CHARACTERISTIC CYCLES OF HIGHEST WEIGHT
HARISH-CHANDRA MODULES FOR Sp(2n,R)
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ABSTRACT. Characteristic cycles, leading term cycles, associated varieties and Harish-
Chandra cells are computed for the family of highest weight Harish-Chandra mod-
ules for Sp(2n,R) having regular integral infinitesimal character.

INTRODUCTION

Two important invariants of Harish-Chandra modules are the associated cycle and
the characteristic cycle. For example, a conjecture of Vogan and its proof by Schmid
and Vilonen ([24]) provides deep connections between the algebraically defined asso-
ciated cycle and the global character of an admissible representation. However, there
is no known method for computing either invariant in any generality. In this article
characteristic cycles are computed for the family of highest weight Harish-Chandra
modules having regular integral infinitesimal character for Sp(2n, R).

Associated cycles for the unitary highest weight Harish-Chandra modules are known
for the classical groups ([23]). The characteristic cycles for the unitary highest weight
Harish-Chandra modules of regular integral infinitesimal character are all just the
conormal bundle of the support, since they are cohomologically induced from a one
dimensional representation, so the suport has smooth closure. It is well-known that
characteristic varieties for (nonunitary) highest weight Harish-Chandra modules need
not be irreducible; low dimensional examples are easy to find. In this article we de-
termine the characteristic cycles of all highest weight Harish-Chandra modules with
regular integral infinitesimal character for Sp(2n, R); the statement is contained in
Theorem 5.22. In addition, associated varieties and leading term cycles are computed,
and the Harish-Chandra cells are described. The statements are given in terms of
clans, which parametrize the K-orbits in the flag variety, a subset of which parame-
trize the highest weight Harish-Chandra modules.

The method used to understand the characteristic cycles, Harish-Chandra cells,
etc., is inductive in nature. Each clan for a highest weight Harish-Chandra module
(of infinitesimal character p) for Sp(2n,R) is obtained easily from such clans for
Sp(2(n — 1), R). Characteristic cycles, leading term cycles and Harish-Chandra cells
(and all other information) is given in terms of the same infromation for Sp(2(n —
1),R).
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2 L. BARCHINI AND R. ZIERAU

There is some overlap between this paper and the results of [6]. The intersection
homology sheaves for B-orbit closures in the generalized flag variety of lagrangian
planes is considered in [6]. In that article they give an algorithm to compute charac-
terisitic cycles of these intersection homology sheaves. Although it is not immediate,
their algorithm for multiplicities can be related to the characteristic cycles of highest
weight Harish-Chandra modules considered in the present article. We do not make
this connection, but use very different methods.

The organization of this paper is as follows. The first section gives some well-known
generalities on characteristic cycles and highest weight Harish-Chandra modules. In
section two we review the clan notation, determine the clans for the highest weight
Harish-Chandra modules and express the 1,3 operators in the terms of clans. Section
3 determines the Harish-Chandra cells. The fourth section contains a key lemma
relating the characteristic cycles corresponding to a particular clan for Sp(2n,R) to
characteristic cycles for Sp(2(n — 1), R). The computation of all characteristic cycles
is given in Section 5.

Acknowledgement The authors have used the ATLAS software as a valuable tool for
computing examples. Although this paper is independent of the software, computa-
tions using the ATLAS have played a significant role in this project.

1. PRELIMINARIES

1.1. The symplectic group. For this article we consider the pair of complex groups
(G,K) = (Sp(2n),GL(n)). The real group in the background is Sp(2n,R). We use
the n x n matrix

1

Sy, = ,

to define

0, S,
e (% ) "
The realization of the complex group G = Sp(2n) that we use is
G:={g9e M,(C):¢g'Jg=J}.

The matrix S, gives an ‘antidiagonal transpose’ X = S, X'S,; we let symf(n) =
{A€ M, : A=TA}. The Lie algebra of G is then

o= {(é _?A) B.Cec symT(n)}.

The subgroup K is the fixed point set of the involution 6 = Ad(1,, ), with

I, 0
o= (5 %)



Therefore,

K:{(g Tao_l) :aeGL(n)} andé:{<g‘ _?A)}.

The orthogonal complement of ¢ (with respect to the Killing form) is

b= {(g g) B.Ce symT(n)}.

This gives the decomposition g = € + p; p decomposes into the direct sum of two
irreducible K-subrepresentations,

p=p Op_ (1.2)

pe={(0 §) Bl

and p_ the transpose of p .

with

The diagonal matrices in g, i.e., those matrices of the form H, := (61 _? A) ct

with
th
A = T . )
ln
form a Cartan subalgebra b of both € and g. Let €; € h* be defined by €;(H4) = t;.
Then the roots are {e; —¢; : 1 <i,j <n,i#jU{£(e; +¢):1<i<j<n} We
once and for all fix the positive system
AT =A%(hg)={e;—¢:1<i<j<ntU{e+e¢:1<i<j<n}. (1.3)
The simple roots are
S={a;=¢—€1:j=12,...,n—1} U{a, = 2¢,}. (1.4)
The set of roots in py is A(py) ={e; +¢: 1 <i<j<n}
We fix a Borel subalgebra b = b+ > A+ g(®. This is the Lie algebra of upper

triangular matrices in g. The connected subgroup of G with Lie algebra b is a Borel
subgroup denoted by B.

The Weyl group W consists of all permutations and sign changes of {¢;}. This may
be expressed in several ways. We will usually write elements of W as

€w; s if w; >0

w = (wws ... w,), when w(e;) = { (1.5)

—€_y;, ifw; <O0.

Many of our arguments will be inductive in nature, reducing to the smaller pair
(G'K') = (Sp(2(n—1), GL(n—1)). The group G’ is embedded in G so that a Cartan
subalgebra is ' = {H € h: &1(H) =0} and g’ = 0"+ >~ ca(5.0).(@.c1)=0 g@. We use
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the notation K’ for K N G’ and B’ for B N G’. Similar notation is used for other
subgroups of G’ and various subalgebras of its Lie algebra g'.

1.2. Characteristic cycles. Let M(g, K) be the category of finitely generated (g, K)-
modules of infinitesimal character p and let M.(Dsg, K) be the category of coherent
K-equivariant Dg-modules on the flag variety B. Localization gives an equivalence
of these two categories ([4]). The definition of the characteristic cycle of a D-module,

along with the first properties, is contained in [7]. Included there are the following
facts. Let X € M (Dg, K).

(a) The characteristic cycle of X is of the form

COX) = Y malT;%),

QeK\B

viewed as an element of top degree Borel-Moore homology of the conormal variety
Uge K\%Té‘—‘B. The mg’s are nonnegative integers called the multiplicities.

(b) In the above formula, if mg # 0, then Q C supp(X). In fact Q is in the singular
locus of supp(X).

(c) If X is irreducible, the support of X is the closure of a single K-orbit Q C B and
mqg = 1.

(d) If supp(X) = Q is a smooth subvariety of B, then CC(X) = [T3*B].

Notation 1.6. Given X € M(g, K) we write X for its localization, a D-module on
8. We refer to the support of X as the support of X. We also write CC(X) for the
characteristic cycle of the localization X of X. A Harish-Chandra module written as
X is assumed to have support Q.

The associated variety of a Harish-Chandra module is defined in [31]. It is a union
of K-orbits in p. The characteristic cycle and associated variety are related through
the moment map p: T*B — N. If CC(X) = > mo[T5B], then

Av(x) = |J wT5®).

mq 750

The leading term cycle is defined to be
LTC(X) =Y mq[T5B),

summing over all Q with dim(u(T3B)) = dim(AV (X)).

In the category M(g, B) of finitely generated (g, B)-modules of infinitesimal char-
acter p, the picture is entirely similar. The supports of the localizations are the
closures of B-orbits in B, the Schubert varieties. We denote the B-orbit of w - b by
B,,; the Schubert variety B,, is denoted by Z,,. The moment map image p(T5, B) is
the orbital variety B-nnNn®, n* := Ad(w)n. There is an equivalence of categories
between M (g, B) and the category M. (Ds, B) of coherent B-equivariant D-modules

on B. Facts (a)-(d) hold in this setting, along with the additional fact that if T} B



5

occurs in CC(Ly), then the 7 invariant of y contains the 7-invariant of w. The
associated variety is a union of orbital varieties.

It will be important for us to to view highest weight Harish-Chandra modules
as lying in both categories M (g, K) and M(g, B). The characteristic cycle of a Dg-
module is defined independent of which category we are in. This situation is discussed
further in §2.2 and §4.

1.3. Highest weight Harish-Chandra modules. The group Ggr has infinite di-
mensional irreducible representations having Harish-Chandra modules with highest
weight vectors. In general a connected, simple Lie group has such representations
when Gg is of hermitian type.

Let p = p,. @ p_ be asin (1.2). In (1.3) we have fixed a positive system of roots
AT = AT(bh,g) which contains A(p,). If X is a highest weight Harish-Chandra
module, then X contains a vector v* annihilated by all root vectors Xg, 8 € A(py)
or annihilated by all Xz, 5 € A(p_). We consider highest weight Harish-Chandra
modules with respect to A™, i.e., those with weight vectors annihilated by Xz, 5 €

Alpy).

We are concerned with Harish-Chandra modules of infinitesimal character
1
P=3 Z a=(Mnn-—1,...,2,1)
acEAt

The irreducible highest weight modules of infinitesimal character p are parameterized
by the Weyl group W; we write L_,,, for the irreducible quotient of

U(G) @ C_wpyp
(g)u(b) p—p

For a highest weight Harish-Chandra module v is annihilated by Xz € A}f € AT and
is K-finite, so its weight —wp — p is Af-dominant. When —wp — p is Af-dominant,
L_,, is the irreducible quotient of

Ug) @ E_wpy,
uerps) 0

where E_,,,_, is the irreducible finite dimensional representation of £ of highest weight
—wp — p. We conclude that L_,, is a Harish-Chandra module exactly when —wp is
A7 -dominant.

