Certain components of Springer fibers: algorithms, examples
and applications

L. Barchini and R. Zierau

ABSTRACT. The Springer fiber associated to closed K-orbits in generalized
flag varieties is determined for the real reductive group GL(N,R). Additional
examples for other groups are given. It is shown how to use this information
to compute associated cycles of representations attached to these orbits.

INTRODUCTION

An important invariant of a Harish-Chandra module is its associated cycle.
There are no known methods for computing associated cycles in any generality.
For example, associated cycles are not known for all discrete series representations.
The purpose of this article is to compute associated cycles for cohomologically
parabolically induced representations of GL(N,R) and to illustrate how similar
methods are used to compute the associated cycles of discrete series representations
for several other classical groups. The answer is quite simple for GL(N,R), but
is somewhat complicated for other groups. The method is to compute certain
components of Springer fibers in an explicit enough form that a theorem of J.-T.
Chang can be applied. Therefore, our results are about the geometry of Springer
fibers. Our study of the Springer fibers is elementary in nature.

Suppose Gr is a linear real reductive group and G is its complexification. We
consider the pair (G, K) where K is the fixed point group of the complexification
of a Cartan involution of Gr. Write g = £+ p for the (complexified) Cartan
decomposition of the Lie algebra of G. The associated cycle of a Harish-Chandra
module is a formal non-negative integer combination of the closures of K-orbits in
Ny = N Np, N being the nilpotent cone in g. See [14, Page 322] for a definition
of the associated cycle. Now suppose that § is a generalized flag variety for G and
q=Il4+u" € F. The cotangent bundle of § may be realized as the homogeneous
bundle T*F = G g u~. The moment map for the natural action of G on T*§ is

1(g,&) = Ad(g)€. Assume that q is f-stable, so Q = K - q is a closed orbit in §.
The conormal bundle to Q in § may be written as a homogeneous bundle for K,
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T5§ =K x (u”Np). We set
QNK

Yo = HITEF-

The image of v, lies in Ay and is, in fact, the closure of a single K-orbit. If
f €u” Np we say that f is generic in u~ Np when image(yo)= K - f. For such
an f we will refer to ’y;l( f) as the Springer fiber for Q. It is a union of irreducible
components of the Springer fiber p=1(f) C T*F.

A theorem of J.-T. Chang states that for an irreducible representation attached
to a closed orbit Q in § the associated cycle is m- (K - f) where f is generic in u™ Np
and m is the dimension of a space of sections of a sheaf on v *(f). Our approach
is to take a closed orbit Q = K - q and construct a generic element f in u™ N p.
We do this in a way that allows us to describe the fiber v !(f). This description
is explicit enough to compute the space of sections, thus computing the associated
cycle.

For Gr = GL(N,R) we carry out this construction for the closed orbits Q =
K - q, for each f-stable parabolic subalgebra. This is done inductively. We first
construct fy, then reduce to a lower rank general linear group. In the smaller
group we construct f;, then again reduce to a smaller group. This is continued to
give f=fo+fi+ fi+ - fin_1. We then show that all generic elements in u™ Np
are of the form ¢ - f,q € Q. This will imply that ’y;l(f) = {q}. An important
point is that the method is very elementary and may be adapted to other classical
groups where the fiber ’y;l( f) is considerably more complicated. This is the case
for Gr = U(p,q), Sp(2n,R) and O(p, q). For these groups we focus on the full flag
variety B and a closed orbit K - b,b = h + n~. For Gr = U(p,q) we recall the
results of [1], where a generic f is constructed and the fiber is explicitly described.
We show why the structure of 79_1( f) is more complicated that in the case of
Gr = GL(N,R). Then using embeddings of Sp(2n,R) and O(p,q) into U(p,q),
we illustrate, in several non-trivial examples, how the method applies to compute
'yg_l(f) in these cases. In the final section we show how to compute the associated

cycles using our descriptions of 7;1( f) along with Chang’s theorem.

For classical groups computation of the image of o appears in the literature. A
combinatorial algorithm for finding the K-orbit K - f of a generic element f is given
in [11] and [12]. The image of 7q is described in terms of matrices in [16]. The
significance of our procedure for finding a generic f is that it allows us to describe
the fiber v, (f). Associated cycles are computed in [2] and [4] for holomorphic
discrete series representations and for discrete series representations of groups of
real rank one; the computation in these cases uses Chang’s theorem along with
a good description of 79‘1( f). From a very different point of view the equivalent
problem of computing character polynomials was carried out in [7] for holomorphic
discrete series of SU(p,q). In [17] the related notion of isotropy representation
is studied for discrete series representations. Associates cycles for unitary highest
weight modules have been computed in [9] using the theta correspondence.

We thank Peter Trapa for many helpful conversations. The first author is
grateful for the opportunity to participate in the Sixth Workshop on Lie Theory
and Geometry, which was held in part to honor the 60*" birthday of her thesis
advisor Roberto Miatello.
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1. Generic elements and the Springer fiber for GL(N,R)

In this section we shall prove two theorems. The first, Theorem 1.11, gives a
description of the generic elements in each theta-stable parabolic subalgebra. The
second theorem, Theorem 1.15, gives the structure of the Springer fiber for Q.

Let G be GL(N, C) and let g = gl(N, C) be its Lie algebra. As described in the
introduction, we are concerned with the pair (G, K) with K the fixed points of the
complexification of a Cartan involution. Thus, K is the orthogonal group defined
by some nondegenerate symmetric bilinear form. We shall choose the symmetric
form (, ) having matrix

(1.1) S =

with respect to the standard basis {e;}. The involution 6 : g — g defined by (X)) =
—Ad(S)(X?) is the differential of © : G — G given by ©(g) = (Ad(S)(g"))~!. The
fixed point group of © is the complex orthogonal group

K=0(N,C)={gecG:g¢'Sg=5}.

Thus g = ¢ @ p is the decomposition of g into +1 eigenspaces of §. Note that p is
the the vector space of N x N complex matrices that are symmetric with respect
to the anti-diagonal.

In the first three subsections we gather some well-known facts and set some
notation.

1.1. Nilpotent orbits. The adjoint action of G = GL(N, C) on the nilpotent
cone

N={Yeg: YN =0}

has a finite number of orbits. The Jordan form gives a one-to-one correspondence
between these orbits and tableau® of size N. For Y € g the number of rows in the
corresponding tableau is the number of Jordan blocks in the Jordan normal form of
Y'; the number of boxes in each row is the size of the corresponding Jordan block.

It is useful to state this slightly differently. By the Jacobson-Morozov Theorem,
given Y € N there exist H, X € g so that

(1.2) [X,Y]=H,[H,X]=2X and [H,Y] = —2Y.

Therefore, spanc{X, H,Y} is a subalgebra of g isomorphic to s[(2,C); we denote
this subalgebra by s[(2)y. Then C¥ is a representation of s[(2)y and has a de-
composition CN = @V; into irreducible subrepresentations. Then (after ordering
the constituents so that dim(V;) > dim(V;41)) the tableau associated to G - Y has
dim(V;) boxes in the i*" row.

1By tableau of size N we mean N boxes arranged in rows where each row has no more boxes
than the preceding row.
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We now state a fact that will be used in Section 1.4. Suppose that ¢ =[G u™
is a parabolic subalgebra of g. Then q is the stabilizer of a flag

{0} =Wo CW1 CWa & C Wy & Wiy = CV.

Let d; = dim(W;/W;_1),i = 1,...,M. Then N = ) d; is a partition of N, and
thus determines a tableau. The tableau of the dual partition (obtained by switching
rows and columns) corresponds to a nilpotent orbit O. The following proposition
is easily verified. (See [5, Section 7.2].)

ProprosITION 1.1. With q and O as above ONu~ s dense inu™ and is a single
Q-orbit.

This orbit O is referred to as a Richardson orbit for ), due to the general
results in [10]. It is a fact that dim(OQ) = 2dim(u™).

Now we describe the K-orbits in Ny = N Np. Suppose Y € Ny. Then there
exists an X € p and H € ¢ satisfying (1.2) (see for example [5, Thm. 9.4.2]).
Consider the decomposition CV = @V; of CV as a representation of sl(2,C)y.
The proofs of the following are exercises in linear algebra.

LEMMA 1.2. In the decomposition of C into irreducible sl(2, C)y representa-
tions the V; may be chosen to be mutually orthogonal.

Let us assume CV = @V; with the V; mutually orthogonal.

