in this space are referred to as strongly harmonic forms. The

invariant hermitian form may be used to define a G-invariant hermitian form
(i 1= [ (r(g).nlo)) do (2.1)
G/L

provided the integral converges. The strategy of [16] is to define an auxiliary posi-
tive metric on G /L, which is necessarily noninvariant This metric should be L N K-
invariant and should bound the invariant metric in an appropriate sense. A reason-

able choice is

<X7 Y>pOS = _<X7 H(Y»
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This metric is used to define the notion of an Lo-form as follows. Use the Mostow

decomposition ([13]):

G = Kexp(IF Ns)exp(INs),

9 = k(g) exp(X(g)) exp(Y (9))-
Then (w1 (k(g)exp(X(9)),w2(k(g) exp(X(g)))pos is a well-defined function on G/L
and it makes sense to ask when

(w1, w2)pos = /G/L(M(k(g) exp(X(g)), w2 (k(g) exp(X(g)))pos dg
is finite. Define
HONG/L, L)) = {w e HO)(G/L, L)) : {w,w) < oo}.

(2.2)

With a little more care one may consider Ly solutions to Ow = 0 and J'w = 0, and
see that ’H;O’S)(G/L, L) is a Hilbert space. One may also see that ’H;O’S)(G/L, Ly)
is invariant under left translation by G ([15]) and defines a continuous (but not
unitary) representation of G. In addition, the invariant hermitian form (2.1) is well-
defined on ’Hgo’s)(G/L,ﬁ)\). Formally, one has (w, 1)iny = (0 w,N)iny = 0, for w
strongly harmonic, so one expects that the nullspace of ( , )iny contains the exact
forms. Therefore, if we write ¢ : A®®)(G/L, L)) — H*(G/L,Ly) for the natural
quotient map, then one expects that ( , )iny is defined on Hy := q(HéO’s)(G/L, Ly))-
Then two things must be shown. First, it needs to be shown that H, is infinites-
imally equivalent to H*(G/L,Ly). It is not clear that either #(*)(G/L,Ly) or
Hgo’s)(G /L, L) is nonzero. Then one must show that the invariant form is positive
definite on 5.

The first success in this indefinite metric setting is that of Rawnsley, Schmid and
Wolf ([16]). They consider the following situation. Suppose G is simple and G/K is
a symmetric space of hermitian type and there are G-invariant complex structures
on G/L and G/K N L so that the natural double fibration

G/KNL
Ve N\
G/K G/L

is holomorphic. Writing the K-decomposition of s as s = 54 + s_, the existence of
such a holomorphic double fibration is equivalent to uMNs being contained in either
64 or 6_. Under this condition the Harish-Chandra module of H*(G/L, L)) is a
(unitarizable) highest weight module. If, in addition, G/L is a semisimple symmetric

space, then a unitary representation is constructed by the procedure outlined in the
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preceding paragraph. In other words, ﬁ; (with the invariant hermitian form) is an
irreducible unitary representation infinitesimally equivalent to H*(G/L,Ly). The

condition that G/L is semisimple symmetric is relaxed somewhat.

For a general elliptic orbit, an approach to studying ﬁ; has been used with some

success in [4]. The tool is an intertwining operator
S:C®(G/P,W) — AYNG/L, L)),

where C°°(G/P,WV) is a principal series representation having a unique Langlands
quotient (infinitesimally equivalent to H*(G/L,Ly)). The image of S consists of
strongly harmonic forms and ¢(Im(S)) is nonzero ([3], [2], [5]). In fact, Im(S)
contains all K-finite vectors in H*(G/L, L)); each K-finite cohomology class is rep-
resented by a strongly harmonic form. In [4] it is shown that if G/L is a semisimple
symmetric space, then for each K-finite p € C*°(G/P,W), Sy is square integrable.
We may conclude that 75 is infinitesimally equivalent to H*(G/L, L)) and carries
a G-invariant form ( , )iny. By [21, Thm. 1.3], this form must be positive defi-
nite or zero. A condition in [4] is given for the form to be nonzero. These results
extend the the scope of indefinite harmonic theory in the construction of unitary

representations.