Definition 1.7. W := {w € W : —wp is Af-dominant}.

It follows that #W =#(W/W.) = 2". Note that

if w=(-1-2...-n), then L_,, = C, the trivial representation, and

if w=(n...21), then L_,, is in the holomorphic discrete series.

W may be described as those w = (w;...w,) € W with entries —1,—-2,..., —k
appearing in decreasing order (from left to right) and n,n — 1,...,n — k + 1 also
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appearing in decreasing order, for some £ = 0,1,...,n. For example, when n = 3,

W = {(321), (-132), (3-12), (32-1), (-1-23), (-13-2), (3-1-2), (-1-2-3)} .

It follows from the definition that the associated variety of a highest weight Harish-
Chandra module is contained in p,; see [23]. The K-orbits in p, have a particularly
nice form. They are

Or — {(8 )O() . X € sym’ (n), rank(X) k} k=01...n.  (18)

Since Oy C Oj1, the associated variety of any irreducible highest weight Harish-
Chandra module is the closure of exactly one 0.

2. K-ORBITS AND SCHUBERT VARIETIES

2.1. Clans. Many of the results and arguments of this article are expressed in terms
of clans. Clans give a parametrization of K-orbits in the flag variety for a given
classical group. In this section we review the clan notation and some basic facts that
we will need. In [19], K-orbits in B are classified by signed involutions. We follow
the description of clans given in [32], which is in terms of flags.

For the pair (G, K) = (Sp(2n),GL(n)) the clans are 2n-tuples ¢ = (cq, ..., Cop)
satisfying the following.

(a) Each ¢; is +, — or a natural number.

(b) If ¢; € N, then ¢; = ¢; for exactly one j # i.

(¢) The number of +’s that occur among the ¢;’s is the same as the number of —’s
that occur.

(d) The following symmetry holds: (i) if ¢; = £, then ¢g,_;11 = F and (ii) if ¢; =
c; € N, then cop—it1 = con—j11 € N.
Two clans are considered the same when they have 4+, — and pairs of equal natural
numbers in the same positions. Note that the number of +’s plus the number of pairs
of natural numbers is n.

An example of a clan for n =8is (+1 =242+ —|+ -3 -3+ 1-).

The clan encodes a f-stable Cartan subalgebra b, the action of § on f) and a positive
system A*. This data determines a K-orbit in 8 having base point b + Y GeA+ gl@),
This is in fact a bijection between clans and K-orbits in 8. In Section 1.1 we fixed
a Cartan subalgebra b (C €) and a positive system A", and thus a Borel subalgebra
b =b+n. The K-orbit K - b, which consists of all 1sotroplc flags {0} = Iy, € Iy €

- C F, =C" x {0}, corresponds to the clan (++ -4+ | —-+-——).

Given a clan, it is important for us to understand the action of ¢ on (simple) roots.
Suppose that ¢ corresponds to h, AT. The simple roots in A™ may be written as

Oéizgi—gi_i_l,i:1,2,...,71,—1, and O~én:2€n,



for some basis {¢;} of h*. Then the action of 6 is given by
&, if ¢; = +
0(€&) = < €, ife;=ciand j <n
—€9p—jt1, ifcj=c;and j >n+1.
For the example of the clan given above, this is
0(€y) = —€;,0(é4) = €&, and 0(&) = &4, and 0(¢;) = €;,for i =1,3,5,7,8.
This gives

Recall that a root is called
complex if §(a) # t«
real if f(a) = —«
compact imaginary if #(a) = a and g @ ce
noncompact imaginary if #(a) = a and g C p
For a simple root a one may consider the generalized flag variety §, of all parabolic
subalgebras of g conjugate to h+ g~ + ZBEA+ g®. Let m, : B — F, be the natural

projection (with fiber CPy). Section 5 of [30], in particular Lemma 5.1, tells us that
when Q «» (h, A™) and

« is complex and 6(a)) > 0 or 51
« is noncompact imaginary (2.1)

then 7 '7,(Q) contains a dense K-orbit of dimension dim(Q) + 1. Following [30, §5]
we denote this orbit by

500 0. (2.2)
Therefore, when (2.1) holds, we have an ‘operation’ passing from a K-orbit Q to a
K-orbit s, o Q of one higher dimension.

_This operation can be expressed in terms of clans as follows. Suppose that Q <>
(h, AT) <> ¢. Then included in the cases for which (2.1) is satisfied are the simple
roots &;,j = 1,2,...,n so that (¢;,¢j41) is

(i) (£,F) or
(ii) (&, k) with the other k occuring to the right.
In these cases, sz, 0 Q. is defined and is equal to the K-orbit with clan the same as

¢ except the j and j + 1 places are (kk), in case (i) and are switched (as are the
n —j+ 1 and n — j places), in case (ii).

Let us consider ¢y = (+---+ +| — —---—). The only allowed operation (2.2) is
Sanoco=(+--+1L—---—).
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Now sg,_, gives the only allowed operation; we get

Sany © (Sa, 0C0) = (+--+1+][—1—---—).
Two operations are now allowed:
Sé,_ 2 © Sa,_1 © Sa, ©Co = (_|_..._|_1++‘ __1_..._)
S&, © Sa,_; © 84, ©Cy = (_|_..._|_12|21_..._).

Continuing we see that by applying all allowable operations (2.2) to ¢y we generate all
clans having the numbers 1,2, ...,k (for any k = 0,1,...,n) occurring left of center
and the remaining n — k slots left of center filled with +’s. Note that if ¢ is of this
type, then s5, o c is defined if either (1) the j,j + 1 slots are +,m, in which case
sa,0 (- me|- ) =(omA-e])or (2) j=nand s, 0 (-4 | =) =
(- mlm---).

2.2. The support of the localization of a highest weight Harish-Chandra module is
both a Schubert variety and the closure of a K-orbit in B. It is shown in [3, Appendix]
that a Schubert variety Z,, is the closure of a K-orbit if and only if it is the support
of a highest weight Harish-Chandra module (i.e., —wp is A dominant, so w € W).
Therefore, if

Cl := {clans c: Q, is the support of a highest weight HC module}, (2.3)

there is a bijection W <> Cf satisfying w < ¢ if and only if Z,, = Q.. Proposition 2.5
below gives this bijection explicitly.

As we have seen in §2.1, the clan ¢p = (++---+| —--- — —) corresponds to the
support of the holomorphic discrete series: Q., = K - b, for our fixed choice of b. As
mentioned above, the clans obtained by applying all operations (2.2) starting with
¢o have all +’s left of center and the pairs of natural numbers occur symmetrically
about the center. Note that there are 2" such clans; as we will see, these are precisely
the clans of C¢. Since we will only be concerned with these clans we use the following
shorthand notation.

Notation 2.4. We write only the left half of the clan. So, for example, the clan
(+12 + +| — —21—) will be written as ¢ = (+12+ +). (This is not to be confused
with the clan of size n in [32].)

Proposition 2.5. The bijection W <> Cl for which w > ¢ means Z,, = Q. is given
as follows. The clan corresponding to w € W is obtained by replacing all positive
entries of w by +’s and all —a (for a > 0) by a.

For example, w = (5-1-243) <> ¢ = (+12 + +).
To prove the proposition we first note the ¢ = (+++-++4) <> wo = (n...21), then
we apply all operations (2.2) to both Weyl group elements and to clans.

The analogue of the operations (2.2) for Schubert varieties is as follows. Let a € S,
the set of simple roots, determine the generalized flag variety §, and the natural
quotient map 7, : B — F, as in §2.1. Then wa > 0 if and only if {(ws,) = f(w) + 1
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and one easily checks that this happens precisely when 7, '7,(Z,) = Z,s,. Observe
that for w € W, a simple root a; = €; — €541, j = 1,2,...,n — 1, satisfies wa;; > 0 if
and only if w = (... a-b...), ie, w(j) = a,w(j + 1) = —b, for some a,b > 0 (and
necessarily a > b, as w € W). For the simple root a,, = 2¢,, wa, > 0 if and only if
w=(...a),ie,w(n)=a>0.

It follows that if w <+ ¢ as in the statement of the proposition, then for a given
a € S the analogue of the operation (2.2) for W is defined if and only if it is defined
for c. Also, when the operation is defined for a; then the results W = ws; and ¢
correspond as in the statement:

or

Note that Zg = 7,7 (Zy) = 77 7a(Q.) = Qs, and W is preserved under the opera-
tions (2.2) . The operations for W applied to wy give all 2" elements of W and all of
Cl is generated by operations (2.2) beginning with ¢. O

Corollary 2.6. C¢/ = {c: all entries of ¢ are +’s or natural numbers}.

Corollary 2.7. Let c,c € Cl and ¢, + Q,c <+ Q. Then Q; C Q if and only if there
1s a sequence of s, operations taking Qi to Q.

Proof. This is now a restatement of Cor. A.14. U

In [3, Appendix] it is shown that an orbital variety B -nNn% is a K-orbit in p if
and only if —wp is AT dominant. Thus, the moment map images may be described
by

p(I3B) = B-nNnv, when w < ¢ <> Q.

Proposition 2.8. Suppose ci,c € C/ and Q., C Q.. Then u(TSOlfB) 2 (15 B).

Proof. 1t suffices to show that if wy,w € W with wia > 0 (o € S) and w = w; Sq,
then n N n™ D nNn*. For this note that if § € A(nNn"), then § > 0 and
saW B =w"tB>0,s0 w;'B >0 (since w;'B # ). Therefore, 3 € A(nNn*r). O

This fact will narrow down considerably the possible conormal bundle closures
occurring in a characteristic cycle. The inclusion of moment map images of this
proposition is not true for arbitrary clans ¢y, ¢, but depends on ¢y, ¢ being in C/.