LEMMA 1.3. Suppose V' is one of the irreducible constituents and dim(V') = d.
Then V' has a basis {v1,va,...,v4} so that vy is a highest weight vector,

v; =Yy, j=1,....d, and (v, v) = Oka—i41,1 < k1 < d.

We associate to the orbit K - Y the partition N = > dim(V;) and the cor-
responding tableau as above. It follows easily from this discussion that there is
a one-to-one correspondence between K-orbits in Ny and the tableau. It is also
follows that each G-orbit in N meets p in a single K-orbit. This is a fact that is
special to GL(N,R).

1.2. Generalized flag varieties and ~_'(f). The parabolic subalgebras of
interest to us are the f-stable parabolics. We begin by describing them. There will
be slight differences for cases of N even and N odd.

Let h be a fundamental Cartan subalgebra, that is, t = h N ¢ is a Cartan
subalgebra of €.

LEMMA 1.4. There is a basis {e; : i = 1,...,N} of b* with the following
properties. The set of roots in g is A = A(h,g) ={e; —ex : j # k} and

0(€j) = —€en—j+1.

ProoF. The Cartan subalgebra § may be chosen to be the subalgebra of diag-
onal matrices. Now the lemma is easy to verify. (I
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We will write A = > Aye; € h* as (Aq, ..., An). Each such A defines a parabolic
subalgebra by

q(A) =1+u”

—h+ S g+ 3 g

(A,a)=0 (A,a)<0

It is clear that q(A) is a O-stable parabolic if and only if (A) = A. By Lemma 1.4
this is the case precisely when

RV . .
(1.3) A= {(A, ), if N is even

(A,0,=X), if N is odd

where X = (An,..., A1) for A= (A1,..., A\n).

One easily sees that the Weyl group of K acts on {A : §(A) = A} by all per-
mutations and sign changes of the coordinates of A. Thus, each #-stable parabolic
subalgebra is conjugate to some q(A) with Ay > --- >\, > 0.

Suppose that Q = LU~ is a parabolic subgroup of G and § is the generalized
flag variety of parabolic subalgebras conjugate to q. Then, § ~ G/Q. It follows
from [15] and [8] that there is just one closed K-orbits in §.

We remark that the situation is slightly different when the group G is replaced
by SL(N,C).

Now assume that @ = Q(A) and q = q(A) for some A satisfying (1.3). We
assume that A = (Aq,...,A,) with Ay > -+ > X, > 0. Then the unique closed
orbitinFis Q=K -q.

Let

o 1 T5(8) = No
Yo (k,Y) = Ad(R)Y

be as in the introduction. The image of v, is a the closure of a single K-orbit in

No.

DEFINITION 1.5. We say that f € u= Npis genericinu” Npif O =K - f is
dense in im(vy,).

Note that if f is generic in u~ Np then K - f is the orbit of greatest dimension
that meets u™ Np.

As indicated in the introduction, our main interest is in explicitly describing
751 (f) when f is generic in u™ N p.

It is useful to view the Springer fiber associated to Q as a subvariety of the flag
variety Q ~ K/Q N K. This is done as follows. Let

N(f,urnp)={keK:k-feu Np}
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Y A=Ak K x (wnp):k-£= 1}

(1.4) ={(k k7" ) kT e N(fium np)}
~{k-qeQ:k~' e N(f,u np)}
=N(f,u"np)~"-q.

1.3. Weight vectors in p. To prove our main result we will need to work
with weight vectors in p. We give a lemma that describes the t-weight vectors in p
and their actions on C¥.

Let u; = €;]¢. The weights in p are
{(pj £pg): 1 <j<k<n}, for N=2n and
{H(pj£pg) 1 <j<k<n}U{fp;:1<j<n}, for N=2n+1.

LEMMA 1.6. If N = 2n then there are weight vectors Xy, > j, and
Xi—j, 1 # J, p so that:

(1.5) X (i+5) has weight £ (s + p1;) and X;_; has weight p; — puj,

Xi_jer =0 j€i + O N—it1eN—j+1
Xitjer = Op,N—j+1€i + Op N—it1€;
(1.6) Xoer = Xipiex = O, N—it1€;
X _(i+j)€k = Opi€N—j+1 + Ok jeN—it1,
X oier = X_(iyiyek = Ok i€N—it1-

If N = 2n + 1 then there are weight vectors X (i), 1 > j, and X;—j, i # j, and
Xii, 1 <i<mn so that: (1.5) and (1.6) hold and

(1.7) Xij has weight £+ p; and

Xier = Opnt1€i + Ok, N—it1€n+1
X_ier = Ok nt1EN—it+1 + Ok i€n+1-

PrOOF. Consider the case N = 2n. We may take {e;} to be the standard basis
vectors and we may write the weight vectors in terms of Ej;; (the matrix with a
one in the (7, k)-place and zeros elsewhere). We get

Xi—j = Eij+ EN—jt1,N—i+1
Xivj =Ein—jy1+ EjN-it1
X_(i+j) = En—iv1j + EN—jt1,

X (iti) = EN—it1,-

The first part follows from this. The case N = 2n + 1 is similar. O
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1.4. The Springer fiber for Q. Let us fix once and for all A € h* satisfying
0(A) = A. Then A determines A as in (1.3), which we may assume satisfies A; >
Ao > > A, > 0. Welet g =104 u~ be the #-stable parabolic subalgebra q(A)
as in Subsection 1.2. This in turn specifies a flag variety § = G - q and a closed
K-orbit Q=K -qin §.

Before describing how to find a nice generic element in q in general, we consider
four examples.

Ezample 1. Suppose N = 2n and A\ = (n,n — 1,...,2,1). Then q is a Borel
subalgebra. Set
[=Xo 1+ X3 0+ + Xy (no1) + X2

Then f € u™ Np. To describe the linear transformation f we will use the follow-
ing convenient notation. For any linear transformation 7' suppose that T'(u) =
v, T(v) =w,..., then we will write T : u — v — w, ..., etc. We will use this no-
tation throughout when T is nilpotent, in which case it is particularly descriptive.
Therefore, Lemma 1.6 tells us that

fi61—>€2—>€3—>"'—>62n—1—>€2n—>0~

Thus, f¥ =0 and fN~! # 0 and the tableau of K - f is

LI 1]

It follows that f is a principal nilpotent in g, so G - f is the G orbit of greatest
dimension. We conclude that K - f is the K-orbit in Ny of greatest dimension (by
[5, Rem. 9.5.2]), and therefore f is generic in u™ N p.

Ezample 2. Consider N =2n+ 1. Let A= (n,n—1,...,2,1). Set

f=Xo 1+ Xz 2+ + Xy (no1) + Xon
Then
Jien—ex—e3— - — e — ez — 0

It follows that f is a principal nilpotent element in g, so is generic in u™ Np. Again,
the tableau has just one row.

Ezample 3. Consider N =2n+1and A= (n—1,...,2,1,0). Then
f=Xo 1+ X3z o+ + Xn_1)—(n-2) + X_(n-1)
isinu” Np and

€1 — €2 — = €p—-1 7 €Enyl 7 En43 7 Cptda T C2n > C2n41 _’O

en, — 0, ept2 — 0.

The tableau is

(1.8)
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To see that f is generic in u™ N p note that the parabolic subalgebra q is given as
the stabilizer of the flag
{0} =Fon 1 CFop 2G-SR CF=C":
F; = spanc{eit1,€i12...,en}, fori=0,1,...,n—1,
Fotjo1 = (Fn_j)J‘ = spanc{entj+2,€ntjt3...,en}, for j=1,...,n

So the partition N = > dim(F,_1/F;) =1+ -+ 1+ 3+ 1+ -+ 1 has dual giving
the partition of (1.8). Now Proposition 1.1 tells us that if Y € u~ then Y € G - f.
In particular, for any Y € u= Np, dimc(K - Y) < dimc(K - f) ([5, Rem. 9.5.2]), so
f is generic in u™ Np.

Ezample 4. Let N =2nand A= (n—1,...,2,1,0). Then
f=Xo 1+ Xs o+ + X0 i1y + X_(nt(no1))-
isin u” Np and
frei—es— - —ep1 = entent1 — 26ep41 — 2ep49 — - — 2e9, — 0
and e, —epy1 — 0.

The tableau is

To see that f is generic in u~ Np note that the parabolic subalgebra g is the stabilizer
of the flag
{0} =Fon 1 CFop 2G-SR CF=C"V:
F;, = spanc{e;y1,€i42...,en}, for i =0,1,...,n—1,
Foyjo1 = (Fn_j)" =spang{entji2, entjis---,en}, for j=1,... n.
The argument for f being generic is the same as in Example 3.

