POSITIVITY OF ZETA DISTRIBUTIONS AND SMALL UNITARY
REPRESENTATIONS

L. BARCHINI, M. SEPANSKI, AND R. ZIERAU

ABSTRACT. This paper studies the positivity of certain zeta distributions associated to simple noneuclidean
Jordan algebras. The distributions are calculated in the cases where they are positive. The main technique
revolves around an explicit form of the corresponding functional equation. Using an identity relating these
zeta distributions to the standard intertwining operators for the associated conformal groups, explicit families
of singular unitary representations are then constructed.

1. INTRODUCTION

The purpose of this article is to give a construction of families of singular unitary representations of
certain simple Lie groups. We consider Lie groups which are related to conformal groups of noneuclidean
Jordan algebras. See Table 1 for a precise list of the groups under consideration. A key property of such
groups is that each has a parabolic subgroup P = LN for which the adjoint action of L on n = Lie(N) has
a finite number of orbits. In particular, there is an open orbit which is in fact dense and has complement
defined by a polynomial equation P(X) = V?(X) = 0. It is well-known that V* defines a family of tempered
distributions (meromorphic in s € C) known as zeta distributions. This family may be regularized to give
a family of distributions which is complex analytic in s. It turns out that this family of distributions is
intimately related to intertwining operators between certain degenerate principal series representations (for
P = LN) and to the unitarity of certain subrepresentations. We show how these distributions play a role in
giving unitary realizations of these representations.

To be slightly more precise, let R, be the regularized distribution corresponding to V~%; see (6.1). Then
our first main theorem is that R, is a positive distribution if and only if s € (—oo,e + 1) U{™ —qd : ¢ =
0,1,...,n — 1}, where d,e, m and n are certain integers which depend on G. Theorem 5.12 states that for
the discrete points s = ™ —qd,q = 0,1,...,n — 1, R, is a quasi-invariant measure on an L-orbit O, in n.
Under our conditions on G there are n + 1 L-orbits O, which we may write as {0} = Oy C O C -+ C Oy;
thus each orbit corresponds to a distribution. Next we consider certain smooth degenerate principal series
representations, which we denote by I(s). We will use the realization of I(s) as certain smooth functions on

n in the usual way. By general principles there is a complex analytic family of G-intertwining operators
As: I(s) — I(—s).
We show that for Schwartz functions f on n

(1.1) (A f)(Y) = Ro((rv f)7)
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where 7y is translation by Y in it and ~ denotes Fourier transform. When s € R the intertwining operator

defines a G-invariant hermitian form (often indefinite) on the image of A4 by

(1.2) (Aufr, Aufa) = [ A A ) dY

for functions f; and fo in I(s). For the following results we exclude G = SO(p, q) (in case 4. on Table 1) as
the results about unitarity are somewhat different in this case. Assume for the moment that s = * — qd,
g=20,1,...,n — 1, so that R, is a quasi-invariant measure on O,. In view of (1.1), formula (1.2) for the

hermitian form becomes
Afidef) = | Ry,
Oq

for Schwartz functions f; and fo on n. Lemma 8.10, Theorem 8.11 and Corollary 8.12 state that the
completion Hy of I'm(As) with respect to this inner product is an irreducible unitary G-representation. For
this we show that the Fourier transform provides a factoring of A, through L?*(O,). We show that this gives
a unitary equivalence between H; and L?*(O,) as P-representations. Therefore the natural (irreducible)
action of P, via the Fourier transform, on LQ(Oq) extends to an irreducible unitary representation of G. A
similar result holds for the continuous parameter s € [0,e + 1).

Our main technique for studying the zeta distributions is a functional equation. Functional equations
in this type of setting have a long history. See for example [25], [22], [3] and [15]. The version we use is
contained in [15]. The distributions Ry are related to classical Riesz distributions and generalizations. For
instance, when G is the conformal group of a euclidean Jordan algebra (i.e., G is of tube type) then families
of Riesz distributions are associated to the open convex L-orbits in n. Many of the results of this article,
such as positivity of the distributions for certain parameters and the unitary realization, hold in this setting.
See for example [7], [9] and [19]. We remark that the main tool used in the case of convex L-orbits is the
Laplace transform. In the nonconvex setting of this article the functional equation becomes the main tool.

Our method is, to some degree, inspired by the treatment of SL(2,R) in [8] and the treatment of holomor-
phic representations in [19]. The representations considered in this article have been studied previously. Our
Corollary 8.12 is obtained in [6] by different methods. The unitarizability of the representations is contained
in [20]. There is some overlap with techniques in [1] and the recent article [12]. We thank I. Muller for

several conversations and for making part of her manuscript [17] available to us.

2. PRELIMINARIES

Each simple noneuclidean Jordan algebra occurs as the abelian nilradical of a maximal parabolic subalge-
bra of a reductive Lie algebra g. There is a reductive Lie group G, with Lie algebra g, having the following

properties.

2.1. G contains a parabolic subgroup P = LN (a Levi decomposition) such that

(1) P and its opposite parabolic are G-conjugate, and
(2) N is abelian.
(3) The symmetric space corresponding to G is not of tube type.

For a given simple noneuclidean Jordan algebra the g and G as above are not quite unique. The choices

for the groups G which we work with are given in Table 1 in Appendix A.
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Therefore we make the assumption that G is a group listed on Table 1. Then G has a Cartan involution
0 so that 6 sends P to the opposite parabolic. We let K be the fixed point group of 6, a maximal compact
subgroup of G. As is customary we write the Lie algebra of G (resp. K) as g (resp. £). The Cartan involution
determines a Cartan decomposition g = € + s.