Our induction from (G, K’) to (G, K) will require that, given ¢ = (1¢) or (+¢)
and w <> ¢ as in Proposition 2.5, we relate w’ < ¢ to w. Here ¢ € Cl', with C/’
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defined as Cf is defined, but for the pair (G’, K’). We relate w’ to w as follows. First,
the Weyl group W’ is identified with a subgroup of W in the natural way:

W ={weW:w(l)=1}.

Restating Proposition 2.5 for G we have the following correspondence. For ¢ € Cl/,
express ¢ as +’s and natural numbers 2,3,...,k. Now w’ begins with 1 and the
remaining entries are obtained from ¢’ by replacing 2,3, ...,k by —2,—-3,..., —k and
replacing +’s by n,n — 1,...,k + 1 (left to right).

Lemma 2.9. Suppose w <> ¢ under the bijection VW < Cl of Proposition 2.5 and
w' <> ¢ under the bijection W' <+ Cl' described above.

(i) If c = (1 ¢), then w = sy, W', where sqc, is the reflection in the root 2e;.
(i1) If c = (+ '), then w = ow', where ¢ = $,,_1 ... 5251, s; the simple reflection in
Qy.

The proof of this is immediate.

Here is an example in each case. (i) If ¢ = (12 4+ 34 + +), then w = (-1-27-3-465).
Then ¢ = (24 34 + +) is in the correct form to write down w' = (1-27-3-465).
Since so., = (-1234567), it is clear that w = so,w’. (ii) If ¢ = (+1 + 23 + +), then
w = (7-16-2-354). Then ¢ = (1 + 23 + +) is rewritten as ¢ = (2 + 34 + +) and
w' = (1-27-3-465). Since o = (7123456), we have w = ow’.

2.3. The T,z ‘operators’ of [28, Def. 3.4] will be used in §5.4 and §5.5 to help deter-
mine characteristic cycles. Here we give the necessary background. We also translate
the description of the T,4’s into clan notation.

The 7-invariant of w is
T(w) :={a €S :wa <0}

Following [28], given «, 5 consecutive simple roots in the Dynkin diagram, we say
that w is in the domain of T,3 when o ¢ 7(w) and 8 € 7(w). When this is the case
and « and 3 have the same length, then

Tw(w)z{wsa’ B¢ 7(wsa) (2.10)

wsg, o€ T(wsp)

(where exactly one of the two possibilities occurs) and if «, 5 have different root
lengths

Tos(w) ={W: W € {wsy,wss},a € 7(W),5 ¢ 7(W)}
(a set of either one or two elements).

In Section 5 we will use the following important fact about the T,z operators and
coherent continuation. If w is in the domain of T,gz, then

Sa(Lw) =Ly + Ly + > _a,L, (2.11)
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when either (i) a, 8 are of equal length and T,s3(w) =y or (ii) a, S are of different
length and T,p(w) = {y}. In the unequal length case and T,s(w) = {y’,y"}, then
L, is replaced by L, + L,». This fact is well-known and can be found in [11].

The theory of coherent continuation and the W-equivariance of the characteristic
cycle map ([15]) gives the following statement about the characteristic cycle of an

irreducible highest weight module. Write CC(Ly) = 3_, my,w[175 B].

Lemma 2.12. ([22, Lemma 3.1]) Suppose y,w are in the domain of some T,z and
suppose My, # 0. Then
(i) if a, B have the same lengths, then M )T ) # 0, and

(1) if o, B have different lengths, then fory'" € Top(y) there is w' € Top5(w) so that
my/,w/ 7& 0.

We may conclude the following.

Lemma 2.13. Ify,w are in the domain of some T,p and o, B have the same lengths,
then my, = m., )
) ap ), Tap(w)

Proof. The proof of McGovern’s lemma gives m, ,, > m Since T,5(y) and

Tap(¥),Tagw)’
T,s(w) are in the domain of Tz, and T3, Tas(y) =y, TgaTas(w) = w, we conclude
that the other inequality also holds. ([l

Using the above definition of T,z along with Proposition 2.5 we may translate the
above formula for the T,3’s (2.10) into clan notation.

Notation 2.14. For o, § two consecutive roots «;, oy, we write T,p as T (k = j=£1).
Suppose w € W and w <+ ¢ (as in Proposition 2.5), then we write Ty (c) for the clan
(or pair of clans) corresponding to the Weyl group element, or pair, T,5(w). We also
write 7(c) for 7(w).

We have a; = €; —€j11 € 7(c) if and only if the j and j+ 1 entries of the clan c are

++, k+ or kk+1, and «,, = 2¢, € 7(c) when the last entry of ¢ is a natural number.

Using the abbreviated notation of Ty for Ty, and writing the j,7 + 1,7 + 2
entries of the clans, in the case of equal root lengths we have:

Tjj+1("'+ k _|_):( + + k)

Tjj+1(""|‘ k-lk...):(...k_1_|_ k)
Tj+1j("'+ + k- )=0CG++ k+ ) (2.15)
Tj+1j("'k-1 ‘l—k):( + k-1k )

For the last two simple roots
Tona(-+ +) = (- + (1))
Towa(.. k +)=(-+ k) (2.16)
Toin(--+k)={(..k+),(--++)}.
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As an example, consider the clan ¢ = (+ +---+ +). Then «, ¢ 7(c), a,—1 € 7(c),
and Ty p1(++---++)=(++---+1). Now, formula (2.11) gives

Sn(X(4+t4) = Xttt T Xaopn) + Z Xa,

where ay,_1, v, € T(d).

3. HARISH-CHANDRA CELLS

The Harish-Chandra cells of highest weight Harish-Chandra modules are deter-
mined in this section. They are given by an inductive procedure in terms of clans.
The statement is contained in Proposition 3.12. We will continue our notion of (G, K)
for (Sp(2n), GL(n)), O the K-orbit in p of (1.8), b = h—+n for the Borel subalgebra
of g as in §1.1, etc. We use the notation (G', K') for (Sp(2(n — 1)), GL(n — 1)), O,
for a K'-orbit in p/, = p, Ng’, etc.

Notation 3.1. We use the shorthand notation 7. for T3 8, when c is the clan
parametrizing the K-orbit Q..

3.1. We begin by describing the moment map images of the closures of the conormal
bundles to K-orbits in B. Each ¢ € Cl is of the form (1<) or (4+¢) with ¢ € C,
the set of clans for (G', K') as in (2.3). The following lemma gives u(7%.) in terms of
wu(Tw). This lemma follows from [32, §3.5].

Lemma 3.2. Let ¢ € C/' and suppose that i(Ty) = O,. Then

.. Ok+2, k<n-—2
Tihreny) =95
(1) #(Ttre) {On, k=n-1.

Proof. Recall that if ¢ <> w as in Proposition 2.5, then u(7.) = B-nnNn® C py =~
sym'(n). This is O; exactly when n N n¥ contains a matrix of rank I, but no matrix
of higher rank. Suppose ¢ <> w' € W' = W(C,,_1).

Consider ¢ = (1¢). Then ¢ <> w = s9,,w’, by Lemma 2.9. It follows that A(n N
n?) = A(' Nn'®"). Check: A(n) A1) ={B3€ At :(B,e) >0} and s9., 8 = 3, for
BeAM). Now € AnnNn'?) <= € A)and w'~(B) >0 < B € A(n)
and w'"lsy, B >0 < B € A(nNnv). Therefore, (i) holds.

Now consider ¢ = (4 ¢). Then, by Lemma 2.9, ¢ <> w = ow', 0 = $,,_1 ... 5281,
where s, is the simple reflection for the i*" simple root. Then

o !AmNnY) ={e +¢:j=12,...,n)UA@R Nw'™). (3.3)

We check this. Since 0 € Wg, o(A(py)) = A(py). Therefore, a € o7 tA(nNnv)
< o(a) >0and wlo(a) >0 < a > 0and w''a > 0. It follows , since w’
permutes 2,3,...,n, that any « in the right-hand side of (3.3) is in o 'A(n N n¥).
On the other hand, suppose a € o7 *A(n N n®). Then either a« € A(n)~A(n') (so
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a=e+e¢)orac Al) (soa € A Nn'"), since w' ! (a) € nNg' =n'). Therefore
« is in the right-hand side.

Since p(T4¢)) = B -nNn¥, we need to determine the maximum rank of a matrix
in nNn® C sym'(n). By (3.3) nNnY is the set of matrices
T
X = X , T1,...,T, arbitrary and rank(X’) < k.
T
The rank of X is at most k£ + 2. When rank(X’) = k and £k < n — 2, then X =
X'+ X, + X, will have rank k 4 2 for some j = 1,...,n — 1 (by choosing j so

that the jth column of X’ is a linear combination of the other columns). When
rank(X’) = k =n — 1 (so no such j exists), X = X' + Xy, has rank n. O

In analogy with geometric cells for Weyl groups, we set
Cy (k) :=={ceCl: u(T.) = O}
By Appendix B, C,(k) is the set of all clans for (G, K) with u(T,) = Oy. Restating
the lemma slightly we have
Cy(n) ={(+c): ¢ € Cy(n—1)UC(n—2)} and
Co(k) ={(+¢):deC(k—-2) u{(lc): ek}, 2<k<n-—1, (3.4)
Cy(k) ={(1c): €C(k)},k=0,1.

A simple counting argument gives the size of each C,(k).

Proposition 3.5. #C,(k) = <[Z])

2

Proof. We use induction on n . For n = 1 there are just two clans: u(7T(4)) = O; and
1(Ti1y) = Op, and the statement holds. For n > 1,

#,(k) =#C! (k) +#C, (k — 2) = (” - 1) + ({,} -1 ) - <[Z]),2 <k<n-—1,

5] 3l — 3

st () ()~ ()
ey (k) =*€ (k) = 1,k =0, 1. i 2 2

O

3.2. For arbitrary irreducible Harish-Chandra modules, if AV (X) = O'u---u o,
then the G-saturations of the O coincide and the closure of this complex orbit O€
is the associated variety of the annihilator of X. See [31]. A complex orbit closure
OC is the associated variety of the annihilator of some irreducible Harish-Chandra
module of infinitesimal character p if and only if O€ is ‘special’ in the sense of [17].
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This fact follows from the results of [1]. The special orbits are known and are listed,
for example, in [9)

The orbits of interest to us are the O,k = 0,1,...,n. An orbit OF is special if
and only if k is even or k = n.