3. HARMONIC SPINORS

Suppose G/H is a homogeneous space so that
(a) H is connected reductive subgroup of G,
(b) the restriction of the Killing form of g to b is nondegenerate, and (3.1)
(c) rank(gc) = rank(ho).
Let g denote the orthogonal complement of h with respect to the Killing form.

Then the Killing form is nondegenerate on q and there is an orthogonal direct sum

decomposition
g=bhaq
The Clifford algebra of q is denoted by C¥(q) and Sy denotes the corresponding spin

representation of H.

Kostant ([11]) has defined the cubic Dirac operator in this setting. It is an
element of {U/(g) ® C¢(q)}". This determines geometric Dirac operators on sections

of homogeneous vector bundles on G/H. If E is a finite dimensional representation
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of H, then there is a homogeneous vector bundle S; ® & — G/H. The geometric

Dirac operator is a first order differential operator on sections:
Dgipp: CF(G/H,Sq ® &) — CF(G/H,Sq @ E).

A formula may be found in [12, Section 2]. Note that G acts on the space of sections
by left translation. It is easily seen that Dg/p g is a G-equivariant operator. We

refer to the kernel of D, g as the space of harmonic spinors.

An important example occurs for riemannian symmetric spaces. In this case
H = K, a maximal compact subgroup of G. Note that the Killing form is therefore
positive definite on q and F has a K-invariant positive definite hermitian form.
This gives a K-invariant inner product (, ) on Sy ® E. It follows that Dg/k g is an
elliptic operator. An Le-harmonic space Ho(G/K, E) may be defined as the space

of harmonic spinors F' so that
IF|3 = / (F(g), F(g)) dg < o0 (3.2)
G/K

This defines a Hilbert space and the inner product is G-invariant; Ho(G/K, E) is
a unitary representation. It is shown in [14] and [1] that (under some conditions
on FE) this Le-harmonic space is an irreducible representation and is in the discrete

series of (G, and every discrete series representation of G occurs this way.

We now return to the general setting of (3.1). It is often the case that a finite
dimensional representation has an invariant hermitian form. We assume, for now,
that this is the case. Typically, this form will have indefinite signature, unless H is
compact. As Sq has an H-invariant hermitian form, it follows that S; ® E has an

H-invariant form. Denote this form by (, ) and define
(F1, Fo)iny 22/ (F1(9), F2(g)) dg.
G/H

The goal of indefinite harmonic theory for spinors is to identify a space of harmonic
spinors on which ( , )iny is well-defined (i.e., the integral converges), then understand
the invariant form. For example, one might find a subspace on which the form is

positive definite, thus constructing a unitary representation.

Our main tool for understanding Ho(G/H, E) is an analogue of the intertwining

map (3.3) constructed in [12]. This is an integral transform

P C®(G/P,W) — H(G/H, E), (3.3)
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where G/ P is a real flag manifold and W is the homogenous vector bundle associated
to an irreducible representation W of P. For our purposes here we do not need the
full details of the construction of P, but we will need several properties. We give a
quick outline of the construction and refer to [12, §3] for more detail. Given G/H
we may choose a Cartan involution 6 of G that preserves H. As in §2, we write the
Cartan decomposition of g as
g=tds.

Let a be maximal abelian in § N's. Let M A be the centralizer of a in G and choose
a Cartan subalgebra tp; in mg. Then ac + tys is a Cartan subalgebra in both g
and hc. Various systems of positive roots are chosen as in [12, §3]. We denote by
pg half the sum of the positive a-roots in g, and similarly for py. The positive roots

of a in g determine a real parabolic subgroup P = M AN.

Lemma 3.4. ([12, Lemma 3.1]) The following hold.
(a) PN H is a minimal parabolic subgroup of H, in particular M N H is compact.
(b) M and M N K have the complex ranks, so M has a nonempty discrete series.