Following [13] there is an abelian subalgebra b of [N s with the following properties.
(1) There are commuting copies of s{(2,R) in g spanned by {F}, H;, E,}, a standard basis in the sense
that
0(E;) = —Fj and 0(H;) = —Hj,
(Ej; Fj] = Hj, [Hj, Ej] = 2E; and [H;, Fj] = —2F;
with E; € n, F; €nand b =37 RH;.
(2) For ek(Z};l a;H;) = ay, the b-roots in g, [ and n are
Y(g,b)={x(ej —ex): 1 <j<k<n}U{E(ej+ex):1<jk<n}
E(1,b) ={%(¢j —ex): 1 <j<k<n}and
E(n,b)={e; +ex:1<j,k<n}

For each G the roots in n have just two multiplicities, defining integers' d and e:

each short root has multiplicity 2d and

2.2

22) each long root has multiplicity e + 1.
Define

(2.3) (g, b) ={ej —er: 1 <j<k<n}UuX(nb).

Definition 2.4. Taking n = dim(b) as above, we make the following definitions.
(1) The rank of n is n.

(2) Ao = Z;‘L:1 €
(3) xq is the positive character of L with differential 2¢qdA¢ for ¢ =0,1,2,...n.

We will often denote x; by x. The following lemma is easily proved.

Lemma 2.5. Set m = dim(n) and p(n) = % Z a. Then
a€X(n,b)
(1) m=n(dn—1)+ (e +1)),
(2) p(n) = Ao,
(3) det(Ad(0)]n)| = x(€) .

The integers n, m,d and e are listed on Table 1 for each group.
The orbit structure of L acting on n will play an important role. If we set
Xe=E1+--+E;,¢q=12,...,n and Xg =0
then by [16] and [11] the L-orbits in n are precisely
(2.6) 0,=L(Xy), ¢=0,1,2,...,n.

1n the case of SO(p, q), Case 4 on Tables 1 and 2, d is a half-integer. When n =1, d is zero.
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We write Oy = L/S,, S, the stabilizer of X,. As ad(X,,) : [ — n is onto, O,, is open in n; it is also dense.

The orbit O,, is a semisimple symmetric space. Consider

(2.7) r=Ad(]] exp(g(Ej —F))).

j=1

Then 7() C [,7(n) C W and 7(n) C n. Furthermore, 7| is an involution and s,,, the Lie algebra of S,,, is the
subalgebra of [ fixed by 7. Therefore, L/S,, is a semisimple symmetric space of rank n. We will describe the
other orbits and stabilizers in some detail in Section 3.

There is a diffeomorphism of i x L x n onto a dense open set in G given by (Y,¢,X) — fiyfnx, where
ny = exp(Y) and nx = exp(X). Therefore, on a dense open subset of G, there is a decomposition g =

nyfnx. Furthermore, L = M A where A = exp(a),a = ﬂker(ej — ¢;). In particular, the L part of the
j<k
decomposition has a component in A. We define a(g) € A by

(2.8) g € NMa(g)N.

By 2.1 there is a w € K so that Ad(w)n = n. In particular we may define functions on dense open subsets

of m and n by

eholog(a@m)) 'y e[ and

V(Y)
(2.9) _
V(X)=V((X)), X en.
Lemma 2.10. V(Y) (respectively V(X)) extends to a well-defined function on u (respectively n) and the
following hold.

(1) V(Y)? (respectively V(X)?) is a homogeneous polynomial on n (respectively n) of degree 2n.
(2) V(-Y) = |det(Ad(0)[5) |+ V (V) = x(0)"aV(Y) for L € L and Y € &, and

V(- X) = |det(Ad(l)])]|= V(X) = x(0)aV(X) for £ € L and X € n.
(3) Both V and ¥V are invariant under LN K.

Proof. Consider a Cartan subalgebra b of g containing b. Choose a positive system of h-roots X7 (g, h) with
the property that the positive h-roots restrict exactly to the roots in X% (g, b). Let Ao be the extension of Ag
to b (by 0 on bt). Then 2A, is dominant and analytically integral (since each 2¢; is a root). In particular
there is a finite dimensional representation U; of G with highest weight 2A,. Fix an inner product (,)so

that (gu,v) = (u,0(g~')v), for u,v € Uy and g € G. Then for a highest weight vector u,
e2Mo(log(a(g)) — (guy,uy), g€ NLN.

In particular
ﬁ(y)2 — e2Mo(log(a(wny))) _ <wﬁyU+,U+>

is a polynomial in Y. It follows that V(Y") is defined on all of .
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As representation of L, U (the n-invariants in U;) is 1-dimensional and the L-action is by the character
x# (which has differential 2A, on b). Also, Ad(w)|s = —1 and x(6(£)) = x(£~*). Now

V(YY) = (wlryl uy,uy)

= (wlw  wny 0 uy uy)

= X()F (wity g, Owlw™) )
= X(O) " (wyuy, )
= X()77V(Y)?
— (| det(Ad(0) )|+ T (Y)).
The corresponding statements for V follow. O

Remark 2.11. The functions V are closely related to the determinant functions associated to the Jordan

algebras; see Table 2 in Appendix A.

3. INTEGRAL FORMULAS FOR THE ORBITS

As in Section 2, write the L-orbits in n as
Oy=L(X,)=L/Sy, ¢=0,1,2,...,n

The orbit O,, is open and dense in n, and is a semisimple symmetric space. In particular O,, has a unique (up
to scalar multiple) invariant measure, which we denote by v,,. The semisimple symmetric space L/S,, has a
decomposition in terms of K N L and B = exp(b). We note that b is a Cartan subspace in [ perpendicular
to both [N ¢ and s,,. Therefore, the Mostow decomposition is

(3.1) L= (KNL)B"S,,

with BT =exp(b*), bt ={H € b: a(H) >0, for all @« € X7 ([,b)}. The invariant measure on O,, is of the

form

(3.2) /o F(X)dX = /mL /h+ F(kb- X,,)5(b) dbdk.