To each complex nilpotent orbit OF is associated an irreducible W-representation
7(O°) ([25]). There is a procedure for the classical groups (described in [9, §10.1])
of associating to the partition parametrizing a nilpotent orbit, a pair of partitions
parametrizing the Weyl group representation m(O€) in terms of Lusztig’s symbols
([17]). For the orbits OF one sees that

&mh@@f:Q%)k:QL”wn (3.6)

2

Harish-Chandra cells are defined in [2]; they partition the irreducible Harish-
Chandra modules of infinitesimal character p. It follows easily from the definitions
that any two irreducible representations in the same Harish-Chandra cell have the
same associated variety. It also follows that if a Harish-Chandra cell €y contains
one highest weight Harish-Chandra module then Cpe consists entirely of highest
weight Harish-Chandra modules. By our discussion of special orbits, we know that
the only nilpotent K-orbits occurring as associated variety for a Harish-Chandra cell
of highest weight Harish-Chandra modules (infinitesimal character p) are Oy, with k
even or k = n. It is also a fact (Appendix B) that if irreducible representations in
a Harish-Chandra cell have associated variety Oy, then the cell consists of highest
weight Harish-Chandra modules.

A Harish-Chandra cell Cy¢ determines a representation of W on a subquotient of
the coherent continuation representation ([2]). This representation is spanned by Cpc
and will be denoted by V(Cy¢). If O is the associated variety of the annihilator of
representations in Cxc, then the special representation 7(OC€) occurs in V(Cyc) as
a W-submodule ([29, Cor. 14.11]). The results of [21] tell us much more. Theorem 7
of [21] states that all Harish-Chandra cell representations V(Cp¢) for Sp(2n,R) are
of the particular type, called ‘Lusztig’. It follows that the decomposition of V(Cp¢)
into irreducible W-representations may be determined explicitly in a combinatorial
manner in terms of the symbols. This procedure is given in [18, Ch. 12] and is
described in a convenient way in [20, Thm. 2.12].

For the orbits O, one sees that if the associated variety of annihilator for Cy¢ is
@kc (so k is even or k = n) the W-representations V (Cp¢) are as follows. If k is even
and nonzero, the symbol of 7(OF) is

0o 1 2 - n—k n—k+2 n—k+3 - n—%+1
1 2 3 - ‘

k
n =3

The ‘Lusztig’ left cell is a sum of this W-representation and the one with symbol

0o 1 2 . n—%41
1 2 coon—k n—k+2 n—k+3 - n—= '

2
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One easily checks that this symbol is the one for m(OF ;). If k = n is odd, then
V(€ ) is the irreducible representation (OF). This gives the following proposition.

Proposition 3.7. If Cyc is a Harish-Chandra cell consisting of irreducible Harish-
Chandra modules of associated variety Oy (so k is even or k = n), then as W-
representations

T(O9) e n(OF ), ifk >0 is even
7(OF) if k=0 ork=n, odd

n /o

V(Che) = {

and
)+ (")), k>0,k even,
e = ¢ (W), k=mn,k odd,
1 k=0

3.3. In this section we explicitly determine the Harish-Chandra cells of highest weight
Harish-Chandra modules.

Lemma 3.8. For k =0,1,...,n and either k even or k = n, there is an irreducible
highest weight Harish-Chandra module of infinitesimal character p with associated
variety Q.

Proof. Let Q; be the K-orbit in B corresponding to the clan ¢; = (+---4+12...n-1).
We first show that Q; is smooth. By Prop. 2.5, Q;, = Zyy,wp = (nn-1 ... n-l41-1-2 ...
It is easy to verify that w; has maximal length in its W (C,,_;) coset. Let m; : 8 — §
be the natural projection, where §; is the generalized flag variety of parabolics conju-
gate to q; defined by A(l) = (S~ {ay,...,q}). It follows that Z,, = 7, ' (Bw; - q;).
So Z,, is smooth if Bwj - q; is smooth. However, w; and the long element wg o of
W(K) are in the same W (C,,_;) coset, so Bw; - q; = Bwg - q;. Now

—
K -q D wgoBYs0 - q = Bwky - q = BwgoB-q D BukoB-q =K - q,

It follows that Bw; - q; = K - q; ~ K/K N Q) is smooth, so also Z,,,.
By smoothness, AV (Xq, ) = u(1t,). The Weyl group element corresponding to ¢
is
wy = (nn-1...n-l+1-1-2...-(n-1)),
and p(7,) = B-nnNn*. Since AlnNn") ={g+¢:1<i<n,n—101+1<j<n},
a matrix in nNn® C sym'(n) has the form
[A 0

C SlAtSn_l:| ’ A € M(”—l)xla C € SymT(l)

The maximal rank of such a matrix is min{2/,n}. Therefore, all O, with either k
even or k = n occur as associated varieties . O]
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Remark 3.9. The representations Xo, in the above proof are the cohomologically

induced representations Rg, (C), where q; is defined by H; := 22:1 &, (A(q) ={a:
(H;, ) = 0}).

Remark 3.10. The lemma also follows from [13, §7]. It is proved there that the
k
unitary spherical highest weight modules with highest weights Ay = —§An (A, the

n' fundamental weight) have associated variety Oy, for each k = 0,1,...,n. The
infinitesimal character A\, + p is integral exactly when % is even or & = n. This
infinitesimal character may be singular, but the translation principle says that, when
k is even, there exists a highest weight Harish-Chandra module with infinitesimal
character p and the same associated variety.

Corollary 3.11. For each k even and for k = n (when n is odd), 0 < k < n, there
is evactly one Harish-Chandra cell Cyc (k) consisting of irreducible Harish-Chandra
modules of associated variety Oy. The sizes of these cells are

#Cpe(k) = {

("Zl), k even

(i), k =mn odd.

2

Proof. Existence is Lemma 3.8 and the size is Proposition 3.7. The uniqueness fol-
lows from our comment that only highest weight Harish-Chandra modules can have
associated variety Oy by checking that the Cyc(k)’s exhaust all 2" highest weight
Harish-Chandra modules. For n even

Z Chc(k) = i #Crc(21)

k even

n

=* Cyc(0) + > #Cpe(21)
=1

When n is odd one similarly gets

Z #GHc(k‘) —l—# eHc(TL) = 2".

k even

The Harish-Chandra cells may now be described exactly.
Proposition 3.12. The Harish-Chandra cells Cpyc (k) are as follows.
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(1) €uc(0) = {C}.

(2) If n is odd, Cyc(n) consists of all highest weight Harish-Chandra module Xq
of support Q with Q having clan in Cy(n).

(8) If k is even, Cyc(k) consists of all highest weight Harish-Chandra module Xq
of support Q with Q having clan in C,(k) U C,(k — 1).

Proof. (1) is clear. For (2), each Xq with Q € €,(n), has associated variety O,, (since
this is already the moment map image of the conormal bundle for the support). But
#Crc(n) =7C4(n), so (2) follows.

We check (3) by applying induction to k (even). Note that
#Cho(k) =7C,(k) +7C,(k — 1), (3.13)

and

if Xo € Cue(k), then Q € C,4(j) for some j < k. (3.14)

If k = 2 the statement of (3) holds as no Xo,Q € C,(j) with j > 2 can have associated
variety O,. Therefore, Q € C,(2) U €, (1) (since Q ¢ C,(0)).
Now assume (3) holds for k < k' and suppose that AV (Xgq) = Op. Then Q €

U;<wCy(7). But since (by induction) all Q € Uj<y_2C4(j) are accounted for, Q must
be in Cy(k') U €, (k' — 1), O

4. A LEMMA

The Riemann-Hilbert correspondence gives an equivalence of categories between
M (Dg, K) and a derived category of perverse sheaves. The characteristic cycle of
a perverse sheaf is defined in [14]. It is shown there that if X € M.(Dg, K) and
RH(X) is the corresponding perverse sheaf, then CC(X) = CC(RH(X)). If X €

M(g, K) is irreducible and X is the corresponding localization (and supp(X) = Q),
then RH(X) = I'Cg, the intersection cohomology sheaf. This complex of sheaves
depends only on the topology of Q.

4.1. Normal slices. Let w;,w € W with Z,, C Z,. Consider the affine open
neighborhood
le :wlﬁ'l’o, o= Db € B,
of xy, = wy - o in B. Here b = h + n is the fixed Borel subalgebra of §1.1 and
N =exp(@), 1:=>,a+ 6. Then
U, N (B - y,) = w1 (N Nw; ' Bw,) -z

= (wlﬁwfl N N)w1 +Xo

=exp(MrNn) - xy,.
Therefore,

S1 = exp(M” NM) - x4,
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is a normal slice to B-x,,, at x,,. This means that (i) S} is smooth, (ii) S;N(B -z, ) =
{7, }, and (iii) T,, Si + Ty, (B - 1y,) = T, B. We want to understand Z,, N Sy;
this will tell us about the occurrence of Tz, in CC(I'Cy,).

Now assume that wy, w € YW. We consider two cases.
Case I. w < c= (1), w; + (1¢).
Case II. w <3 ¢ = (+),w; & (+¢)).
Let w' < ¢ and w] < ¢}, then w},w’ € W, as described in Lemma 2.9.

In the following discussion we view G’ as a subgroup of G as in §1.1. The flag
variety of B’ is G’ - (bNg') ~ G’ - b. It follows that, on identifying B with isotropic
flags in C", B’ consists of those isotropic flags (F;) so that F; = Ce;.