We now return to our arbitrary 6-stable parabolic subalgebra q defined by A
as above and give a construction of a generic element f in u™ Np. This will be
accomplished by an inductive procedure; first fo will be specified (roughly as in
the examples), then a reduction will be made to a lower rank general linear group
where f; will be specified, etc. Then f = fo+ f1 + -+ fm_1 will be our generic
element.

Write A = (Aq,...,An) as
(1.10) A=(a,...,a,b,....b,...;¢,...,¢), witha>b.--->¢c>0.
—— —— ——
dq d2 d

To facilitate the description of f we will refer to the indices of each set of equal
coordinates of A\ as blocks. There are [ blocks.

Specifying fy depends on two things. It depends on whether or not A, = ¢ is
zero and if N =2n or N =2n + 1.

Case 1. Suppose A\, = ¢ # 0. For i = 1,...,1 let k; be the last index in the ‘"
block (counting from left to right).
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When N = 2n define
-1
fo = (Z in-%—l*ki) + XﬁQ'kl'

i=1
When N = 2n + 1 define

-1

fo= (Z Xk?i+1—ki) + X—k'l'

=1

It will be useful for us to extend the sequence ki, ks,...,k; to ki,..., k;,... ke
with

21, if N =2n

2041 if N=2n+1
This is done by setting k¢_;+1 = N —k; +1, fori =1,2,...,1 and, in the odd case,
kiy1=n+1(= k’l-‘rl).

Then in both even and odd cases of IV, using the notation of the four examples,
feg —ep,— e, —ep, — 0and e, — 0 for k & {k;}.

Set
V' =spanc{eg, :i=1,...,0}
and let V = (V')+. Observe that (, ) is nondegenerate on both V’ and V, and
CYN =V @& V'. Define
Gi={9€G:g9(V')CV'and g|y = Iy} and

1.11
( ) Gl = {g eG: g(V) C V and g|v/ = IV’}'

Observe that G} and G are mutually commuting ©-stable subgroups of G, each
isomorphic to a general linear group.

Since fy € g} Np, we may choose ey € giNp and hg € gjNE so that {eg, ho, fo} is
a standard basis for a subalgebra isomorphic to s[(2, C). Let us call this subalgebra
sl(2)4,. In fact, ho may be chosen to lie in h N g}. Therefore, the standard basis
vectors ey, are hg-weight vectors. It is immediately seen that V'’ is an irreducible
s1(2) y,-representation and ey, is a highest weight vector; this is essentially Examples
1 and 2.

Case 2. N\, = ¢ = 0. Again let k; be the last index in the i*’-block. Let £ = 2] — 1
and ky_jy1 =N —k;+1,fori=1,2,...,1—1.

First consider the case N = 2n + 1. Let Define

1—2
fO = (Z sz‘+1*ki) + X*kz—l'
i=1
Then
fiep —ep, — e €k,_, — e, — 0and e, — 0 for k ¢ {k;}.
Let

V' =spanc{eg, :i=1,...,0}
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Now consider N = 2n. This case is a little more involved. Define

-1
fO = (Z in+1*ki) + X—(kl"rkl—l)'
i=1
Then
frew = —en , —eytegyyr — 2, — - —2e, —0
€k, — ek,+1 — 0 and e, — 0 for k ¢ {k;}.
We set

V' =spanc({ek,, er,_,y i =1,...,0 =1} U{ex, + €x,41}).
In either case N = 2n or 2n + 1, let V = (V')* and define G} and G; as in
(1.11). Choosing s[(2), as in Case 1 we see that V' is irreducible.
Note that in the four cases £ = dim(V”) is given by
2041, if Ay #0and N =2n+1
(1.12) {=q2l, it A, #0and N =2n
2l —1, if A\, =0and N =2n or 2n + 1.
In both Cases 1 and 2, G; is a general linear group of lower rank than G, and
(G1, K1), K1 = KNGy, is a pair of the same type as (G, K). The Lie algebra g,

contains the f-stable parabolic subalgebra q; = q N g;. Write q; = [; +uj . This
parabolic gy is defined by A1 = Alpng, -

Now choose f; € u; Np inside g; by the same procedure that was used to
choose fo € u™ Np. Define G4 and G in Gy in the same way that G} and G were
defined in G. Continue by choosing f> € u; Np inside go, etc. The procedure ends
when Alyng,, = 0. Finally, we take

(1.13) f=fo+tfitfot -+ frm1

Before stating and proving the main result, we shall give a description of the
parabolic subalgebra q as the stabilizer of a flag in CV. First consider the case
when A, = c# 0. Let Fy = C¥,

F, =spanc{er : k> k;}, fori=1,...,1
and
P = {(Flm){,i:l,...,wl, ?fN:2n+1,'
(F_)ti=1,...,1, if N =2n
Now suppose that A\, = ¢ = 0. Let Fy = CV,
F, =spanc{er : k> k;}, fori=1,...,1—-1
and
Fipyioi=F_)ti=1,...,1, for N=2nor N =2n+1.
Therefore we have defined a flag
{0} =FCF1CFC - CRCF=C",

where ¢ is as in (1.12)
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It is easy to see that q = {X € g: X(F;) C F;,fori=1,...,¢} and

(1.14) u={Xeg: X(Fi_1) CFj,fori=1,...,¢}.
REMARK 1.7. This flag may also be defined as follows. Consider
At A
An
Hy = An or 0 ,

A

—\1

for N =2n or 2n+ 1. Then Fy,_; (i =1,...,¢) is the sum of the eigenspaces of Hx
for the 7 smallest eigenvalues.

It follows from the tableau of K - f and the description of the flag that Propo-
sition 1.1 implies that f is Richardson in u~.

REMARK 1.8. At this point we may conclude that the statement of Theorem
1.15 holds by appealing to the well-known fact that the moment map p is birational
for GL(N, C). This follows, for example, from [5, Section 7.2] and the description
of the the centralizers of nilpotent elements in gl(N, C) given in [5, Theorem 6.1.3]
However, we shall give an independent proof. This is for two reasons; we will obtain
slightly more information (Theorem 1.11) and the method of proof applies to other
classical groups.

REMARK 1.9. There is a basis {e},} of CV with the following properties:

(a) V' is the span of {e} :i=1,2,...,¢} and this basis is as in Lemma 1.3,

(b) V is spanned by {ey : k ¢ {k;}},

(c) Setting ko = 0, {ex : ki—1 < k < k;} maps to a basis in F;_1 NV/F;NV.
To see this take e}, = ey unless A\, = ¢ =0 and N = 2n. When A, = ¢ =0 and
N = 2n set

, ex, / V2, if i #1
€. =
ke (e, + ek,+1)/\/§, ifi=1

o (ex, — ek, 4+1)/V—2, ifk=k +1
b ek, if k # k; + 1 or k;(any i)

PROPOSITION 1.10. Let f be as in (1.18) and suppose that Y € u~ Np and
f € K-Y. Then there exists ¢ € QN K so that

() Yi=(¢-Y)— fo€u Np and
(b) fit o fmo1 €KYy,

PROOF. Let Y € u” Np with f € K - Y. Counsider a standard triple {X, H,Y'}
with the property that X € p and H € h. Let s[(2)y be the span of {X, H,Y}. It



12 L. BARCHINI AND R. ZIERAU

follows from [5, Lem. 6.2.2] that
(1.15) rank(f?) < rank(Y7), for all j =1,2,....

Since f5' # 0 (because ¢ = dim(V’)) it follows that Y*~' # 0. On the other
hand, since Y € u~ it follows from (1.14) that Y* = 0. We conclude that C¥
has an irreducible s[(2)y-subrepresentation of dimension ¢. Let us call this sub-
representation W’. By Lemma 1.2 we may assume that (, ) is nondegenerate on
W’'. Let W = (W’)t. Let wi,w),...,w) be a basis as in Lemma 1.3. Note that
w; € Fj \ Fj71~

Claim. For each i, F; = (F; " W') @ (F; N W), therefore dim(F; 41 NW/F,NW) =
dlm(FH_l/Fz) —1.