Since O,, is open in n we may express this measure in terms of Lebesgue measure dX on n. The formula is

(3.3) /O F(X)dun(X):/F(X)V(X)*%dx.

This is easily verified since the action of L on n is linear.
The other orbits however do not have invariant measures. Instead, they have quasi-invariant measures v,

g=1,2,...,n— 1. This means that for each ¢ there is a character ¥ : L — R* so that
(3.4) / F(l- X)dv(X)=x(¢ / F(X)dv,(X).

In general a quasi-invariant measure v on a homogeneous space L/S corresponding to a character y is

determined by
(3.5) /L | Fres)aes) = /L KO F(0)de

where d¢ is a left invariant Haar measure on L and

Fy(6S) = /S Fts)ds
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with ds equal to left invariant Haar measure on S. Letting = denote the modular function for a Lie group,
Y-quasi-invariant measures exist if and only if x is an extension of ESEgl |s to a character of L. The modular
function for a Lie group is Z(+) = | det(Ad(-))|~!. See [14, Section 33] for details on quasi-invariant measures.
In our situation L is a reductive group, so its modular function is 1. We need to compute the modular function
of §,.

We first describe the stabilizers S, = Staby,(X,) in some detail. Let n, be the +2-eigenspace of 25:1 H
in n. Then n, and w, = 6(n,) generate a semisimple Lie subalgebra g, for which the corresponding subgroup
G, satisfies 2.1; we let L, N, be the corresponding parabolic subgroup. Let b, = spang{H;,...,H;}. Then
B(lg, bg) = {£(ej —er) : 1 < j < k < q}. For each g there is another subalgebra nj,_, defined as the

+2-eigenspace of Y. Y H;. The corresponding subalgebras are denoted by b/, _ - v_ q and . q- Then

S, g bhy) = {F+(ej —ex) : ¢+ 1 < j <k < n}. The integers d and e for n, and nj,_, are the same as
for n, unless ¢ = 1 (resp. ¢ = n — 1) in which case d = 0 for n, (resp. nj,_, ). We set m, = dim(n,) and
my,_, = dim(n],_ ). Note that [, and [}, _, commute. The following is straightforward to check.

Lemma 3.6. Let S, = Stabr(X,) be the stabilizer in L of X,. Then the following statements hold.

(1) Qu={t e L:{ -n; Cuny} is a parabolic subgroup of L.

(2) S5 C Qq.

(3) Setting Oy(q) = Lq(Xy), the open orbit of Ly in ng, Qq4/S,
decomposition is Ly = (K N Lg)By(Sq N Lg).

(4) Define NF = exp(nl), where S(nk by) = {e; —¢; : 1 <i < q < j <n}. Then Qq = L L], ,NF
(with NF the nilradical) and Sq = (Lq N Sq)L, NL.

n—q-'q

1%

O,4(q). The corresponding Mostow

Corollary 3.7. The modular function Zs_ for S, has differential 2dq Z?:(H_l

the character x4 on L; this is the character for the quasi-invariant measure on O.

€j. Therefore Eg, extends to

For n, (resp. n},_,) the functions defined in (2.9) are denoted by V,, V4 (resp. Vn o Vin_g)

The standard integration formula in terms of the Mostow decomposition L, = (K N Ly)B,(S, N L,) (see

(3.2)) is
(3.8) /O (q)F(X)duq /K . F(kb- E,)5,(b) dbdk.

The exact form of d,, which is not needed here, is given in [23, Section 8.1]. An invariant measure vJ on

0,(¢) may also be given in terms of Lebesgue measure on n, (as in (3.3)) by

/ F(X)dvi(X) :/ F(X)V,(X)™ " dX.
O4(q) Oq(a)

In the decomposition Qg = LyL],_,NE we may write Ly = MyAg and L], _, = M),_, A} _, so that the
Langlands decomposition of @, is M M, _ A AL q q
Lemma 3.9. For q=1,2,...,n —1 the following formula gives a xq-quasi invariant measure on Oy.

/O F(X) dvy(X /K N /B F(kb - By (0)5,(8) dbdh.

q
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Proof. The standard integration formula for a group in terms of a parabolic subgroup gives us
[xatoswa
L

:/ / / Xq(aa')f(kmm'aa')e%(“g)(aa’) dndada’ dmdm/ dk
KNLJ M M!__ A A NE

Since 2p(n}) = 2d((n—q) > ¢ — 4> yi1 €5) We have x,(ad’) e 20(ng )(aa') = e*@Mo.a(q), for Ag, = S €
Thus,

/ (0)F(0)de

/ / / f(kmam'a'n)e? 0. (a)dndada’ dmdm/ dk
KnLJJMmeA, Iy A INE

qq nqnq

/ / / / f(kmam’a'n)e?™ 0 (a) dndada’ dmdm’ dk
KL JMl,_ AL M A /M ANS, S M ANS, INE

n—q - n—q

/ / / f(kmas)e?™Ao.adsdmdadk
LK JMl_ A

n—q- - "m—q

/ / / / f(kkybs)e?dmho.a ()5, (b) dsdbdk dk
KNL JKNLy JBf J S,

:/ Ff(kb)xq(b) 764(b) dbdk.
KNL JBf

The lemma follows from (3.5). O

Inserting the integration formula (3.8) for the dense orbit O,(g) C n, we obtain the following useful
formula. We remark that normalizations of the Lebesgue measures on n,n and subspaces, and on O, have
not yet been given. We give normalizations of the Lebesgue measures just before Prop. 3.13 and the

normalization of v, will be given in (5.3).