Lemma 4.1. Let w, € W. Then RNAY, & NA™ C p_ ~ symf(n).
(a) In case I, ANAY = @ N @A™,
(b) In case II, ANt = o(W NW"" ) Uo (p_~p_).

Proof. In case I, Lemma 2.9 tells us that wy = so,w| and w = sg, w’. Therefore,

a €AnNn") <= a>0and w;'a >0
<= a>0and w sy a0 >0
<= a>0and w'a>0,a € AW).
The last equivalence holds since w| 'sy, (€1) = —€; and so no root w}(—e; + ¢;) is
positive.

In case II, Lemma 2.9 says that w; = ow|. Let a = o(f) € o®@ Nuw") U
o (A(m)NA®)). Then a > 0 and w;'a = w'o~ta = w{'B > 0. This is clear
when 8 € W N, When 8 € A(n)NAW), w; ' = ¢ + ¢ > 0 (some k), since
wh(€e) = €. O

Appendix A gives a description of the relevant Schubert varieties in terms of flags.
The statement (Proposition A.9) is that for a = (ay,...,a,) defined by

a; = #{j :w(j) >0 and 5 < i},

Zw = {(F;) : dim(F; N (C" x {0})) > a;,i = 1,...n}. Viewing Z,, € B’ as a flag in
B,

Zy = {(F) : dim(F, 1 (C" x {0})) > d\i = 1,...n},

a, = #{j : w'(j) > 0 and j < i}. From the form for w’ given in the proof of the above
Lemma, we have

in case I, a, = a; + 1,
. , (4.2)
in case II, a; = a;.
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The following is our main geometric lemma. We write S| for the slice in B’ defined
by w). Therefore, we have the coordinates
p1:aNnt — S, p1(X) = exp(X) - 2y,
/ 4.3
@ NA" = ST (X) = exp(X') - 2y, (43

Lemma 4.4. With wy,w € W and wi,w" € W' as above and with Z,, C Z,, we
have

ZyN Sy~ Zy NS,

Proof. We prove the two cases separately.

Case I. In this case we have n N A" = n' N "', so it suffices to show that for
X ennu”, ¢1(X) € Z, if and only if ¢|(X) € Z,,. Note that the flag z,, has first
term Ceg,, since so, (1) = €.

Since X e’ C ¢,
01(X) = (F;); F; = Ceg,, @ exp(X) (span{ewl(j) 1j=2,3,.. ,z})
01 (X) = (F)); F/ = Cey @ exp(X) (span{ewzl(j) 1j=2,3,..., z})
= Ce; @ exp(X) (span{ew, ;) : j = 2,3,...,1}).
It is clear from this that
dim(F/ N (C" x {0})) = dim(F; N (C" x {0})) + 1.
By equation (4.2), it follows that (F}) € Z,, <= (F}) € Zy .
Case II. In this case nNA" = o (ﬁ’ N+ > g(_el_ef)) . When X =0(X'), X' €
o NA™, we have
p1(X) = exp(0(X')) - 0
= exp(o(X"))o - Ty
= gexp(X') - Ty
= o1 (X).
Now write ¢1(X) = (F;) and ¢} (X’) = (F/), so the above calculation says (F;) =
(o F}). Then
01(X) € Z,, <= dim(F;N(C" x {0})) > a;
< dim(cF/ N (C" x {0})) > q;
< dim(F/ N (C" x {0})) > a;, since o(C" x {0}) = C" x {0},
— ¢(X') € Z,, by (4.2).
It will follow that Z,, NS, = 0(Z,,NS7), once we show that if X = o(X")+0o(Y), X' €
WNAY and Y € >, 80979, then ¢1(X) € Z,, can only hold when Y = 0.

We now check this. Write ¢ (X) = exp(a(X’) + o(Y)) - 2, = (F;). Then F} =
exp(a(X)+0o(Y)) - Ce, =cexp(X' +Y)-Cey = gexp(Y)exp(X')-Ce; = gexp(Y)-
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Ce;. Thus, F} is the span of

1 1 0
0
1 : 1
gexp(Y)e; =0 " 0 1 o | = |n
Yn - W o 1 [ |

Since w = (n--+), a; = 1. Therefore, v1(X) € Z,, implies dim(F; N (C" x {0})) > 1.
This can only happen when Y = 0. 0

4.2. Let wy,w and w},w’ be as in the preceding section. In particular Z,, C Z,, and
Zy, C Zy. From Lemma 4.4 we may conclude that CC(I'Cg,) contains [T 2, B]

with the same multiplicity that CC(I'Cy ,) contains [T ,B'].
w1
Since w <+ ¢ means Z,, = Q. we may conclude the following proposition.
Proposition 4.5. Let c,c; € Cl and Q., C Q..

(1) If c = (), c1 = (+¢)), then T, occurs in CC(X,.) with the same multiplicity
that T, occurs in CC(Xy).

(2) If c=(1¢),c1 = (1¢)), then T, occurs in CC(X.) with the same multiplicity
that T, occurs in CO(Xy).

5. CHARACTERISTIC CYCLES

In this section we determine all characteristic cycles of highest weight Harish-
Chandra modules.

5.1. In §2.2 we showed that for two orbits Q;,Q whose closures are supports of
highest weight Harish-Chandra modules, Q; C Q implies p(75 8) 2 pu(73%). This
immediately gives us that

Q, € C,(i) and Q; € €,(j) with i < j implies Q; € Q;. (5.1)
This leads to an immediate narrowing down of possible terms in characteristic cycles.

Proposition 5.2. Suppose k is even and 0 < k < n. Let Xq € Cpc(k) with
supp(Xq). Then the following hold.

(1) If Q € Cy(k) and T5 B occurs in CC(Xq), then Q € Cy(k).
(2) If Q € Cy(k — 1) and T B occurs in CC(Xq), then Q; € Cy(k) UCy(k —1).

When n is odd and Q € Cy(n), if T3 B occurs in CC(Xq), then Qi € Cy(n).
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Proof. Let k be even and suppose Tg B occurs in CC(Xg). Then we know that (i)
w(T5B) C AV(Xq) = Oy and (i) Q; C Q. Suppose Q; € €,(j). When Q € €,(k),
(i) says j < k and (ii) (along with (5.1)) gives 7 > k. Now (1) follows. When
Qe Cy(k—1), (i) and (ii) give j < k and j > k — 1. So (2) is proved.

For the last statement, if Q; € C,(j) and Q; C Q, then by the comment immediately
before (5.1) we have pu(Tg B) 2 O, so Q1 € Cy(n). O

5.2. We now determine the characteristic cycles of those Xq with Q <» ¢ = (+¢/) € CL.
It is a fact that such X are cohomologically induced representations Rg(Z), where
g = [4u. It is a general fact that characteristic cycles behave well under cohomological
induction. We will rely on our Proposition 4.5 directly.

Proposition 5.3. Let Q have clan ¢ = (+c') € Cl and let Xqo be the highest weight
Harish-Chandra module with support Q. Suppose Q" corresponds to ¢ € Cl' and

CC(Xg) =Y mg [Ty

Let Q) be the K'-orbit corresponding to ¢, and Qy corresponding to ¢; = (+¢}). Then
CC(Xq) =) me[Te,]. (5.4)
0’1

Proof. Since the clan of Q is ¢ = (4¢), no Q; with clan beginning with 1 can be in
the closure of Q. So, by point (b) in Section 1.2, Q; has clan of the form ¢; = (+¢}).
Now Proposition 4.5(1) says that for such Q;, 75 B occurs in CC(Xg) if and only if

75,8 occurs in CC(Xqo) (and with the same multiplicity). O

Now consider the cell Cyc(n) when n is odd. By Proposition 3.5, Proposition 3.7
and equation (3.6) we conclude that Cpc(n) = C4(n) and the cell representation is
irreducible. It follows from [12] and [1] that the irreducible representations in Cyc(n)
have distinct annihilators. From equation (3.4) each irreducible representation in
Crc(n) has support parametrized by a clan of the form (+ ¢’), so the characteristic
cycle of X, is determined by Proposition 5.3. By Proposition 5.2, each irreducible
representation in Cyc(n) has leading term cycle equal to its characteristic cycle.
These facts are summarized in the following proposition.

Proposition 5.5. If n is odd, then Cyc(n) = C4(n) and the corresponding cell rep-
resentation is irreducible. If X. is an irreducible representation in Cyc(n), then the
support Q. has clan of the form ¢ = (+¢) and LTC(X.) = CC(X,). The irreducible
representations in Cyc(n) have distinct annihilators.

5.3. In this section we give the characteristic cycles for the low rank cases. Forn =1
(SL(2)), the clans are (+) and (1); both characteristic cycles are just the conormal
bundle closure of the support (since the closures of the supports are smooth).
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When n = 2, (3.4) and Proposition 3.12 give the cells as listed on the following
table. To verify the formulas for the characteristic cycles, let’s first look at (++), (+1)
and (12). The closure criterion and the 7-invariant criterion imply that C'C(X.) for
these clans is just the conormal bundle closure to Q.. This also follows from the fact
that the three K-orbit closures with clans (++), (+1) and (12) are smooth. Now
consider ¢ = (14). The moment map image is too small to be the associated variety,
so there must be some T, ¢ # ¢, occurring in the characteristic cycle. The 7-invariant
criterion excludes all but ¢ = (+4). Therefore, CC(Xa4)) = [Ta4)] + m[T(44)], for
some m > 1.

To establish that m = 1, we consider coherent continuation. Let sy be the simple
reflection for the long simple root. Then in the coherent continuation

sy Xy = Xap) + X and $o - Xtp = XG4 + X

This formula may be found, for example, using the ATLAS software. Using the
W-equivariance of the CC map (]26])

s2- [Ti14)] = 82- CC(X(44)) = CC(s2- X(34))
= CO(X(44) + X(41)) = [Ti41)] + T4

This gives
s2 - [Tn] +m ([Tie)] + [Ty))
= sz [Tap] +msz - [T(14)]
=5 CC(X1y))
=CC(s2- X))
= ([Tap)] + m[Tp)]) + [Tre)]
Therefore,

52+ [Ti4n)] = [Tp] + (1= m) [T
However, the action of sy has nonnegative coefficients (as is not in the 7-invariant),
so m < 1. Therefore the multiplicity m is one.