Let p € (ac + tar)* be the highest weight of E. Then the representation W of

P is as follows. The action of IV is trivial and A acts by the character e”, with

v = pula+ py + pg-

As an M-representation, W is a discrete series representation. The precise pa-
rameters are not needed here, however, it is important that W be realized as an
Lo-space of harmonic spinors. That this may be done is essentially the example
given earlier in this section. (That construction in fact holds for the possibly dis-
connected reductive group M and the maximal compact subgroup M N K replaced
by the compact subgroup M N H.) Therefore, we take W to be an Ls-harmonic
space

W= Ho(M/MNH,E)CC®(M/MNH,Sqnm @U). (3.5)
Here Spnq is the spin representation of M N H for M/M N H and U is a finite
dimensional representation of M N H. The representation U is determined by a

highest weight and a character (due to the disconnectedness of M) as specified in
12, 53]

One easily sees that the representation E, ,q)—2p(mneng) Of highest weight u +
p(q) —2p(mN€Nq) occurs in Sq ® E. The h N n-invariants

Vo i= (Eu+p(q)—2p(mﬂmq))mn
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plays an important role. One can see that Vj C Sung ® U and we may define the
projection
70 : Smng @ U — Vp.
The intertwining map (3.3) has the formula

Peolg) = /HOK 0 mo(0(gl)(e)) de.

Note that p(gf) € W C C®(M/MNH, SrmNU), so when evaluated at the identity,
gives an element of Synm NU. Under a condition that p is sufficiently regular (12,
Eqn. (4.3)]), the following holds ([12, Thm. 4.6]).

Theorem 3.6. P is a nonzero G-intertwining map into H(G/H, E).

4. THE Lo-THEORY

To set up indefinite harmonic theory for spinors, we need to define an Lo-space
of harmonic spinors. We begin by considering hermitian forms on S; ® E. Here E

is the finite dimensional representation of H having highest weight u.

Lemma 4.1. Any finite dimensional representation of H has a positive definite

hermitian form ( , Ypos with the property that
(h -0, W) pos = (0,0(h71) - W) pos,
for h € H.

Proof. There is a positive definite form invariant under the compact real form b, =
hbNne+i(hns). Write Z=X+Y e hnt+hnNs. Then
(Zv, W)pos = (X —i(1Y"))v, w)pos
= (X, W) pos — 1{1Y V, W)pos
— (v, Xw)pos — 1(—i(v, 1Y W)pos)

— (v, XW)pos + (v, —i(1Y )W) pos

(v, (X = Y)w)pos

—(0,0(Z)w)pos. O

We now assume that FE has a nondegenerate H-invariant hermitian form. A
necessary and sufficient condition for the existence of such a form is contained in [6,

Prop. 2.3]. We note that one situation where such a form exists is when rank(H) =
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rank(H N K). It follows that S; ® E has a nondegenerate H-invariant hermitian
form, which we denote by ( , ). Now fix a positive definite form on S; ® E as in

Lemma 4.1 and let || - ||pos denote the corresponding norm.

Lemma 4.2. If E has an H-invariant hermitian form, then there is a constant C'
so that

(v, w)| < C[v][pos|lwl[pos,

forallve Sq® E.

Proof. Sq® E may be decomposed as V. @ V_, an orthogonal (with respect to ( , ))
direct sum with (, ) positive definite on V and negative definite on V_. Writing

v=vy +v_ and w = wy +w_,

<U7w>;os = (vy,wy) — (v, w-)

is a positive definite hermitian form on S;®FE. Since all norms on a finite dimensional
vector space are equivalent, there is a constant C' so that
(v, w)| < oy, wi)| + [(v-, w-)]
= [0 W ) pos | + [{0—, w5
< ot poslwllpos + 10 pos ! w—1lbos

< 2[[0][pos|lw[pos

< Clfvl[pos|wllpos-

0

To define a Hilbert space of harmonic spinors we need to integrate over G/H.
However ||F(g)||pos is not a function on G/H. We use the Mostow decomposition
(2.2). It is easy to check that

||F (k(g) exp(X(9))]|2s

is a function on G/H. (Note that || - ||pos is K N H-invariant by Lemma 4.1.)

Definition 4.3. Let Ho(G/H, E) be the space of harmonic spinors F' so that
1F o = / [1E(k(g) exp(X (9))l[pos dg
G/H

is finite.
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It follows from Lemma 4.2 that

(1, Fa)in = /G B, Pae) dg

is finite for all Fy, Fy € Ho(G/H, E), so defines a G-invariant hermitian form on
H2(G/H,E).