Corollary 3.10. Forq=1,2,...,n —

7

/ F(X) dvy(X / / (k- Y)V, (V)™ dY dk.
(@] KNL Jng

q

Proof. Note that x,,(kb) = V,(kb- X,)%. We therefore have

/ F(X)dvy(X)
O‘I

- / / Fkb - Xq)Yn (b)0,(b)dbdk
KnL JBf

= / / Flk-Y)Vy(Y)"'V (V)" ¢ dYdk
KNL JO4(q)

Since Oq4(q) is dense in n, we may integrate over ng. g

Corollary 3.11. Let ﬁqL =0(nl). Then

/OF( ) dvg (X L/ (exp(u) - X)V,(X)" 7" dX du.

q

Proof. We convert the integral over K N L in the preceding corollary into an integral over ﬁqL using [10,

Eq. 5.25]. We write the ‘ITwasawa’ decomposition of exp(u),u € ﬁqL with respect to the parabolic ), as
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exp(u) = k(exp(u))m, exp(H (exp(u))n, € KMyA;N,. Then

/F ) dvg(X)

/ / (exp(u) - X)Vq(X)"4 5" =20 HExp() g x gy

= L ) / F(exp(u) exp(H (exp(u))) " my tng - X)V, (X)) 75" e 20 H(©0() g X dy

q

Note that exp(H (exp(u)))~tmyn

variables X — exp(H (exp(u))) ™ tmyin;! - X on n, is
/ﬁ / Fexp(u) - X)V,(X)™~ 5 (det(Ad(eH (P, )y yrd="5!

e~ 2r(W )(H(eXP(“)))det(Ad( H (exp( u))| ,)dXdu.

Claim: The terms involving H (exp(u)) cancel out. This follows from

! stabilizes n,. Therefore, by Lemma 2.10 the result of the change of

u

(det(Ad(e (=), Y7q )"d—* 20 H(exp(0) dep(Ad (P (<P, )

— 2adMo(H (exp(w))) — Xq(exp(H (exp(u)))) = 1,
since H (exp(u)) is in the semisimple part of [ (as exp(u) is).
g

We will need another integration formula. This one relates Lebesgue measure on n to Lebesgue measures

on n , ng and n] We take care in normalizing these measures as we wish to obtain exact formulas later.

n—q-
Let By, or simply B, denote the Killing form of g. Then B gives a nondegenerate pairing between n and
n. Recall that m is the dimension of n. Set
n

<7>9 4

mBg7

giving a nondegenerate pairing between n and 1.
Fact : The restriction of ( , )q to g4 X g¢ is (, )g,- To see this note that, since g, is simple and ( , )4 is

gg-invariant, there is a nonzero constant c so that (, )g = c(, )g, on gq X gg. To see that ¢ = 1 compute
(Hi, Hy)q = trace(ad(H1)?) = 7-8(d(n—1) + (e + 1)) = 2,
m

(since m =n(d(n — 1) + (e+1))) and

q
4m

We will use ( , ) to denote ( , )4 for any g. The significance of the above fact is that when we pass from n

(Hy,Hi)g, = trace(ad(Hl)Q\gq) = 8(d(g—1)+(e+1))=2.

q

to ng in the induction arguments below the pairing (, ) is unchanged.
As the form —B(-,6()) is positive definite on g, (, ) defines a inner products on n. Denote this inner
product by (X7, X2)g = —(X1,0(X2)). The corresponding norms

X)) = (X, X)p = —(X,0(X)), X €n, and |[Y||>?=(Y,Y)y=—(Y,0(Y)),Y cn.

determine Lebesgue measures dX on n and dY on 1 in a standard way.
Define

:deﬁem 1<j<g<k<n, and

n:Zg—(eJ-‘rek)v 1§]§Q<k§n
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The inner product (, )¢ is nondegenerate on each of n,n and ﬁ(f . Give n,n and ﬁé the Lebesgue measures

determined by the restriction of {, )¢ to each subspace.

Lemma 3.12. For X e ng (resp. Y' €, ) with Vo(X) # 0 (resp. V,,_q(Y') #0) ad(X) :ﬁé —n (resp.
ad(Y') : n — 1 is invertible. For V,(X) # 0 and H € L'(n)

X)2dn—a) [ H(2)dz = [ H(ad(X)u)du

and for V,_o(Y') # 0 and F € L'(n)

Vi g(Y)2% /t F(Z)d? = | F(ad(Y')u)du

=L
g

Proof. Suppose X € n, and V(X)) # 0. We may write X = (- X, X, = 23‘:1 E;. Fix orthonormal bases of
n and n . We compute the determinant of T' = ad(X) : ﬁg — n with respect to these bases. First we check
that T = ad(X,) : né — 1 preserves inner products (so has determinant 1).

Observe that

q
ad(0.Xg)ad(Xq)u = [0Xq, [Xq, u]] = [u, [0Xq, X,]] Z Hj,u] =
j=1

therefore, —ad(6X,)ad(X,) is the identity on ﬁqL. Now
(ad(Xg)u, ad(Xy)v)e = (ad(Xy)u, 6(ad(Xy)v))
= (—ad(0(X,))ad(Xy)u, 0(v))
= <u7 U>9
We can now calculate the determinant of T with respect to the orthonormal bases of ﬁqL and 1.
det(T) = det(Ad(¢)5) det(ad(X) : n} — 7) det(Ad (¢! )lse
[P L (e

Similarly, for V,,_,(Y"’) # 0, ad(Y") : ﬁqL — T is an isometry and det(ad(Y”) : ﬁqL —n) =V, (Y. O
Proposition 3.13. Let f € L'(n) and h € L'(7). Then

/ f(X)dX = / / / flexp(u) - (X + X))V, (X)X =DdXd X" du

/ Y)dY = / / / h(exp(u) - (Y +Y")V,_,(Y")*¥dY dY’du.