Let us prove the claim. Let v € F;. Write v = w’ +w € W/ @ W. Therefore,
v= Z§:1 ajwj 4+ w. Since v € F;, Y~y = 0. Tt follows that

¢
0= Zané_iw; + Y.

j=1
But W’ and W are Y-stable, so

¢ ¢
0= g ane_Z+1w;~ = g ajw;.
=1

j=it1
Therefore, aj+1 = @42 = -+ = oy = 0. We may now conclude that ijl ajw; €
F; N W’ and therefore w € F; N W. This proves the claim.
It follows from the claim that there is an ordered basis ui, us, ..., uy of CV so
that

(i) ug, sz/-,iz 1,2,...,¢
(ii) {ug : ki—1 < k < k;} maps to a basis in F;_1 NW/F; N W and
(ii) (uj, un—k+1) = k-
Define a linear transform ¢ : CV — C¥ by q(uy) = €}, for all k =1,2,...,N.

By (ii) and (iii) ¢ € @ N K. Now we will prove statement (a) of the proposition by
showing that Y3 = ¢ - Y — fo satisfies Y1|y» = 0 and Y1 (V) C V. By (i),

((a-Y)=fo)(ex,) = a¥ (w}) — e,
= qwg-&-l - e;ci“ =0
and for k ¢ {k;}
(¢-Y — fo)(er) = qYur —0 € (W) C V.

Therefore Y1 = ¢-Y — fo € g1. But ¢ € K, so Y1 € p. We now conclude that
Y1 € uy Np, proving (a).

For statement (b) note that
rank((f — fo)?) = rank(f7) — (¢ — j) and
rank(Y{) = rank(Y7) — (£ — j)
and apply (1.15) and [5, Lem. 6.2.2]. O
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THEOREM 1.11. Let q be any 0-stable parabolic subalgebra of g = gl(N,C).
Then any two generic elements in q are conjugate under Q N K.

Proor. This is a consequence of the following lemma.

LEMMA 1.12. LetY e u” Ny and f be as in (1.13). If f € K -Y, then there
erists g € QN K so that q-Y = f.

PROOF. The proof is by induction on N. By Proposition 1.10 there is ¢ €
QNK, Y1 =( Y)—focecuNpand f1 + -+ fm-1 € K-Y7. Since Gy is
a lower rank general linear group, the inductive hypothesis says that there exists
G EQNKCQNK sothat q1 - Y1 = fi+ 4+ fme1 = f — fo. Therefore,

f=a-Y1+fo
=q - (Y1 + fo), since fy € g7 commutes with g,
=qq-Y.

O

The theorem now follows since the lemma implies that any two generic elements
in g are Q N K-conjugate to f. O

COROLLARY 1.13. f is generic in u™ N p.

We now turn to the fiber of 7,. As described in (1.4)
Yo () =(N(fumnp) " -q.

Suppose that k is in N(f,u™ Np). Then k- f lies in u~ Np and is generic. By
Theorem 1.11 there is a ¢ € @ N K so that k- f = q - f. Therefore, ¢~k € Zx(f),
the centralizer of f in K, so

7N =2Zr()(QNK) -qa=Zk(f)-q.
LEMMA 1.14. ’ygl(f) is finite.

PROOF. Since f is Richardson in u™, dim(G - f) = 2dim(u~). Therefore we
have dim(K - f) = dim(u). Now
dim(y; ™ (f)) = dim(T5%) — dim(K - f)
= dim(§F) — dim(u™)
=0
[

THEOREM 1.15. Let q be any 0-stable parabolic in g and Q = K - q the corre-
sponding closed orbit in §. Then v, '(f) = {a}.

PROOF. Since the unipotent part of Zx (f) is connected it is enough to show
that the reductive part of Zx(f) is contained in . We consider Zg(f)rea =
Zk (s1(2)f), the s[(2) p-intertwining operators of CV.
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We prove that Zg (f)rea C L C @ by induction on N. Let V(¢) be the isotypic
subspace of CV for the ¢-dimensional irreducible representation of s[(2);. Then
CN =V () @ (V(£)*. Define

G = {geG:g(V(¥) C V(£)vQ|(V(£))i = I(V(Z))L}
G={geG:g((V(£)h) C (V(f))Lth/(@ = Iy}

Since (V/(£))* contains no irreducible subrepresentation of dimension ¢, Zsc(f)rea C
G’ x G. In fact

ZK(f)'red = (é/ N ZK(f)Ted) X (é N ZK(f)red)-

The first factor is contained in L since each intertwining map must preserve h-
weight spaces in V(¢) (thus preserve the flag, see 1.7). The second factor is in
LNG C L by induction. O

2. Indefinite unitary groups

Let Gr = U(p, q) be the group of linear transformations g satisfying g1, ,g" =
I, 4, where

— IP 0
o be=( 0.

Let n = p+g¢. The complexification of Gr is G = GL(n,C) and 6§ = Ad(l,,) : g —
g is the complexification of a Cartan involution of gr. The complexified Cartan
decomposition is g = € 4 p where

= { <6‘ 10)) . Acgl(p,C) and D € gl(q, C)}

and

p={<g jg) . B,Ct eMpq(C)}.

K= { (“ 0) . a € GL(p,C) anddeGL(q,C)}

The group

0 d

is the fixed point group of the involution © of G given by conjugation by I, 4. Thus,
we consider the pair

(2.2) (G,K) = (GL(n,C),GL(p,C) x GL(q,C)).

We will show how to find generic elements in #-stable Borel subalgebras b of g
and compute the Springer fibers associated to the closed K-orbits Q = K - b in B.
These results are proved in [1]. The method used there is similar to the method
used in Section 1.4. The result for (G,K) = (GL(n,C),GL(p,C) x GL(¢,C))
is however quite different from the case of (GL(N,C),O(N, C)) described in the
preceding section. The purpose of this section is two-fold. First, we illustrate these
differences by means of a few examples. Second, the cases of Gr = Sp(2n,R) and
Gr = O(p, q) in the following sections are more easily understood in terms of this
case along with an embedding of these groups into indefinite unitary groups.
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To describe the K-orbits in ANy two well-known lemmas, analogous to Lem-
mas 1.2 and 1.3, will apply. To state these lemmas let (, ) be the hermitian
form having matrix I, , with respect to the standard basis of C". Suppose Y
is in Np \ {0} and {X,H,Y} is a standard triple with X € p and H € €. Let
sl(2)y = spanc{X, H,Y}. Write the decomposition of C™ into irreducible s[(2)y-
representations as C™ = @V,.

LEMMA 2.1. In the decomposition of C™ into irreducible sl(2)y -representations
we may assume that each V; is I, o-invariant and the V;’s are mutually orthogonal
with respect to (, ) (and therefore the hermitian form is nondegenerate on each V; ).

LEMMA 2.2. If V is any one of the irreducible constituents in C" (as in the
previous lemma), then there is a basis v1,va,...,vp so that each v; is an H-weight
vector,

v; = Yz_l’Ul and <’Uj7’l)[,k+1> = 0jk-
Necessarily, each v; is and eigenvector for I, , of eigenvalue £1 and these eigen-

values alternate in the sense that I, jv; = (—1)%;, for all i, or I, ;v; = (—1)" v,
for all i.

A signed tableau is associated to K -Y as follows. Arranging the decomposition
C" = @V, as in the first lemma and so that dim(V;) > dim(V;41) for all 4, the
tableau has dim(V;) boxes in the i*” row. A plus or minus sign is placed in the first
block of the i*" row according to the sign of the eigenvalue of I, , on the lowest
weight vector in V;. Then the remaining boxes are filled with 4+ or — signs so that
the signs alternate along each row. There is a one-to-one correspondence between
K-orbits in Ny and such tableaux up to permutation of equal size rows.

Now let us describe the closed K-orbits in the full flag variety 8. Let h be
the diagonal Cartan subalgebra in g; b is also a Cartan subalgebra in £. Fix the
positive system of compact roots

(2.3) Af={e—¢ :1<i<j<porp+1<i<j<n}

Suppose A € h* is AF-dominant and regular. Then the positive system A" = {« :
(A,a) >0} in A = A(h, g) contains A}. This AT defines a Borel subalgebra by

b(A) =b=h+n" with

n = Z gl
(A,a)<0
and Q = K - b is a closed K-orbit in B. In fact, the closed K-orbits in 9B are in
one-to-one correspondence with positive systems of roots in A(h, g) that contain
A} ([15]). Therefore, each closed orbit is determined by a Af-dominant and A-
regular A € h*. The first p coordinates of such a A are decreasing as are the last ¢
coordinates. Let us fix such a A and Borel subalgebra b(A) =b=h+n".