Alternatively, one may compute a normal slice to get a cone in C*. Thus the
multiplicity is the same as that of {0} in the nilpotent cone in s[(2). This multiplicity
is know to be 1 ([10, §3]).

| [clan | dim(Q) [ tau | Cyc [ Cy | | CC |
T++] L [ 1] 2 |2 Ton)
o 41| 2 2| 2 |2 T
3. 1+ 3 1 2 1 T(1+) + T(-H—)
112 4 [12] 0 |0 Tos)
Sp(4,R)

Now consider n = 3. Proposition 5.3 gives the characteristic cycles for clans of
the form ¢ = (+¢). If we can exclude conormals of the form T(, . from occurring
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in CC(Xq,), then Proposition 4.5(2) will determine all CC(;»). This gives the
characteristic cycles on the following table.

| | clan | dim(Q) | tau | Cpuc | €, | CC |
Tl+i+] 3 |12 3 |3 Toors)

2/ 4+1| 4 | 13| 3 |3 Teeen

3. +1+ 5! 2 3 3 T(+1+) + T(+++)
L1++] 6 [12] 2 |2 Tors)

5. +12 6 2,3 2 2 T(+12)

6. 142 7 1.3 2 2 T(1+2)

7.1 12+ 8 1,2 2 1 T(l 24) + T(1++)
5123 9 [123] 0 |0 Tias)

Sp(6,R)

Let us argue that () cannot occur in CC(X(1,¢)). We know that CC(X(123)) =
[T(123)], since (123) <+ Q = B (smooth). The other three clans of the form ¢ = (1¢)
are in Cyc(2), so any T, in CC(X.) must have ¢; € C,(1)UC,(2). The only possibility
of the form ¢; = (+¢}) is ¢ = (+12). However, ay € 7(c¢1) ~ 7(c), showing that T,
cannot occur in CC(X (). For arbitrary n we will use Lemma 5.8 to exclude T{4 o)

from occurring in CC(X (1 ¢y for all cells except Crc(n), n even. This is contained in
§5.4.

When n = 4 there is a new phenomenon. For the cells Cyc(0) and Cyc(2) the
argument for the C'C is exactly as in the n = 3 case. For Cpyc(n),n = 4, Tive)
cannot be excluded from CC(X(1)). In fact T(y ) and T(; ) are exactly the terms
appearing in CC(X,) as ¢} runs over all clans for which T, occurs in CC(Xy) for
the smaller group G'. We deal with Cgyc(n) (n even) in §5.5. The following table of
characteristic cycles will then be justified.
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| | cdan [dim(Q)| tau |Cpc|Cy ] CC

1| ++++ 6 1,23 4 |4 J

2. | +++1 7 1,24 4 |4 T4+

3. ++ 14+ 8 1,3 4 4 T(-H- 1+4) —+ T(++++)
4. | +14++ 9 2,3 4 |4 T+ 144

5. | ++12 9 1,34 4 |4 Ti4+12)

6. | +1+2 10 24 4 |4 T4 142

7. 14++4++ 10 1,2,3 4 3 Tgg+) T Tige )
8. | 14++2 11 1,24 4 13 T4y + T4+
9. | +12+ 11 2,3 4 13 Tiyio4) + T4 144
10. | 1+24 12 1,3 4 | 3 | Tiyor) + Tgsp) + Tihr14) + T4
11. | +123 12 2,3,4 2 ]2 Ti+123)

12.| 1423 13 1,34 2 ]2 Ti1423)

13. | 124+ 13 1,23 2 ]2 Ti1244)

14.| 12+3 14 1,24 2 ]2 Ti12+3)

15.| 123+ 15 1,23 2 1 Tii234) +Tl1o44)
16.| 1234 16 1,234 0 |0 Ti1234)

=
0
Z

5.4. We now turn to Q with clan of the form ¢ = (1¢) and we determine C'C(X.)
when ¢ € Chc(k) with k even and k # n. Note that in the case of k = n, n odd, is
contained in Proposition 5.5. The case of Cyc(n), n even, is left for §5.5.

Proposition 5.6. Suppose k is even and k # n. Let ¢ = (1) € Chxe(k). If
CC(Xy) =) my[T,], then

CO(Xae)) =Y me[Tae)- (5.7)

Proposition 4.5(2) says that all terms on the right-hand side of (5.7) occur with
the stated multiplicities. The lemma also says that no other 7{; o) can occur.

The following lemma completes the proof of the proposition by excluding any term
T(4 ¢y from occurring in CC(X,).

Lemma 5.8. Suppose k is even and k #n. If c = (1) € Cye(k) and T,, occurs in
CC(X,), then ¢y is of the form (1c;).

Proof. Suppose that ¢; = (+¢}) occurs in CC(X,), c € Cyc(k). We use induction on
n to obtain a contradiction. The cases n < 3 have been established in §5.3. Assume
n > 3. By Proposition 5.2, ¢; € Che(k).

Step 1. If c=(1+2...)and ¢; = (++1...), then T, does not occur in CC(X,).
To prove this we assume otherwise. For o = «u, 5 = a1, both ¢ and ¢; are in the
domain of T,3 = T9. By Lemma 2.12

T, 4(c) occurs in CO(X0))- (5.9)



25

By (2.15)

Toeﬁ(c) = (+12 )
Tos(c) = (+14+...).

Proposition 4.5(2), (5.9) tells us that
Ti1+..y occurs in CC(X (2. y), for G' = Sp(2(n — 1)).

Proposition 4.5(1) implies
T(+...y occurs in CC(X (1), for G" = Sp(2(n — 2)).
Since ¢ = (1 +2...) € Cuc(k), we have (+1...) € Cy(k). Therefore, (1...) €

tc(k —2). Since k — 2 # n — 2, our inductive hypothesis says that no T(;. ) can
occur in CC(X...y) (for G" = Sp(2(n — 2))), giving a contradiction.

Step 2. Now consider arbitrary ¢ = (1¢) and ¢; = (+¢}). Then ¢ = (+---+1...)
with 7 > 1 consecutive +’s at the beginning. Note that if no ‘1’ occurred, then we
would be in Cy¢(n), which we have assumed from the beginning is not the case. Since
7(c1) 2 7(c), ¢ must have a ‘4’ in the r*® place:

c=(1l... +m...)

aa=H--+1...).
There are two possibilities:

c=(l...44+m...)

ca=(+-++1...) (5.10)

and

c={1...m1l4+m...)
co=(+-++1...). (5.11)

Let a = a,, 8 = a,—1. Then in both cases, both ¢ and ¢; are in the domain of T,z
and in the first case we have

Tos(c) =(1... + m+...)

5.12
Tos(cr) = (+--+ 1+...) (5:12)
and in the second case we have
Tos(c)=1--+m-1m...
(0) = ( ) 51

Tos(c1) =(+---+ 1 +...).
Continuing we reach the case of

(1+2...)
(++1...).
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This gives that T(441..y occurs in CC(X(142..y) (Lemma 2.12). Since T,g preserves
associated variety, so preserves Harish-Chandra cells, (142...) is in Cyc(k), so step
1 applies, giving a contradiction. O

5.5. The characteristic cycle of any irreducible Harish-Chandra module X € Cgc(n)
with n even is determined in this section. This will complete our description of
characteristic cycles for highest weight Harish-Chandra modules for Gg = Sp(2n,R)
in terms of those of highest weight Harish-Chandra modules for G = Sp(2(n—1),R).
If supp(X) = Q(; ), then we know the characteristic cycle by Proposition 5.3. If
supp(X) = Qu ey with ¢ = (1¢) ¢ Cpe(n),n even, then Proposition 5.6 gives the
characteristic cycle. We address the only remaining case: supp(X) = 5(16/), c =
(1) € Cye(n),n even. The answer is different than when X is in other cells, as the
following proposition shows.

Proposition 5.14. Let X1y € Chye(n),n even. Suppose that

COXo) =Y my[Ty].
Then
CCXaw) =Y mg[Taey)+ Y me[Tise)- (5.15)

The second term on the right-hand side is the leading term cycle.

The remainder of this section is devoted to the proof of this proposition. We assume
that n is even and ¢ = (1¢/) € Cye(n).

Lemma 5.16. If T(, ) occurs in CC (X)), then ¢; € € (n —1).

Proof. By Proposition 3.12 and (3.4), we must show that 7., cannot occur when
c1 = (+c)) € C(n —2)UCy(n —3). This was nearly done in the proof of Lemma
5.8. The same arguments given in Step 1 of the proof of Lemma 5.8 apply to give the
following. If

c=(1+2¢)=(1+2...)
a=H+1éa)=H+1...)
and T, occurs in CC(X.), then
T4, occurs in CC(X(1g), in G”
and (+¢;) and (1¢) are in C}o(n —2). When ¢ € Cj(n —2)UCl(n —3), & €
€, (n —4)UC)(n —5). Induction says this cannot happen.
Step 2 of the proof of Lemma 5.8 applies here. 0

Continue with ¢ = (1¢/) € Cyo(n). Then (by (3.4)) c € Cy(n—1),s0 ¢’ € C)(n—1).
It follows that ¢’ = (+¢”), for some ¢’ € €)(n —2) U C)(n — 3).

Lemma 5.17. Ifc = (1) € Cyc(n), then Ti4 oy occurs in LTC(X.) with multiplicity
one.
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Proof. We proceed by induction on m,n = 2m If m = 1 this is contained in §5.3.
Assume m > 2 and the statement holds for n — 2 = 2(m — 1).