Proof. We prove only the first formula, the second is proved by essentially the same argument. Since

Q.5 = NqLQq is dense in L and the complement is of measure zero,
L —
Nq LQL;qu(Xq + X';qu) - N (nq + nn q)

have full measure in n. We compute the Jacobian of the transformation

. =L /
prngxunlxn,_ —n

(X, u, X') — exp(u) - (X + X')
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and see that ¢ is a diffeomorphism on the open subset of (X, u, X') € n, x ﬁg x nl _, where V,(X) # 0.

n—q
Note that n = n, +n+n],_ . The matrix of the differential of ¢ at (X, u, X') with respect to orthonormal

!

bases of nq,ﬁg, n;,_, and ng,n,n;,_ has the form

* o
~N o O

I
*
*

where T = ad(X) : ﬁg — 1. Therefore the Jacobian is det(T) = V,(X)?¥"~9 as computed in Lemma
3.12. ]

The following lemma, which is essentially only a restatement of the of what is proved above, will be used
in Sections 4 and 5 Let 7, : n — n, be the orthogonal projection (with respect to (, )s). Set Uy, = {X en:
V4(X) # 0}, an open set in n.

Lemma 3.14. For X € ng with Vy(X) # 0, ad(X) : ﬁg — 0 s invertible. The change of coordinates

!

¢ (X, u, X') — exp(u)(X + X') is a smooth one-to-one map ng X ﬁqL xn,_, — n and is a diffeomorphism

L onto Uy. The Jacobian is V (X )?4n=a),

from O4(q) % n,

xn,_,

!

Proof. The Jacobian is computed in the proof of Lemma 3.13. To see that ¢ is a bijection O4(q) xﬁqL XNy, —

Uy write exp(u)(X + X') = X +ad(u) X + (X' + ad(u)?(X)) € ng + 0+ n),_, and use the fact that ad(X

~—

is invertible when V,(X) # 0. O
We end this section with two facts we will need later.
Lemma 3.15. Fora € C
LE—GAO(H(WY))dy
is finite for Re(a) > ™ +d(n —1). '
Proof. This is a standard argument. See [10, Cor. 7.7]. O

We are also interested in the local integrability of powers of V(X) and V(Y). For this we apply the
standard integration formula for a semisimple symmetric space (as in equation (3.2)). The invariant measure
in the polar coordinates (K N L)B* is of the form 6(b)dbdk. It follows from [23, page 149] that |§(b)| <
e2?()(b).

Lemma 3.16. For Re(a) > —(e+1) the function V(X)® (resp. V(Y)®) is a locally Ly function on n (resp.

n) and defines a tempered distribution.

Proof. We use the polar coordinates (K N L)B™ and formulas (3.2) and (3.3) to check that

/+ V(by - X)X §(by) dt < o0,
b

c

where
bj:{tERnZC>t1>t2'-'}
and

by = eXp(Z tiHj).
j=1



SMALL UNITARY REPRESENTATIONS 11
By Lemma 2.10 (b)

V(b Xn) =[] e
j=1

Now
V(bt . Xﬂ)Re(a)—&-%er([) dt = / He(Re(a)+%)Qtj+2d(n—2j+1)tj dty ...dt, < oo
bd e>t1> >t
for Re(a) + & +d(n —2j+1) >0 for j =0,1,...,n,ie, Re(a) > = +d(n — 1) = —(e+1). O

4. FUNCTIONAL EQUATION

The functions V(X)* and V(Y)* are locally L; functions for Re(s) > —(e+1) by Lemma 3.16. Therefore

tempered distributions are defined by the integrals
@1)  Zhs) = / W(X)V(X)* dX, for h € S(n) and Z(f, ) — [ FX)V(X)* dX, for f € S().

Here S(n) (resp. S(n)) denotes the space of Schwartz functions on n (resp. n). Note that in the range
Re(s) > —(e+1) both expressions are complex analytic functions of s. We will see that there is a meromorphic
continuation to all of C and a functional equation relating the two distributions via the Fourier transform.

The fact that there is a meromorphic continuation is well-know ([21], [25] and [22]). The explicit functional
equation (Theorem 4.4) below has been studied in various forms. See [15] and [4]. Theorem 4.4 below
computes the coefficients which occur in the functional equation and is a special case of Proposition 3 in
[15]. When G is a complex group it is contained in [3, Theorem 3.16]. Most of the statements in this section
are contained in [15]; we include the details of the proofs since we will need much of the setup and many of
the formulas which arise.

By Lemma 2.10 P(X) = V(X)? and P(Y) = V(Y)? are polynomials. They define constant coefficient
differential operators characterized by

P(0x)etXY) = P(Y)eY) and P(dy )e™Y) = P(X)elXY),
There is a polynomial b(s) ([2]) so that
P(9x)V(X)® = b(s)V(X)*? and P(dy)V(Y)* = b(s)V(Y)* 2.
In particular, for bg(s) = b(s)b(s — 2)b(s —4)---b(s — 2(k — 1)),
P(9x)*V(X)* = b(s)V(X)**" and P(9y)*V(Y)* = bi(s)V(y)* .
It follows that
(4.2) Z(P(9x)*h, s) = bp(s)Z(h,s — 2k)
and
Z(P(dv)*f,s) = be(s)Z(f,s — 2k)

for Re(s) > 0. Since the left hand side is analytic for Re(s) > —(e + 1), Z(h, s) and Z(f,s) continue to

meromorphic functions on Re(s) > —(e + 1) — 2k for any k. Let {a;} be the set of roots of b(s) and set
S ={o; —20:1€Z;}. Wemay conclude the following lemma.