We will give an algorithm for finding a generic element in n™ Np and describe
the structure of v, '(f). The discussion will be somewhat informal and will be
accompanied by an example.

The example we will use is in U(4,3). Take A = (7,6,4,3 | 5,2,1). Then we
associate to A the positive system as described above. We also associate to A the
following array.
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°
(1)
LJ)
o

[ [} .
5 6 7

This array is formed by placing dots in one of two rows . The first dot (counting
from left to right) is labelled with the index of the greatest coordinate of A. It is
placed in the upper row if this coordinate is one of the first p coordinates of A and
in the lower row otherwise. The next dot is labelled with the index of the of the
next greatest coordinate of A, and is placed in the upper or lower row in the same
manner as the first dot. This is continued until n dots are placed.

A few observations are useful. If 4 and j are labels of dots in the array, then
€; — €; is in AT if and only if i appears to the left of j. Also, €; — €; is a compact
(respectively, noncompact) root if both i and j are in the same row (respectively,
in different rows). The simple roots in A" are ¢; — ¢; with i and j the labels of
consecutive dots (with ¢ to the left of j). In the example the simple roots are
€1 — €9,€9 — €5,€5 — €3,€3 — €4,€4 — €g and €g — €7. The compact simple roots are
€1 — €9,€3 — €4 and €g — €7.

Before giving our description of a generic element in n~ Np we introduce one
piece of terminology. A block is a subset of {1,2,...,n} that is a maximal with
respect to being labels of dots (i) that are consecutive and (ii) lie in just one of the
two rows. Therefore, there are four blocks in the example; they are {1, 2}, {5}, {3,4}
and {6, 7}.

Our generic f will be determined by first choosing fjy, then forming a smaller
array and choosing f1, etc. Begin by connecting a dot in the first block with one
in the second block. Then connect this to a dot in the third block, etc. One such
choice for the example is

1 2 3 4

] .
\/\ .
5 6 7

Write {k1, ko, ..., k¢} for the labels of dots in each block that have been con-
nected. These are listed from left to right, i.e., k; is the label of a dot in the "
block. Set

=
Jo= ZEkHl,ki = Eg3+ B35+ L5
i=1

Here E;; is the matrix with 1 in the 4, j place and 0 elsewhere, an €; — €;-root
vector. Observe that

fo:ew —ep, — - —ep, —0and e, — 0, for e & {k;}.

Now omit the dots labelled by the k; and form a new (smaller) array and repeat.
In the example we get
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2 4
7

and f; = E; . Note that f;: es — e7 — 0 and e, — 0 for all k # 2.

For the example f = fo + f1. In general, this procedure of choosing an f; by
connecting dots in consecutive blocks, then deleting dots in the array will end after,
say, m repetitions. Then

f=fo+fi+ fm.
One easily sees that the standard basis vectors are h-weight vectors for sl(2); =
spang{e, h, f}. Therefore the tableau of K - f is easily read off from the diagram.
In the example the tableau is

e T=T+

The fact that the f constructed above is generic in n™ Ny is proved by essentially
the same method used in Section 1.4. However, the situation here is much more
complicated. In fact, Proposition 1.10 does not hold; it is clear that BN K - f
consists of generic elements in n~ Np (since BN K normalizes n~ Np), but typically
this is not all of the generic elements. To see this, let ¢ = [+ u~ be the parabolic
subalgebra of g containing b = § + n~ determined by the property that A(l) =
span{compact simple roots} N A. Then @ N K normalizes n~ Np = u~ N p, so
QN K - f consists of generic elements. The real issue is that @ N K - f is still not
all of the generic elements (in general).

It takes a little preparation to give the correct analogue of Proposition 1.10. In
our inductive procedure for finding f we have chosen fjy, thus determining the set
So = {kl, k?g, ey /{3@} Let

V' =spanc{ex, 1 i=1,2,...,¢}
V =spanc{er : k¢ So}
and define

G, = {g €eG: g(V) C V and g|V’ = IV/}.

Note that G; ~ GL(n — ¢,C), a lower rank general linear group, and (G, K1),
with K7 = K NGy, is a pair as in (2.2). Then f; is chosen in n~ Np N gy, etc.
Inside g; we may define q; (as q was defined inside g). The key observation is that
q1 € qNg;. This is illustrated by our example. When 1,5, 3 and 6 are omitted from
the array, dots 2 and 4 ‘collapse’ to form a single block. Therefore the root vectors
for +(ea — €4) are in I, but the root vector for es — €4 is not in gq. Similarly define
G2,Q2,...,Gm, Qm, and write @; = L;U; . Now, the analogue of Proposition 1.10
is the following ([1, Sections 3 and 4]).

PROPOSITION 2.3. The set of generic elements in n™ NP is

QQ1---Qm-1- [
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From this it can be shown that
’y;l(f) =LpLy_1---L1L-bCQ.

In our example we see that 'y;l(f) = Lol L-b = LiL-b. It is clear from the
collapse that this properly contains L-b=Q NK - b.

We end this section with two examples, both of which we will return to in later
sections.

EXAMPLE 2.4. Consider Gg = U(8,8) and
A= (16,15,12,9,7,6,4,3 | 14,13,11,10,8,5,2,1).

Then the diagram is

9 10 11 12 13 14 15 16

° °
9 10 11 12 13 14 15 16
and
(24)  fo=FEiss+ Es1a+ Era6+ Eg13+ E13a+ Es11+ E113+ Esz9+ Eg 1.
Omitting the dots labelled by the k; and connecting the blocks gives

2 5 7
0 12 15

and
fi = FEis7+ E710 + Eio,2.

Finally, f2 = E5,12.
Thus, f = fo + f1 + fo and the tableau is

T+
-[+]-1+
+_
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For the fiber, we see that
A(l) = {*(e1 — €2), £(e5 — €6), (€7 — €5), E(€9 — €10), (€11 — €12), £(e15 — €16) },

A(l) = {£(e5 — €7), £(e10 — €12)}
and Lo and Lz are contained in H = exp(h) (so do not contribute to the fiber).
Therefore,

v, (f) = LiL-b.

EXAMPLE 2.5. Let Gg = U(8,4) and A = (12,11,9,8,5,4,2,1 | 10,7,6,3).
This gives the array

9 10 11 12

and
fo=FE91+ Es9+ Ei0,3 + Eg,10 + E12,6 + Eg.12-
Omitting the indices 1,9, 3, 10, 6, 12, 8 gives the smaller array

11
and
fi=FEua+ Eri1.
Set f = fo+ f1. Then
frier—eg—e3— e —es—ep—eg—0,

es — ey —er—0

€4 — 0, €5 — 0.
The tableau for K - f is
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SIS EED

4|+ +
I
_|_

3. Real symplectic groups

In this section we consider the real symplectic group and show how to find
generic elements in n~ Np for a f-stable Borel subalgebra b = +n~ and we show
how to compute the fiber y,. This works much as in the U(p,q) case and we do
not provide proofs of the statements given.

Consider G = Sp(2n,C) = {G € GL(2n,C) : gJg" = J} where the matrix J
0 S
=% 0)

Gr =U(n,n) N Sp(2n,C)

is the split real form of G, i.e., Gr is a real symplectic group. The involution
g — (g")~! is a Cartan involution of Gr. As this coincides with conjugation by
I, on Gr, the Cartan involution extends to ©(g) = I, ngln, for ¢ € G. The
fixed point group of © is

a 0
K ={ (0 —Sats) } =L, C)
Thus we consider the pair (G, K) = (Sp(2n, C), Gl(n,C)).

In our realization of Sp(2n, C), the Lie algebra is given in block form as follows.
Let n : gl(n,C) — gl(n, C) be defined by n(A) = —Ad(S)A’. Note that n(A) = A
(resp. n(A) = —A) means that A is skew symmetric (resp., symmetric) with respect
to the anti-diagonal. We may write

8= { (21' 7754)) : A, B,C € gl(n,C),n(B) =—B and n(C) = _C}_

One sees right away that

is

with S as in (1.1). Then

t1

_tl

is a Cartan subalgebra of both ¢ and g. Since § = Ad(I, ), one also easily sees
that

p= { (g ?) : n(B) =—DB and n(C) = —C’}.
Letting p;,0 =1,2...,n, be as in Subsection 1.3 the roots in g are
+ (1i — p5), 1 < i < j <mn, the compact roots,
+ (1 + 15), 1 < i < j <n, the non-compact roots.
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We fix once and for all the positive system of compact roots
AT = {pi—pj, 1 <i<j<n}.