Our goal is to show that Ho(G/H,E) is nonzero when G/H is a semisimple
symmetric space. This will be accomplished by using the formula of (3.3). Therefore
we will not only show that Ho(G/H, E) # {0}, but we will have an integral formula

for Ly harmonic spinors.

We begin by deriving an estimate for ||Py(g)||pos in general then we prove con-

vergence when G/H is semisimple symmetric.

Some standard decompositions and integration formulas will be used. In partic-
ular we consider the Iwasawa decompositions with respect to P = M AN and the
opposite parabolic P = M AN. We write

g = k(g)m(g)n(g)e9) € Kexp(mns)NA
g =FR(g)m(g)n(g)e™ ¥ € K exp(mns)NA.

A formula relating these two decompositions is

H(g) = H(g) + H(m(g)n(g)). (4.4)

For h € H,m(h) = e, as PN H is a minimal parabolic subgroup of H. Therefore,

we have
h = k(h)n(h)efl™.

We will use the following integration formulas:

/ Pk dks = / F(k(@g))e~ 200 HER) g, (4.5)
KNH NNH

and, for right A-invariant functions F’,
/ F(h) dh = / / F(kiig) digdk and (4.6)
H/A KnH JNnH

/G/A Flg)dg = /K /M /NF (kmm) dndmdk.

Lemma 4.7. For ¢ € C*°(G/P,W) and g € G,

1P(g) |20, = /K - /W (o) (€)) mo (ol € dridt. (48)
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Proof. Since p € C*°(G/P,W),

mo(p(glmm)(e)) = mo(exp(—H (n)) - p(glr(Tm))(e))
= e 2 (H0) exp(—H(y)) - mo(e(g0r(m))(e))),

by [12, Lem. 4.4]. Therefore, since the image of 7y consists of N N H-invariants,

fir - mo((gtm)(e)) = e T (@) - mo(p(gln(mim))(e))- (4.9)

Now
||P<,0 pos
— [0, ool ) e)))gos Al
KNH JKNH
(by the definition of P)
— [ w1 moe(g ) en e
KNH JKNH
(by the K N H-invariance of (, )pos)
— [ @m0, - ml9t)e)en
KNH JKNH
B / / (mo(2(g0)(e), i) - mo(2(glr(Tim))(€))hpose™ 20T iy
KNH JNNH
(by formula (4.5))
=[] oot - moliottmn) ) it
KNH JNNH
(by formula (4.9))
=[] o) mlelet()mo(elatin)) €))pos dnde
KNH JNNH
(by Lemma 4.1)

/ / (mo((gt)(€)), mo((gtmm))(€)))pos A dl
KNH JNNH

(since Vp is fixed by NN H and 0(ny) € NN H). O

We now assume that ¢ is K-finite. Therefore, there are a finite number of ¢; €
C*>(G/P,W) so that spanc{¢p1,...,¢q} is K-stable and contains ¢. It follows that
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for each k € K,
q

Eho = Cik)er,
i=1

where each Cj is a continuous function on K. It follows that

q

p(k) = Z Ci(k)ei(e).

i=1
We may also choose an orthonormal basis {v;} of Vp (with respect to ( , )pos) SO
that for any u € Smnqg ® U

mo(w) = (v

l
It follows that

(mo(p(gl)(e)), mo(w(glmm)(€)))pos
=Y (g0 (€), v1)pos (e (90T 1) (€), 1) pos
[

=Y e VOGN (o(5(g0)) (m(90)), v1) pos (2 (K(90T ) ) (98T 1)), V1) pos
l

=) e M HEOHHRm) Oy (k(g0) Oy (r(96mm))
04,1
(pie)(m(g)), vi)pos(pi(e)(m(glmm)), vi)pos-
Lemma 4.10. When ¢ is K-finite, the integrand in (4.8) is bounded by a constant
multiple of

> o OG0, (€) (m(96)llpos [ (e) (m(g6mim)) [pos-

i7j7l

Proof. This is a consequence of the preceding equalities, the fact that the C; are

continuous (hence bounded) and

[{p(e)(m), vi)pos| < |lp(e)(m)][pos|[vrllpos = li(e)(m)]|pos-
O

At this point we assume that G/H is a semisimple symmetric space. Suppose o
is the involution having H as the fixed point group. This assumption gives us some

additional identities involving the Iwasawa decompositions.