Lemma 4.3. For h € S(n) (resp. f € S(n)) Z(h,s) (resp. Z(f,s)) has a meromorphic continuation with S
the set of potential poles.
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We now turn to the Fourier transform and functional equation. Recall the definition of the pairing (, )

given in Section 3. Define the Fourier transforms by
mYﬁi/MdeﬂmxwXJMhesm)
and
ﬂXﬁi/ﬂYk””mdeﬂxfeSQ)

The normalization of Lebesgue measure is so that Fourier inversion is

h(X) = h(—X) and f(Y) = f(-Y).

The main result of this section is the following theorem. We let I' denote the gamma function on C.

Theorem 4.4. ([15]) Let s € C and f € S(n). As meromorphic functions

71'% ~ m 77%(75+%) _
(4.5) Fn(s)z(f’s -)= mz(ﬁ —5)
where
it jd
Tn(s) = ] T( 2)
3=0

We begin the proof with a few preliminary propositions. The first step is Weil’s integration formula ([27]).
Recall the subalgebras of g defined in Section 3:

nq:Zggﬁ_q, for1<4,j<gq
n;_q:deﬁq, forg<i,j<n
ﬁq:Zg_ei_ej for 1 <4,j<gq

(4.6) ﬁ;_q:Zg_ei_q for g <i,7 <
ﬁé:Zg_gﬁ_eJ_, forl1<i<g<j<n
ﬁ:deﬁ_eJ_, for1<i<g<ji<n
ﬁ:ngq,q for1<i<g<j<n.

Observe that for u € ﬁg‘

ad(u) : ng — n,

(4.7) ad(u) :n—mn,

ad(u) :w,_, — 0.
Therefore,
(4.8) Ad(exp((v)) = I + ad(u) + %(ad(u))2
on ng and

/

ad(u)? :n, — L

Define the Fourier transform on ﬁ(f by
0) = [ | otwye 20y
g

for ¢ € S(nz). The normalize Lebesgue measure du on ﬁg given in Section 3 guarantees that qAS(u) = ¢(—u).
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Proposition 4.9. ([27], [17]) Suppose that X € ng with V(X) # 0 and Y’ € @, with V,,_,(Y”) # 0.
Then for each ¢ € S(ﬁ(?)

/ d(v — u)e™ WX qudy = v (X))~ OT,_ (V)" [ g(u) du.
g Jng

q

Proof. We follow Sections 13 and 14 in [27]. The first step is to see that

a(u) = gx,y(u) = A0 (00070

is a nondegenerate character of the second degree?, that is ¢ satisfies
(410) q(u + v)q(u)_lq(v)_l — e““ypx,y/(v))

for some linear isomorphism px vy : ﬁqL — H(EqL).
Since [u,v] = 0, ad(u)ad(v) = ad(v)ad(u). Therefore

(Y’, %(ad(u)ad(v) + ad(v)ad(u))(X)) = (Y, ad(u)ad(v)X) = —(ad(u)Y', ad(v) X)
= —{ad(Y")u,ad(X)v) = (u,ad(Y")ad(X)v).

Therefore, taking px y’ = ad(Y")ad(X) we see that (4.10) holds. We also need to check that px y- is a linear
isomorphism. By Lemma 3.12 ad(X) : ﬁg — 1 has determinant V,(X)24"=1 . Similarly the determinant of
ad(Y'):n — G(ﬁé‘) is V,,—q(Y")24". Therefore, ¢ is nondegenerate for X and Y satisfying V,(X) # 0 and
Va_q(Y") # 0. Tt also follows that the Jacobian term appearing in [27, Cor. 2] is V,(X)~4"=9V, _,(Y’)~ %,

To complete the proof we compute the ‘y term’ in [27, Cor. 2]. A formula for « is given in [18, Prop. 1-6]
in terms of the signature of (-, px y/(-)) = (-,0px,v/(-))s. The signature of px y+ is independent of X,Y”

(with V4 (X)V,,_4(Y") # 0), so we will assume that

q n
X=>E; and Y'= > 0(E).
j=1

Jj=q+1

L

Let p = px,y’. Then we claim that the eigenvalues of §p = 0px y- restricted to ,

are 1, each occurring
with the same multiplicity. It follows from this that v(p) = 1.

To see that the claim holds we show that 8p = 67 (with 7 as in (2.7)), then note that the root multiplicities
in the 1 and —1 eigenspaces of 67 are all equal (to d), as observed in [6, Section 1.2].

Both 6p and 07 preserve a-root spaces so it is enough to check that pf = 76 on root spaces for —¢; + €,

1 < q < k. Let Z be in such a root space, then
p(Z) = [Ex, 01E;, Z]].
On the other hand,
T T
T0(Z) = Ad(exp(§(Ei +0(E;)) exp(§(Ek +0(Ey)))0(2).
Now,

Ad (3 (B + 0(E)))8(Z) = cos(5)0(Z) + sin(3)[Ex, 0(2)] = [Ex. Z).

2See [27, pages 145-146] for the definition of a nondegenerate character of the second degree.
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SO
70(2) = Ad(exp(5 (Ei + 0(E.))) ([Ew. 6(2)))
= cos(5) [Br, 6(2)] + sin(3)[0(Ey), [Ex, 6(2)]
= [6(E), [Er 0(2)]
=p(Z).
This completes the proof. O

For f € S(7) define Ty € C*(n, x n,__) by

n—q
Ty = [ flexpu)(y +Y"))du
and for h € S(n) define T), € C*(n, x nj,_,) by

Th(X,X') = /ﬂ hexp(u)(X + X'))du.

The functions T, and Tf are not defined everywhere, for example the integral defining 73 (0,0) is not
convergent (when h(0,0) # 0). The following lemma shows, among other things, that T}, and T (for
Schwartz functions h and f) are defined almost everywhere. Before stating the lemma we make several
observations.