Our expression for a generic f is a sum of noncompact root vectors. We choose
root vectors as follows.

(3.1) Xivj = Xpitp; = Eiognjr1 + Ejon—iv1
. X_ (i) = X (uitny) = Eon—jr1,i T Eon—it1j

The closed K-orbits in 8 are in one-to-one correspondence with Weyl chambers
in b that are Af-dominant. Therefore, the closed K-orbits in B are parameterized
by the Weyl group conjugates of (n,n —1,...,2,1) that are Af-dominant. If \ is
such a Weyl group conjugate then A determines the Borel subalgebra

(3.2) b(A)=b=h+n" withn = ) g
(X, a)<0
The corresponding closed K-orbit in B is Q = K - b.

It is a very important observation for us that if
(G, K) = (GL(2n,C),GL(n,C) x GL(n, C))
is the pair from Section 2, then
GCGand K =KNG.

This embedding of (G, K) into (G, K) has several very nice properties. If we let b
be the diagonal Cartan subalgebra and A} the fixed system of positive compact
roots in g (as in Section 2) then

A ={al, : ae AF}).

In addition, given a At-dominant A € h* and corresponding Borel subalgebra b(\)
of g, there exists A € h* that is A;—dominant and Aly = A. For this we may take
A= %()‘a _)‘/)7 N = ()‘n» cooy Ag, )\1)

The K-orbits in Ny are parameterized by signed tableau: odd length rows occur
an even number of times, the signs along each row alternate and for each odd row
beginning with a + (resp. —) sign there is another row of the same length beginning
with a — (resp., +) sign. Much like the cases already considered, the row lengths
correspond to the dimensions of irreducible s[(2, C) representations on C?" and the
signs beginning rows correspond to the eigenvalues of I,, ,, on lowest weight vectors.

For a given AT-dominant Weyl group conjugate A of (n,...,2,1), and corre-
sponding closed K-orbit Q = K -b in B, we describe how to find a nice generic f in
n~ Np. As an example consider G = Sp(16,C) and A = (8,7,4,1,—2,—3, -5, —6).
Then

A=(8,7,4,1,-2,-3,-5,—-66,5,3,2,—1,—4, -7, —8)

gives a diagram (as described in Example 2.4).
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Note that the diagram is symmetric about its center of mass; this symmetry is
equivalent to the property that the positive system for g restricts to a positive
system for g.

Choose the f; as we did in Section 2 with the following additional requirement.
The choice of dots to be connected should be symmetric in the sense that for
blocks in the left half of the diagram dots farthest to the left in each block should
be connected and in the right half of the diagram dots farthest to the right in each
block should be connected. We arrive at the exact same f = fo + f1 + f2 as in
Example 2.4. Note that this is a sum of root vectors in g. However. the symmetry
condition implies that each f; € g and may easily be written in terms of root vectors
in g. Writing X ;45 for root vectors for £(u; + ;) we see that

Jo=X_(aqa) + Xave + X_(6+3) + X8 + X_(341),
f1= X+ X (742),
fo=X545.

Note that in the expression for fy (for example) as in (2.4) the first and the last
terms in (2.4) combine to give a root vector in g by (3.1). Similarly for the second
and the second to the last, etc. The middle g-root vector is always some X (;4;).
The tableau for f is the same as in Example 2.4 and the generic element in n™ N p
is also generic in A~ N p.

The set of generic elements is described much as it is in the case of Ggr =
U(p,q). Let ¢ = [+ u~ be defined by A(l) being the the roots in the span of the
compact simple roots. With él, Gg, ... and Ql, Qg, ... defined as in Section 2, set
Qi =Q:NGy, for i =1,2,...,m. It can be shown that Q Q1Qs - Qm_1 - f is the
set of generic elements in n~. From this it can be shown that the Springer fiber for
Qis

v, (f) =L+ LoLyL b,
In the example
(3.3) v, (f) =L1L-b
with L; the copy of GL(2.C) having roots +(us — p7) (along with a torus).

The description of the generic element f and 7{;1 (f) given for the above example
extends in a straightforward way to an arbitrary closed orbit in the flag variety for

sp(2n, C).

In Section 5 we will illustrate how to compute the multiplicity from this de-
scription of ’y;l(f).

4. Indefinite orthogonal groups

As an example of the computation of the Springer fiber for a closed orbit Q in
B for the indefinite orthogonal groups we will work with O(8,4). No attempt will
be made to explain the algorithm that applies to all orthogonal groups for either
finding a generic f or for computing 'yg_l( f). We will however pick an example and
explicitly construct the generic element in n~ Np and describe the fiber; reasonably
complete proofs will be given. With considerable effort the proofs can be made to
work for general indefinite orthogonal groups. The techniques of Section 1 will be
used.
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4.1. Notation and generalities for O(2p,2q). Our realization of O(2p,2q)
will not be the usual realization. The reason is that it is very convenient to use
a realization with an embedding into an indefinite unitary group that allows us to
easily adapt the method of Section 2.

Let Gr = U(2p,2q) be defined by the hermitian form having matrix

oo (» 0
2N 0 Iy

with respect to the standard basis of C?" (with n = p + ¢q). The corresponding
pair is (G, K) = (GL(2n,C),GL(2p,C) x GL(2¢q,C)). Now let G = O(2n,C) be
defined by the symmetric form (, ) having matrix

Syp 0
0 Sy

with respect to the standard basis of C?". Here S, (resp., Sa,) is the matrix of
(1.1) of size 2p x 2p (resp., 2q x 2q). Write n,(A) = —Ad(S2,)(A") and n,(D) =
—Ad(Ssp)(D"). Then

A B
8= { <_S2thS2p D> + B € Mapxg(C)mp(A) = A mp(D) = D}

Note that 7,(A) = A means that A is skew symmetric with respect to the anti
diagonal. The complexified Cartan involution of g is 8 = Ad(I2p 24) and

e={ (5 B) s it =m0 =D}

The subalgebra of diagonal matrices
h = diag(ts, ... tp,—tp, oy —t1 | tpt1, - bprgs —tptgs - » —tpt1)
is a Cartan subalgebra of g. Define p; € h*,i =1,2,...,n, by
pi(diag(ty, ...ty —tp, ooy —t1 | tpsts s tpigs —tpiqs - » —tpr1)) = b
The roots of h in g are
+ (i £p),1<i<j<porp+1<i<j<p+q (the compact roots)
+ (ui £ 15), 1 <i<p<j<p+q (the noncompact roots).
Let us fix a positive system of compact roots by
A ={pitp; 1<i<j<porp+1<i<j<p+q}.
As in the previous section, take 6 to be the diagonal Cartan subalgebra in

§ = gl(2n,C). Then AT(h,§) = {£(e; —¢;) , 1 <i < i < 2n} and let AT be the
fixed system of positive compact roots as in Section 2. Then it follows that

Aj = {Oélh , Q€ Aj_}
IfA=(A1,..., An) = 3 Aipts is AT-dominant, then there exists A € §* that is Af-
dominant and A = Aly. It follows that if b(A) = b = h+n~ is the Borel subalgebra
determined by a A-regular, Af-dominant A (n= = Z</\,a><og(°‘)) then there is a
Borel subalgebra b (defined by some A) so that b = bN g.

The K-orbits in Ny are described in much the same manner as for the other
groups. Let Y € Ny and form a standard triple {X, H,Y} with X € p and H € b,
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and let sl(2)y = spanc{X, H,Y}. Write C*" = &V, for a decomposition of C?"
into irreducible s[(2)y-representations.

LEMMA 4.1. Let Y and sl(2)y be as above. It may be assumed that the V; in
the decomposition of C*" are pairwise orthogonal with respect to (, ) and each V;
is Iap og-invariant. For each constituent Vi, a basis {vi,...,ve} may be chosen so
that each v; is an H-weight vector, v; = Y v, and (vj, Vo—kt1) = Ojk-

The signed tableau for K - Y has rows with dim(V;) boxes; the number of rows
of a given even length is even. The i*" row begins with the sign of the eigenvalue
of the lowest weight vector of V; and signs are placed in the other boxes so as to
alternate along each row. There are an even number of rows having a given even
number of boxes, and half begin with + and half with —.