Lemma 4.11. If 00(g) = g, then H(g) = —H(g) and m(g) = m(g).



INDEFINITE HARMONIC THEORY 15

Proof. Recall that a C hNs, so o6 acts by —1 on a. Therefore, c(N) = N and o
preservers M. In fact, since mNs = mNqNs (by Lemma 3.4(a)), 06 acts by the
identity on m N s. Therefore,

g = 08(g) = a0(r(g))a8(m(g))od(n(g))e”? )
= o(k(g))m(g)od(n(g))e H®
€ KMNA.

The statement of the lemma now follows. O

Several useful identities follow from the lemma. Suppose ¢ € K N H. Since
X(g) € qns, ob(exp(X(g))¢) = exp(X(g))¢. Therefore,

H (exp(X (9))¢) = —H (exp(X (9)){)
m(exp(X(9))6) = m(exp(X(9))6) = mlexp(X (g)lrin),
for mp € N N H. Therefore, we have
H(exp(X(9))€) + H(exp(X(9))n)
= H exp(X(9))¢) + H(exp(X (9))frn) + H(mi(exp(X (9)) i) n(exp(X (9))mr))
= H exp(X(9))0) + H(exp(X(9))¢) + H(m(exp(X (g9))np)n(exp(X (9))07in))
= H(m(exp(X(9))mm)n(exp(X (9))mn)).

To prove that |[P(g)||pos is finite, it suffices (by Lemma 4.10), to show that

/ / / —u(H(m(exp(X (9)) 07 1r)7(exp(X (9)) s )
G/H JKnH NmH (4.12)

|lpi (e) (M (exp(X (9)) M m)[pos| |05 (€) (m(exp(X ()T w))|[posdnrdldg

is finite. This expression equals

/ / o~ V(H((exp(X (9))h)(exp(X (9))h))
G/H JH/A

|l (e) (M(exp(X (9))R))|[pos || (€) (m(exp(X (9))1))|[pos dhdyg
=/ e~ /HWO (o (e) (T(9))lIpos |25 (€) (m(9))Iposdy
G/A

(by the change of variables h — exp(Y (g))h)

= [ [ e ) om0l ) ) s
KJMJN



16 L. BARCHINI AND R. ZIERAU
One easily checks that for mg € M
m(moit) = m(mofimg *)mg and
H(mgm) = H(mommg ).

Applying the change of variables m — my, 17img we see that Equation (4.12) equals

/ /_ &~ D 10,(€) (1m0) posl 05 (€) (m(@)mo) [pos diidmo.  (4.13)
M JN

Since W = Ho(M /M N H,U) has inner product given by integrating over M /M N H
(or M),we have

/ 164(€) (10) pos 25 (€) (1 (T)m0) posdino
M

< llpi(@)l2llm(@)~" - @;(e)lf2,
= llpi(e)ll2[l#j(e)l]2

by the unitarity of the M-representation W. We now conclude that (4.13) is bounded
by

le@llllesellz | ™as,

which is finite when v — pq is regular dominant for the a-roots in n (by, for example,
[9, Ch. VILT7]). However this is the case since v = plq + py + pg, With plq + py

dominant regular.

The following theorem is now proved (under the condition that p is sufficiently
regular ([12, Eqn. (4.3)])).

Theorem 4.14. If G/H is a semisimple symmetric space, then Ho(G/H, E) # {0}.
If, in addition, E has an invariant hermitian form, then Ho(G/H, E) carries a G-

invariant hermitian form.

The intertwining map P gives an explicit integral formula for Lo harmonic spinors;

P may be considered an analogue of the Poisson transform.

Remark 4.15. The proof of square integrability given above uses some estimates in
common with the proof of square integrability for (0, s)-forms given in [4]. However,
the argument here is more direct. In [4] certain matrix coefficients are bounded by

Harish-Chandra’s spherical functions. Here, we do not need such bounds.
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