As noted in Lemma 3.12 ad(X) : m} — W is invertible when X € ng and V(X)) # 0, i.e., when X € Oy(q).
This immediately provides us with an estimate in terms of the operator norm of ad(X):

1

m”uﬂ < [fad(X)(w)]] < [lad(X)|lop|ful]-

Since [|ad(X)||op and ||ad(X)~!||op are continuous on O4(q) we may conclude that for every compact set
Q C Oq4(q) there are constants C’,C” > 0 such that
(4.11) C'|ul| < ||lad(X)(u)]] < C"||u]|, for each X € Q.
It follows that for each N € N there exists a constant C' so that
(4.12) (1 + |[ad(X)(u)|])™N < C(1 + ||u||)™", for each X € Q.
Similarly for Y € w;,_, with ﬁ;fq(Y’) # 0, ad(Y”) : ﬁé — 1 is invertible and given a compact set

Vc{Y'en, ,: ﬁ;_q(Y’) # 0} and an N € N there is a constant C' so that

n—q *
(4.13) (1 + [Jad(Y")()|)™ < CA + |Ju||)™", for each Y’ € (0.
Lemma 4.14. Let h € S(n) and f € S(n). Then the following statements hold.
(a) The integral defining Ty (X, X') (respectively, T¢(Y,Y")) is finite when V,(X) (respectively, ﬁln_q(Y’))
is nonzero. In particular, Ty, and T¢ are defined almost everywhere.

(b) For X € Oy4(q), MX + ad(u)(X)+ X') is a Schwartz function in the variables u € ﬁqL and X' €nj,_,.
(c) Let @ C O4(q) be compact and let N € N. Then there is a constant C' so that

(4.15) To(X, X'y <CA+ | XN, for all X € Q.

Furthermore, Ty (X, -) € S(n;,_,) for V4(X) # 0.
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Proof. (a) Let V4(X) # 0. Then, for any N € N there are constants C; and C so that

1
|h(exp(u)(X + X)) = |h(X +ad(u) X + (X' + §ad(u)2(X)))|
< C1(1 + ||Jad(u) X||)~Y, since h is Schwartz in each variable,

< C(L+ |lul)™, by (4.11).

Choosing N large enough, this is an L! function on ﬁé. The corresponding statement for Tf follows from
(4.13).

(b) The linear change of coordinates ad(X) : aZ

q
(c) Since h is Schwartz in each of the n,n, and n;l_q variables, for each M, N € N there is a constant C; so

that

— 1 sends Schwartz functions to Schwartz functions.

[A(exp(u)(X + X")| < CL(1+ [Jad(u) (X)) M (1 +[|X" + %ad(U)Q(X)II)’M

Therefore,

’ = L+ ||X’
T X < G+ XY [ ( X

N
o (T Jaducyy) (IR XI0™

HL
To bound the integrand we use the triangle inequality:
/ / 1 2 1 2
LX) < 141X+ Sad(@)(X)]]+ [l zad(w)?(X)|
1 1
< (141X + ad()* (X)) + [[5ad(@)* (X))

Therefore,

L+ [[X"]]
1+ |1X + gad(u)*(X)|

1
< 1+ Sllad(u)|lop|lad () X|]

<1+ %Had(U)HOp)(l + |Jad(u) X|])
< Co(1 4+ [[ul[)(

)(1+ [Jad(u)X]|), by continuity of ad
< C3(1+ [[ul])?, by (4.11).
Now choose M = 3N, then
Tn(X, X') < Ca(1 + [|X']))~ " /ﬂ (1 + [ul )M (1 + [l )~ du

<Cca+[xh=r.

That T}, (X, -) is Schwartz follows from the same estimate applied to n;,_ -derivatives of h.
|

Let F; (vespectively, F),_,) denote the Fourier transform in the ng-variable (respectively, the nj,_ -

variable).
Proposition 4.16. ([15], [17]) For h € S(n),Y € g and Y’ e ), with V,,_(Y") # 0

T5(Y.Y') = Vg (V) 7 1F (Vo ()1 D Fog(Th)) (YY),
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Proof. Let h € S(n) and ﬁ;_q(Y' ) # 0. Then the following integrals converge by part (a) of Lemma 4.14.

T. (YY) = / B(exp(u)(Y +Y"))du

g

:/ (/h(X)efQTr'KX,exp(u)(Y+Y')>dX)du
2\,

"y

(4.17)
/ / / / h(exp(v) (X + X’))e_2”<e"p(”)(x+xl)’eXp(“)(Y"’Yl»Vq(X)Qd(”_‘I)dX’dudX)du,
=L =L

We would like to switch the order of integration of the X and u variables. The orthogonality relations
Al (ng+nl_ ), nL @, +,_,), n,_, LA, and W,_, L ngin (4.7) and (4.8) give

(exp(0)(X + X'), exp(u)(¥ +¥")) = (X' + Lad()’(X),Y') + {¥, X)+

%<X, ad(u)*(Y")) + {ad(u)(Y"), ad(v)(X)).

Moreover, observe that

‘/ / exp X+XI))e—27'ri<cxp(v)(X+X’),cxp(u)(Y+Y’)>Vq(X)Zd(n—q)dX/dU’
_ 2d(71 q)|/ / X-l—ad )X+X) —27i{ X’ Y) —27i{ad(u)Y’,ad(v) X) dx d’l}|

= |ﬁ/ WX + 2 +X/))e—2m'(y X! >e727ri<ad(u)Y’,z>Xm’dZ7

nJn’

by applying the change of variables z = —ad(X)(v) and Lemma 3.14,
= | [ FumahX 2 (e
= [(FoFa—gh(X + - + -)(ad(u)Y', Y.