The last piece of general information about the indefinite orthogonal groups
that we need is a description of roots vectors. Since we want to determine a par-
ticular f € n~ Np in terms of root vectors, only noncompact root vectors need to
be described. Take 1 < ¢ < p < j <p+ q and set

Xioj = Xpyi—p; = Eipyj — Eangp—jt1,2p-i41
(4.1) X_(i—j) = X (ui—py) = Eptsii — Eop—it1,2n4p—j+1
Xitj = Xpitp; = Eigngp—j+1 — Epyjop—it1

X_(i43) = X(uitny) = Eontp—jr1i — Bap—iviptj-

4.2. The example. Let Gg = O(8,4) and A = (6,5,3,2,4,1). Then A € 6 is
given by A = (6,5,3,2,—2,—3,—5,—6 | 4,1, —1,—4). This gives a positive system
in A(h, g) containing Aj, the corresponding array (as described in Section 2) is

We adjust Example 2.5 by setting
fo=FE91+ E39+ Ei03+ Ei11,3 — Ees,10 — Es,11 — Ei2,6 — Eg.12,

which we represent by
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(One easily checks that this is conjugate under L to the fo chosen in Example 2.5.)
Using (4.1) we may rewrite fy in terms of root vectors for g as
fo=Xs1+ X3 5+ Xe-3+ X_(643)-
Similarly

fi=FEwz2—Eupg+ Eri0— Ernn
= Xg-2 — X_(6+2)-

Set f = fo+ f1. It is easy to check (from (4.1)) that

fie1 —eg—e3 — e+ e — —2es — 2e12 — —2eg — 0,

€y — €10 — €11 — 267 — 0.

The tableau for K - f is

¥ 17]

+ 4|+ +
|
_|_

Let
Vi = spanc{er, eg, e3, €10 + €11, €6, €12, €8}, V3 =spanc{es},
Vo = spanc{ez, €10 — €11, €7}, Vi = spang{es}.
Then C'? =V, @ Vo & V3 & Vjy as sl(2) s-representations.

In order to show that f is generic in n~ Np (and compute v, '(f)) we need to
give @ as the stabilizer of a flag. Note that A(l) = {£(u1 — po), =(u3 — pa)} and
Q is the stabilizer of

{0} =F CFCFCFcC?
where
F7 = {0}, F5 = spanc{ei2, e7, es},
Fs = spanc{er, es}, Fy = spanc{es, e, €12, €7, €5}

This is an isotropic flag. This flag may be extended to a longer flag by setting
F3 = (Fy)*, Fy = (F5)*, [y = (Fg)* and Fy = (F;)* = C'2. Then Q is also the
subgroup of G that stabilizes

(4.2) 0=FRCFRCHRCRCRBCRCRHCF=C%

It may checked that

(4.3) u ={Yeg: Y(F)CFj;1,j=0,1,...,6}
Define

Gi1={g€q : gly, = Iy, and g(Vi") c V' ).
Then (G1, K1) = (0(5,C),0(4,C) x O(1,C)) and we define )1 to be the parabolic
subalgebra of G stabilizing the flag

(4.4) {0}=FC R CFCl=V,
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with

F; = {0}, F| = spanc{eio — €11, €5, €7},

Fy = spang{es,er}, Fy=spang{es,eq,e10 — €11,€5,€7}-
Note that A(l;) = {£(e2 — €4)}.

PROPOSITION 4.2. Fach generic element in n~ Np is of the form qqy - f, for
someq€e QNK and g € Q1N K.

PrOOF. Let Y be generic in n~ Np. Therefore f € K -Y. Then
(4.5) rank(f?) < rank(Y7),j =1,2,....

Since f% # 0, Y° is non-zero. By (4.3), Y7 = 0. Therefore, C'*? decomposes
as sl(2)y-representation as W; @ Wi-, with W, an irreducible seven dimensional
subrepresentation. One can show that

(4.6) Fi=(FinWy) @ (F;nWib), fori=0,1,...,7.

The argument for this is essentially the same as the argument proving the claim in
Proposition 1.10. A basis of {w1,..., w7} of Wi may be chosen as in Lemma 4.1,
and it follows from (4.3) and (4.6) that

wi€Fi,1ﬂW1\Fi,’i:1,...,7.

It follows from (4.6) that dim(F;_; N Wi-/F; N Wit) is one for i = 1,3,4,5,7, and
is zero for ¢ = 2,6. Therefore a basis {ws, wy, ..., w12} may be found so that

wg € Fo NWit\ Fy n Wit
wog € Fy "W\ Fs n Wit
wio € FsNWiE\ Fyn Wit
wyy € FyNWiE\ Fsn Wit
wyy € Fg N Wi

and (ws,wi2) = (wg,w11) = (wig,wip) = 1 and (w;,w,) = 0, for other j, k,
8§<j<k<L12.

We now reorder and scale the basis of weight vectors in the s[(2) j-representation
C?=ViaV, @ V38V, by
= 61 6/2 = 679

- V2

e1o0 + e11

e ey =

_~
3

€2
! ! ! !
eb=vV-2e e5=V2e1n eh=v-2es eszﬁ
€10 — €11
! ! i !
€g=—F—— €= V2 er €17 = e11 €19 = €5

V2
Therefore {€],...,e%} is a basis for V; as in Lemma 4.1, and similarly for the others.

The linear transform q : C'2 — C!2 defined by q(w;) =€}, i =1,2,...,12,

(i) preserves (, ), so is in G,

(ii) preserves the Iy, o4-eigenspaces, so commutes with Iy, 0, and is therefore
in K, and

(iii) stabilizes the flag (F3), so lies in Q.
In addition, for v € Vi, ¢ 'fo(v) = Yq '(v). Therefore, (q-Y — fo)ly, = 0.
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Since Wi~ is Y-stable we see that ¢ -Y — fo : Vi — V5. We conclude that
YiI=q Y —fo€gi.Also, Y1 €En"Np=u"Np.

Claim: There exist ¢; € Q1 N K so that g1 - Y1 = f1. Once this is accomplished the
proposition will be proved because

fi=a-1

=q(q- Y~ fo)
=qq-Y — fo, since g; commutes with fy,

therefore Y = q_qul - f.

To prove the claim, consider the s[(2)y-representation on Wi-. From (4.5)
we see that Wi- contains an irreducible subrepresentation of dimension at least
three. However, the Iy, o,-eigenvalue +1 (resp., —1) on Wit has multiplicity four
(resp., one). Therefore Wit contains an irreducible subrepresentation of dimension
exactly 3, since the eigenvalues must alternate from one weight vector to the next
within an irreducible constituent. Again by considering the eigenvalues of I, o, we
conclude that there are two copies of the trivial representation in Wj-. Let’s write
Wit = Wy @ W3 @ Wy, with dim(W3) = 3. Now choose a basis {us, ..., u12} of Wit
so that us, ug, u1p are as in Lemma 4.1, and u1; € FjN W3\ F] and w12 € Fy N Wy,
and (Ull,ulg) =1 and (un,un) = (ulg,ulg) =0.

Define ¢; : C'2 — C'2 by ¢1|v, = Iy, and ¢1(u;) = €},i =8,9,...,12. Then by
the same reasoning as above, g1 € @1 N K. One easily checks that ¢; - Y1 — f1 = 0.

O

It follows that N(f,n™ Np) = QQ1Zx(f), and v, (f) = Zx(f)Q:1Q - b. One
can also show that the centralizer may be omitted from this expression for the fiber
and @ (resp., Q1) can be replaced by L (resp., L1). We arrive at

v, (f) = LiL - b.
Here A(ly) = {£(p2 — pa)}-

5. Computation of the multiplicity polynomial

The associated cycle of a Harish-Chandra module is a formal linear combina-
tion of closures of K-orbits in Ny with non-negative integer coefficients. Writing
the associated cycle of a Harish-Chandra module X as AC(X) = " m,;0;, the as-
sociated variety of X is UQ; and m; is referred to as the multiplicity of O; in the
associated cycle. Suppose that X is an irreducible Harish-Chandra module with
regular integral infinitesimal character. It is well-known that X fits into a coherent
family {X(A\) : A € Ay} (with A, the weight lattice in the dual of a Cartan
subalgebra h*); see [13, Lem. 7.2.6 and Cor. 7.3.23]. It is also well-known that the
associated cycles of the X () have the form

AC(X(V) =D mi(\)0;
and each m;(\) extends to a W-harmonic homogeneous polynomial on h*.

Our goal is to illustrate how to use our description of ’yg_l( f) to compute the
multiplicity polynomials for various representations of classical groups. The main
tool is a theorem of J.-T. Chang that relates the multiplicity to ’y;l(f). This
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theorem applies to representations associated to closed K-orbits in generalized flag
varieties, that is, to cohomologically parabolically induced representations (the Ag4-
lambda representations).