Case 1. First consider ¢ = (+¢”) = (+1...). Then by the comments just before the
statement of this lemma and (3.4), ¢ € €7(n — 3). Write ¢; = (+¢’). Both ¢; and ¢
are in the domain of Ty; and by (2.15)
T21(C1> :T21(++1> = (+1+)
Therefore,
T., occurs in CC(X,)
<= T(414..) occurs in CC(X(412.), by 2.12,
<= T4y occurs in CC(X(12..y), by Proposition 5.3 (for (G', K')),
<= Ty occurs in CC(X(..y) by Proposition 5.6 (for (G”, K")).
The multiplicity is preserved under each equivalence (by Lemma 2.13 for the first).
By induction, the last line holds and the multiplicity is one.
Case 2. Now consider any ¢’ € C)(n — 1) different from (+ + ---+). We reduce to
the above case of ¢ = (4+1...). We know that ¢’ begins with +. Let r be the number
of leading +’s in . Then
a=(H+-+1..)=(++)
c=14+...4+2...)=(1+)
are both in the domain of T, ,. Applying T,,1, moves the 1 (resp., 2) one slot to
the left in ¢; (resp., ¢). Continuing one gets
T32T43 e Tr+1r(C1) = (+ + 1.. )
T32T43 e Tr—i—lr(c) = (1 —|— 2 e )
We conclude that T;, occurs in CC(X.). The multiplicity is one as each Tj.q; pre-
serves multiplicity by Lemma 2.13.

Case 3. Now let ¢ = (1¢) = (1 +---++) and (+¢) = (+ +---+). We show
that CC(X.) = [Ta4-t)] + [T(++-+))- The first step is to show that CC(X.) =
[T4gy] + m[T(44..qy], for some m > 1. Then we show that m = 1 by determining
that

S Tgqy = Tagog) + (1-— m)T(+...+1) + (other terms).
As an, ¢ T(1+---+),5, - T(14..4) is a linear combination of conormal bundles with
nonnegative coefficients [26, §3], so m must be 1.

Consider (14 ---42) and (+---+1). These are in the domain of T,,_;,. By Case
(2) above, T(;...y1) occurs in CC(X14...49). By (2.16),

Ton(l+--4+2)={(1+---+24),(1+---+)} and
Toin(++-+1)={(+--+1),(++--+)}
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Lemma 2.12 tells us that one of T .4y and T(;...414) occurs in CC(X(14...4y). The
T-invariant excludes T(....;14) from occurring. Therefore

CC(X.) = [T.] + m[T(4+4..;y] + (other terms).

The other terms each have 7-invariant containing 7(c) = {ayaa, ..., a,_1}. The only
possibilities are T(12. j4++..+). These are excluded (for & > 1) by Proposition 5.2.
Therefore

CC(XC) = [Tc] + m[T(+++)]

By the W-equivariance of the characteristic cycle map ([26]) s,,-CC(X,.) = CC(s,,-
X.). We compute both sides and compare.

$nCO(X44)) = S [Tagop)) +msn - [Tt
=5, [Tagp)] + msy - CO(X(44...q)), since Qupy...yy is smooth,
=80 [T(4.1)] + MCC(sn - X(44.4))
= 8n [T + MOC (X gy + X(goog) + ZXd), by 2.3, a1, v € T(d),
= Sp* T4y T [T (gp)] + MOC(X(4qn)) +m0 Z CC(Xa)
s Tosny] 4 m [Tl s ]+ m{T] +m 3 CC(X,), (5.18)
since Q(4...11) is smooth.
On the other hand, this is equal to
CC(Sn . X(l-l-"'—l-)) = CC(X(1++) + X(1+...+2) + ZXE), with Op—1, Oy, € T(Xe),

= ([Tas ] + T4 1)) + CC(X a1 42)) + Z CC(Xe)
= ([Tt + m[Thr ) + (Tats)) + [Tt (5.19)
+ (other conormals)) + Z CC(X.), by Case 2 above.

In the last expression ‘other conormals’ means a linear combination of conormal
bundles other than T{ ...y and T{44..14).

Combining (5.18) and (5.19) gives

sn - [Taso)] = Tapen)] + (1= m)[Tisn)] + > CC(Xe) = Y CC(Xy) + (others).
Now observe that 7T{(i4..4) does not occur in any CC(Xg4),CC(X.) since a,—1 ¢
T(+---+ 1), but a,,_1 € 7(d), 7(e). We conclude that

Sp - Toagety = [Ta4)) + (1 = m)[T(14..4)] + (others conormal bundles).
Thus m = 1. O

Our next lemma relies on some general facts about the Goldie rank polynomial of
ann(X) and the leading term cycle of X. Consider for a moment an arbitrary Harish-
Chandra module X for which AV (X) = Ok, for some nilpotent K-orbit Ox = K- f in
p. Write LTC(X) = Zm][m] Then M(W) = Ok, for each j. Since f € N'Np,
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pwH(f) C UTB, with the union over all K-orbits in 8. Therefore, Cq := p~!(f)NTq
is a union of several irreducible components of the Springer fiber p1(f). Thus, to
each conormal bundle for which ,u(TSj‘B) = O there is a ‘fiber polynomial’

g; () = L.t. dim(H"(Cq,, O(N))),

where [.t. denotes the homogeneous part of highest degree. By [8], there is a constant
so that the Goldie rank polynomial P(X) of ann(X) is

P(X) = (const.) > m;q;(N). (5.20)

If the component groups Ag(f) and Ax(f) have the same orbits on p~*(f), then the
set of fiber polynomials is independent.

It is a fact that Ag(f) and Ag(f) have the same orbits on p~!(f) for our pair
(G,K) = (Sp(2n),GL(n)). See [27].

Let us return to the situation of highest weight Harish-Chandra modules for the
symplectic group Sp(2n, R) with n even. List the clans in € (n — 1) as ¢}, ¢, ..., q,
ordered so that Q. C gc} implies ¢ < j. Let

P (\) be the Goldie rank polynomial of ann(X ¢)),j=1,....1and
q;(A) be the fiber polynomial associated to Q(y;cr).

By Proposition 5.5, we know that CC(Xy) = LTC(Xy), all j. It follows from
Proposition 5.3 that CC(X(4 ) = LTC(X(1 ), all j. Therefore, Pi"(), ..., B"(})
are independent, since ¢;(\) occurs in P;*(A) and does not occur in any P;"()) for
i < j (given our choice of ordering).

We also observe that if we write dj, ds, ... for the clans in €} (n—2), then the (+ d;)
are also in Cy(n) and, along with the (+ ¢}), make up all of €4(n). By Propositions 5.3
and 5.2, CC(X( ) contains only conormal bundles of the form 7{, 4). Therefore,
no ann(X ¢)) has Goldie rank polynomial containing any ¢;(\). Furthermore, the
conormal bundle of support is in the leading term cycle for each of X, o) and Xy ),
so the Goldie rank polynomials, hence the annihilators, are pairwise distinct. Since
#Cl(n— 1) + #€, (n —2) = dim(7(OF)) (by Proposition 3.5 and equation (3.6)) the
annihilators of the X, o) and X, g) are all of the annihilators having associated
variety O,. We conclude that if the annihilator of a Harish-Chandra module in
Chc(n) has Goldie rank polynomial containing some ¢;(A), then this Goldie rank
polynomial must be one of the polynomials P;"()).

Now consider ann(X(; ;). By Lemmas 5.16 and 5.17 we know that

LTC(X(1 ep) = > mis[Tis ).

Therefore, Goldie rank polynomial of ann(X(; .,)) is

P;(\) =C; Z mijqi(A),
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for some constant C;. Since, by Lemma 5.17, P;(\) contains ¢;(\), we conclude from
the previous paragraph that each P;()\) is P, () for some k= 1,2,...,1.

Lemma 5.21. For each ¢’ € C)(n — 1), ann(Xq ) = ann(X 4 e)).

Proof. First observe that no two of ann(X C;_)),j = 1,...,1 are equal. This is a
consequence of [21] as follows. Since the cell representation V(Cge(n)) has two ir-
reducible constituents, an annihilator of a Harish-Chandra module in Cy¢(n) occurs
for at most two Harish-Chandra modules in Cyc(n) by [21, Cor. 3]. But we showed
above, that the annihilators of X, o) and X4 4) are pairwise distinct and give all
annihilators from Cgxe(n). Therefore no annihilator from Cpe(n) can occur more
than once among the ann(X(lcg_)),j =1,...,1L

Recall from [12], that two annihilators are the same if and only if their Goldie rank
polynomials are the same. Therefore, it suffices to show that P;(\) = P;"(\), for each
J-

We show that Py(\) = PF(\), k=1,2,...,1 using downward induction on k. First
suppose that k = I. Then P/(\) = > muqi(\),my # 0, by Lemma 5.17. No P;"())
contains ¢;(A) for j < I, as a result of the ordering of the ¢}. So P()) = P"(\).

Now assume Py y1(A) = P (A), Peya(A) = P o(A), . ... Since Py()) contains g ()
(Lemma 5.17) and no P;(\) contains g(\) with j < k, P,(\) must be one of P (\),
P (N), PLo(N),.... But the Py()) are pairwise distinct so the only possibility is
that P.(\) = P (N). O

Proof of Proposition 5.14. By Lemma 5.21, the Goldie rank polynomials of the
annihilators of X -y and X4 ) are the same, so LTC(X(1)) and LTC(X 4 ) are
multiples of each other. We need to show that C' = 1. By Lemma 5.17, T(+c) occurs
in X ) with multiplicity 1. Thus, 1 = Cmy = C. Note that m. is the multiplicity

of T in CC(Xy), so is 1.
The remaining terms in (5.15), those involving 7{; ), occur by Proposition 4.5(2).
O

5.6. We now summarize what has been proved and point out that all multiplicities
are one.

Observe that Propositions 5.3, 5.6, and 5.14 give all characteristic cycles in terms of
those of the smaller pair (G’, K'). Since all multiplicities are one for (Sp(2), GL(1)),
induction tells us that multiplicities are one for (Sp(2n), GL(n)) for any n.

Theorem 5.22. Suppose ¢ € Cl for (G, K) = (Sp(2n), GL(n)). For ¢ € Cl' write
CC(Xe) =>_[Ts]. There are three cases.

(1) c=(+) € Cuc(k),k=0,1,...,n. Then CC(X,) = 3 [T(+)]-
(2) c=(1¢) € Cye(k),k=0,1,...,n—1. Then CC(X.) = Z[T(lc ].
(3) ¢ = (1) € €yc(n),n even. Then CC(Xe) = X[Th ey + 2 [Ti+e)-
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APPENDIX A

This appendix gives an explicit description, in terms of flags, of the the Schubert
varieties appearing in this paper. This description, given in Proposition A.9 below, is
used in our computation of normal slices in §4. It is also used to conclude an important
property (Cor. A.14) of the Bruhat order for the relevant Schubert varieties.

As in the body of the paper, G = Sp(2n) and K = GL(n), with the symplectic
group realized as in §1.1. The Cartan subalgebra b is the diagonal subalgebra and

AT C A(b, g) is the positive system with b = h+ >+ g the subalgebra of upper
triangular matrices.

Recall (1.7) that

W :={w e W : —wpis Af-dominant}. (A.1)
The Weyl group W may be viewed as permutation of n elements along with sign
changes (as in 1.5). If w = (wy,...,w,), then w may also be written in the ‘long

form’ as elements of Sy, as follows.

w = (U, Uz, ..., Usp),
. if w.
wj =47 ;>0 (A.2)
n4+w;+1, ifw; <0,

and uj +ugp_jr1 =n+1, forj=1,...,n.
The flag variety B of G may be identified with the variety of flags (F})i—01,. n
satisfying
{0}y =F,C F;C---C F, c C*,dim(F;) =i and F} is isotropic (A.3)
for all i = 1,...,n. Equivalently, 8 may be identified with flags (F})i=o1... 2, satisfy-
ing
{O}:FO CF,C---CFy_ Can:C2n,

dim(F}) =14, F; is isotropic and Fy,_jx1 = Firi=1,...,n.

(A4)

Let B be the Borel subgroup with Lie algebra b. The following description of B-
orbits in the flag variety is well-known. Let xy := (V;),V; := span{ey,...,e;}. Then
B = Stab(zg). For each w € W, let x,, := w - .

Proposition A.5. Let w € W, written in the long form. Then
B, =B -z, = {(Fz) S dlm(FZﬂV;) = bij,i,j = 1,2,...,n},
where
bij ="{l:1<iandw, < j}. (A.6)
When w € W the B-orbit B, has a particularly simple form. To each w € W we
associate @ = (aq,...,a,) by

a; ="{k : k < i and w; > 0}. (A7)
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When w is written in the long form, this is
a; =" {k : k <iand w, < n}. (A.8)
Proposition A.9. Let w € W and a as in A.7. Then
Zy =By ={(F) €B :dm(F,NV,) >a;i=1,...,n}.

Before proving the proposition, we give a lemma and an example.

If y,w € W are written in the long form, then the Bruhat order is determined by
the following (e.g. [5, page 30]).

y <w ifandonlyifforeachk =1,....,n,{y1,...,yx} < {wy,..., wr}in

the sense that after listing elements of the two sets in increasing order, A.10)
each element of the first set is less than or equal to the corresponding

element of the second set.

Lemma A.11. Let bfj and b; be the integers of (A.6) fory and w, respectively. Then
the following hold.

(1) y < w if and only if b, > b8, i, =1,...,n.
(2) by <bP <B4+ 1,allij=1,...n.

(3) If w e W, then b, = a;.

Proof. (1) If bY, > b for all j, then {y1,...,yx} has at least as many elements less

ij = Yij
than j as does {wy, ..., w}, for all j. So y < w. The converse is essentially the same
argument.
(2) and (3) are immediate. O

It might be useful to consider the following example. Let w = (-143-2); in the long
form w = (8437|2651). Then a = (0, 1,2,2). The following table gives the values of

w
b,

VT 2 3 4]5 6 7 8
1/0000[00O01
21000 11 1 1 2
3100122223
41001 222 34
510 1 2 3|3 3 45
6|0 1233456
71012 3|456°7
8|1 23 4|56 7 8

Observe that a appears as the fourth column as required by part (3) of the lemma.
Part (a) of the lemma tells us that the upper left block determines the Bruhat order.
Write

Fa) ={(F) eB :dm(F,NV,) >a;,i=1,...,n}
For (F;) € F(a), part (2) of the lemma (applied to y) tells us that b?j > b, 0] =
1,...,4. It is important that for each 7, as j runs from 4 down to 1, bj; decreases



33

by exactly 1, until it reaches 0. Therefore, if B, C F'(a), then by part (1), y < w.

We conclude that if B, C F(A), then B, C Z,. Conversely, if B, C Z, , then
by, > b¥ = a;, so B, C F(a). Therefore,

F(a)=|J B, = Zu.

y<w

Proof of the proposition. Let w € W, so the entries of —wp are decreasing (left to
right). This translates, for w as in (A.2), to those entries of w between 1 and n
decreasing (left to right) and the same for those entries between n + 1 and 2n. Let
a" be defined as in (A.7) for w. Then several facts hold.

(1) For each i = 1,...,n,

T -7 ) = — Wy ey - 17
b = a;,—(n—1yj), j=n 'a n n (A12)
J 0, otherwise.

This follows from the fact that the entries of w between 1 and n decrease.

(2) If bf; > b, all i,j =4,...,n, then B, C F(a"). This is clear since the condition
implies by, > b = al.

(3) B, C F(a") implies b}; > bj, i,j = 1,...,n. For this we assume that b}, >
a’,i=1,...,n. Fact (1) and part (2) of the lemma implies b, > b}, i,j =1,...,n.

7 17

We may conclude from these facts that

F(@") = |J By = Zu. O

y<w

Recall that (in general) if « is a simple root, then w(a) > 0 if and only if {(ws,) =
l(w) + 1. Write aq, ..., a, for the simple roots numbered as in (1.4), and s1,...,s,
for the corresponding simple reflections sq,, ..., S4,. For w € W, w(ag) > 0 if and
only if wy < n < w1, when k < n, and w,, < n, when k = n. This is the case if and
only if

biss otherwise.
Also, it follows from part (1) of the lemma and (A.12) that if y,w € W, then
y <w if and only if a! > a’,i=1,...,n. (A.13)

Our description of the Schubert varieties Z,,, w € W gives the following corollary.

Corollary A.14. If y,w € W and y < w, then there exist simple roots oy, ..., q;,
so that ys;, -+, = w with L(ys;, ...s;,) = L(y) + k and ys;, ---s;,, € W, for all
k=1,...,m.

In other words, the closure relations among Schubert varieties Z,,, w € W, are
‘generated by’ simple reflections. This corollary follows from similar statement in

(16, §1].
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Proof. We prove the statement by induction on m = ¢(w) — £(y). When m = 1 the
statement is immediate. Assume m > 1 and let [ be the smallest index for which
aj > ap’. Thus, a] =ay, k=1,...,1—1, s0 by (A.12) the first [ — 1 entries of y and
w coincide. Let w; = p,y; = q1; therefore ¢ < n < p and

W=(p o e | )

w fr— (- .. ql . q?”p ... | DR )’ ql S n’
or

W= (rop oo | )

w=C(q og| ) g <n

Suppose that ¢, = y,. Then in both cases ys, > y and ys; € W. Therefore, induction
applies giving 19, ..., %, wWith ys;s;,...s;, as in the statement of the corollary. O

m

APPENDIX B

It is well-known that the associated variety of a highest weight Harish-Chandra
module is contained in p; ([23]). In this appendix we we show the converse. It is
likely that this fact is known, but we include a proof since we could not find one in
the literature.

Let X be a finitely generated Harish-Chandra module. The associated variety of X
may be computed as follows ([31]). Choose a finite dimensional K-stable generating
subspace of X and filter X by X,, := U, (g)Xo. Here U,(g) is the usual filtration of
U(g) by degree. Let Ix be the annihilator of gr(X) = &X,,/X,—1 in P(g*) (~ S(g) ~
gr(U,(g))). Then the associated variety of X is the affine variety in g* on which all
polynomials in Iy vanish. Since the filtration is K-stable, AV (X) C (g/€)*. Under
the identification g* ~ g (via the Killing form) we have (g/€)* ~ p and P(g*) ~ P(g),
and we identify Iy with an ideal in P(g).

Now assume GR is a group of hermitian type and X is any irreducible Harish-
Chandra module. Suppose X has a highest weight vector (with respect to a positive
system containing A(p,)). Take Xy to be the K-type generated by the highest weight
vector, then X,, = U, (p4 )Xo, so p. C Ix. It follows that AV (X) C p,. We show the

converse.

Proposition B.1. Suppose Gr is of hermitian type and X is any irreducible Harish-
Chandra module for which AV (X) C py. Then X is a highest weight module.

Proof. Let {z1,..., 14} be a basis of p,. Then there is an m/ € N so that 7" € I,
for all 4, since p, C {p € P(g) : p vanishes on AV (X)} = /Ix. Now take m = m'd
and we see that any product xy...x,, € Ix with x; € p,. Therefore,

U (py) :=Un(g) NU(py) C Ix. (B.2)
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Set Y,, := U, (p+)Xo. Then we have
p+Yo1 =Upn(p+)Xo C X1,
(by the definition of gr(X,,)). Therefore,
p Yo 1 CXnanNY,=Y, 1.

Thus, Y,,_; is finite dimensional and €+p, stable. Soif Y;, 1 # 0, then Y,,,_; contains
a highest weight vector. If Y,,_; = 0, then choose the largest £ < m — 1 for which
Y: # 0. Then Y} has a highest weight vector. 0J
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