To make precise the connection between the associated cycles of the cohomolog-
ically parabolically induced representations and the Springer fibers we begin with
the discrete series representations. Suppose that Gg is a real reductive group with
nonempty discrete series. Then Gr has a compact Cartan subgroup Hgr. Complex-
ification gives a pair (G, K) with the property that there is a Cartan subalgebra b
of g that is contained in €. As in previous sections we fix a positive system of com-
pact roots AF. The closed orbits are in one-to-one correspondence with positive
systems A% that contain AT. Letting

b=bh+n", n = Z g(= e,

aeAt

the closed orbit corresponding to AT is Q = K - b. For each closed orbit Q there is
a family of discrete series representations; these are in a coherent family {Xo(\) :
A€ A}, where Al , is a translate of the weight lattice in h*. Each discrete series
representation lies in
U Xa() : e}
Q closed
We may now state Chang’s theorem ([3]).

THEOREM 5.1. Given AT D AT and the corresponding closed K -orbit Q = K -b
in B, let f be generic inn~ Np. Then

AC(Xo(N)) =mao(N) K - f
with
mo(A) = dim (H°(v; (), 0(7))).

The sheaf O(t) is the restriction to v, '(f) of the sheaf of regular sections of the
homogeneous line bundle L, — K - b corresponding to 7 = A+ p — 2p.. (using the

. 1 1
standard notation of p = B ; a and pe = 5 % @).

It is important to note that 'ygl( f) is typically not homogeneous, in particu-
lar the Borel-Weil Theorem does not immediately apply to compute the space of
sections.

Now we turn to an example of the computation of the associated cycle for a
discrete series representation. We will consider the example of Section 3 in Ggr =
Sp(2n,R) and use the formula for the fiber given in (3.3).

The cohomology space H° (vgl(f), O(L;)) may be computed using the Borel-
Weil Theorem as follows. Let W_, be the irreducible K-representation of lowest
weight —7 and let w_, be a lowest weight vector. The Borel-Weil Theorem states
that W*_ ~ H%(Z,O(L,)). This isomorphism is given in terms of matrix coeffi-
cients by

Vi, v E WX
eo(k) = (v, kw_r).
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Using a small amount of algebraic geometry one may conclude that for A sufficiently
dominant

(5.1) dim (HO(’y*l(f)7 OT)) = dim (spanc{kflw_T ke N(f,n™ N E)})
Now our description of y~1(f) says that the multiplicity is

dim (spang{k - w_, : k € L1L}).
See [6, §6.1-6.3] and [1, Section 6] for a discussion of this method.

Now we will compute the multiplicity polynomial for the family of discrete
series representations {Xq(\)} associated to the closed orbit of our example in
Section 3. Let 7 = (71,...,7g) and let U_; be the irreducible finite dimensional
L-representation of lowest weight —7. Then U_, ~ spang{L - w_,}. To compute
spanc{LiL - w_;} first decompose U_, under Ly N L (a torus). Then each weight
vector is annihilated by [y Nu~™ (since L normalizes u™), therefore spans{L-w_,} is

the direct sum of irreducible L;-representations having these lowest weight vectors.
Let H = exp(h). Then

T1—T27T5—T6 T7—T8

U_r|lg=- g E E (1 —a, 72+ a,73,74,75 — b, 76 + b, 77 — ¢, T8 + ¢).
a=0 b=0 =0

Since A(l1) = {£(es — €7)} the dimension of spanc{Li1L - w_,} is

T1—T2T5—Te T7—7T8
SN S memilobio
a=0 b=0 c¢=0

T5—Te T7—T8

=(n—m+1) Z Z (5 —m+1—-b+c¢)

b=0 =0

(7'1 — To + 1)((7’5 — Tg + 1)(7’7 — 78 + 1)(7’5 — T7 + 1)

. (T5 — T6 + 1)(7’5 — 7_6)
2

(7 — 718 + 1) (77 — Tg))
2

(7‘77Tg+1)+(7'577'6+1)

1
5(7'1 —1o+ 1) (s =716+ 1) (7 — 18+ 1) (75 + 76 — 77 — T8 + 2).

In terms of the parameter A of the family of discrete series representations
{Xa(MN)} (using T =A+p—2p.=A+(1,2,-2,0,—1,0,0,1)) we get

mQ()\) = %()\1 — )\2)()\5 — )\6)()\7 — >\8)(>\5 + Xeg — A7 — )\8)

We point out that in general (for Gr = Sp(2n,R)) the calculation of mg()) is
not much more involved than the above example. The restrictions of irreducible L;-
representations to L; N L; 1 are always carried out using the very simple branching
rule for restricting representations from GL(p 4+ 1, C) to GL(p,C) x GL(1,C).

More generally, now let Gr be any real reductive group and § a generalized flag
variety for G. If q = [ 4+ u™ is a #-stable parabolic subalgebra in §, then Q = K - g
is a closed orbit in §. There is a family of cohomologically induced representations
associated to Q. Denote the coherent family by {Xq(\) : A € Ay }. The method of
[2] and [3] computes the associated cycle as follows. Let B be the full flag variety
and m : B — F the natural projection. Then 7~1(Q) is the closure of a single
K-orbit Qg in 8. We may describe Qg by noting that 7—1(q) is the flag variety B,
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for L, and therefore contains a dense open K N L-orbit. Write this dense orbit as
KNL-by and write by, = bz +n, where bz is a maximally split Cartan subalgebra
of [. Then Qg = K - b, with b = by +u~ = b +n~, is dense in 77(Q). One may
conclude from the arguments in [2] and [3] that

AC(Xo(N) = dim (H(v; ' (f),0())) K - f,

when f is generic in n™ Np. Here vy, T35 B — Np is the restriction of the moment
map p to T B and 7 is described below.

The important geometric observations are that f is generic in u™ N p if and
only if f is generic in n™ N p, and

Yor (F) =771 (07H(F)).

To see this, note that since K N L - by, is open in B, we have tN [+ by = [. From
this it follows that ny Np = 0 (since [ = [N €+ by, is the orthogonal complement of
n; Npin [). Therefore, n™ Np = u~ Np. Now it is immediate that f is generic in
n~ Np if it is generic in u™ N p. It also follows that N(f,u™ Np) = N(f,n~ Np).

We are now in position to compute the multiplicity polynomials for the coho-
mologically induced representations for Gg = GL(N,R) using Theorem 1.15. For
each f-stable parabolic subalgebra and corresponding closed K-orbit Q = K - ¢ in
a flag variety § we have shown that N(f,u™ Np) = Q N K. Therefore,

Yol (f)=QNK-b=(LNK)-b=L-b="%.

It can be seen that O(7) is the sheaf of local sections of £, — B, the homogeneous
bundle L >< Cir—pt2p(unp)- Here 2p(unyp) is a weight of by M€ extended to be zero

on hr Np. Therefore the multiplicity polynomial is
ma(A) = dim (H°(v; ' (f), 0(L7))) = dim (H*(BL, O(Lr—prop(unp))))-
By the Borel-Weil Theorem and the Weyl dimension formula we get

(A=p+2p(unp) +p(l), @)
11 (p(1), @) '

mo(A) =
acAt(bg,l)

This may be simplified slightly. Referring to (1.10), the structure of the group
LR is

GL(dy,C) x -~ x GL(d;, C), ifc#£0,N=2n
L _ JOL(@d.,0) x - x GL(d;, C) x GL(LR), ife#0,N=2n+1
R ) GL(d1,C) x -+ x GL(d;_1,C) x GL(2d;, R), ifc=0,N=2n

GL(dy,C) X - - x GL(di_1,C) x GL(2d; + 1,R), ifc=0,N =2n+1.

It suffices to express the formula for mq(A) in terms of the diagonal Cartan subal-
gebra b (as in Section 1). Note that this nearly coincides with hz. Then it is easy
to check that —p + 2p(unNp) + p() = —p(u) + 2p(unyp) is

Z(Ei - 6N—i+1)7 if ¢ # 0,

i=1

n—d;

Z (€: — en—it1), if c=0,

i=1
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which is orthogonal to A([l). Therefore,

(1
2]
(3]
(4]
(5]
(6]
(7]

(8]
(9]

(10]
(11]

[12]
(13]

(14]

(15]
[16]

(17]

mo(A) = H 7@\,02

a€AT(H,0)
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