Where F, is the Fourier transform in the n variable. Since h is Schwartz in each of the three variables so

are the Fourier transforms. Therefore we may bound the above expression by
'L+ [1X )N (1 + [Jad(w)Y[)) ™
which is bounded by
CA+[XINTNA A+ [Jul )=
for some C' (depending on Y”’) by (4.12). Now Fubini’s Theorem allows us rewrite the expression (4.17):
T;,(VY') =
_ / X)2d(n=a) / / {/ h(exp(v — u)(X + X/))e27ri(X+X’,exp(u)(YJFY/))dX’}drUdu) dX =
L JRL

/ V 2d(n q) 27rz YX) / / / eXp v — u)(X +X/))62ﬂi(X/,Y’>e27rz< Lad(u)?Y’ )dX }dvdu)
=L J5L
n—gq

:/ vq(X)Qd(nfq)e%ri(KX)(/ dxy (v — u)627rz(X72ad(u) >dvdu)dX,
ng n

where

Gx v (1) = / h(exp(u)(X + X")e?™ X dx.
n/

n—q
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In order to apply Weil’s formula (Prop. (4.9)) we need to know that for X € O,(q), ¢xyv' € S(ﬁﬁ). To
check this we apply (4.11):

1 . ’ ’
lpx,y (u)| = |/ h(X +ad(u)X + (X' + 5ad(u)Q(X)))e%rw’ X x|
= |/ X+ad )X+X/)e27ri<Y’,X’—%ad(u)z(X»dX/|

< / |h(X—|—ad(u)X +X7)|dx’

n—q
< C’/ L+ (X )™M (@ + [Jad(u) X)) =N dX’
n;_q
< O+ [Jul)™N, by (4.12).
Derivatives in the ﬁg directions also satisfy this type of estimate since these derivatives are just derivatives
of h times polynomials in X and wu.

Now we may apply Prop. 4.9. Suppose ﬁ;_ (Y") #£0.

T (YY) dq/ v d(n q) 2m(YX) / / exp X—I—X/))eQm(Y,vX/)Xmdu)dX
=L

V(Y™ / V(X)) e2mil Y’X / / [ ) h(exp(u)(X+X’))ezm(y,’xl>dudX’)dX,
ng " n

by Fubini’s Theorem (using part (b) of Lemma 4.14),
Vg (V)T F (Vg ()1 Frue g (Tn)) (Y, Y)

O

Now fix some ¢ satisfying 1 < ¢ < n — 1 and recall that U, = {X € n: V,(7,(X)) # 0}, an open set
in n. Let C°(n) be the space of smooth functions on n having compact support. Suppose h € C° and
supp(h) C U,. Then h(exp(u)(X + X') = h(X + ad(u)X + (X’ + $ad(u)?X)) is smooth and has compact

support contained in O,(g) x nL x n,,__, by Lemma 3.14. This implies the following lemma.

n—gq’

Lemma 4.18. If h € C and supp(h) C Uy then Ty, € CZ(ng x n;,_ ). The support of Ty, is contained in
Oq(q) x W,

q°

Recall that O, = {X e n: V(X) # 0}.

Lemma 4.19. Let 1 < ¢ < n —1 and suppose that the support of h is compact and contained in Uy N O,,.
Then the following hold.

(1) Zn—q(Th(X, -),s) is a smooth function of compact support in the X -variable.
(2) Zn(h,s) = (V2d(n 9 Zp—q(Th,s),s), as meromorphic functions of s.

Proof. (1) Note that if exp(u)(X + X') € U, N O,, then V,,_,(X’) # 0. Therefore

T o(T(X, ), 5) = / (X X))V (X)X

nn7q

for all X € n, and all s € C. By differentiating inside the integral we see that Z,_,(T%(X,-), s) is smooth.
By Lemma (4.18), Z,,_4(Tr(X,-),s) is of compact support.
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(2) All integrals below converge for all s € C.

(X)*dX

Zn(h,s) = / h(X)V
ﬁ h(exp(u) (X + X))V (exp(u)(X + X"))*V(X)2 =D dud X' dX,

/ /
Mg n—q q

by Lemma 3.13,

(4.20)
= / / Th(X, X")V, (X)*+2n-dy, (X dXdX'
ng nilfq
- / Z”_Q(Th(Xa ')7 S)VQ(X)HFZd(niq)dX
g
= Zy(V ()"0 Zy(Th, 5), 5).
The last line makes sense by (1). O

Remark 4.21. The following refinement of the above lemma holds and will be used in Section 5. Suppose

that the hypothesis of the lemma is weakened to supp(h) C U,. Then for Re(s) > 0

(4.22) Zn(h,s) = / Zn—g(Th(X,+), 8)Vg(X) 24— g x

Mg
as in (4.20). By formula (B.1) and meromorphic continuation Z,_,(T%(X,"),s) has compact support for
s ¢ S (= set of potential poles). Furthermore, formula (B.1) shows that Z,_,(T5(X, ), s) is defined by an

integral and is smooth in X. Therefore, the integrand in (4.22) is smooth with compact support away from
V4 = 0. Thus, the right hand side of (4.22) is

Zo(V ()0 Zo(Th, 5), )

for all s. Therefore, by meromorphic continuation statement (2) of the lemma holds as meromorphic func-

tions.

We now give the proof of Theorem 4.4. By [22][Thm. 1] there is a functional equation of the form

o~

Z(h,s — %) = Bu(8)Z(h,—s), heS(n)

for some meromorphic function 3,,. Therefore, to prove the explicit functional equation stated in Prop. 4.4

we need to show
m Ip(s)
4.23 L(s) =ty
We proceed by induction on the rank of n. For rank(n) = 1 the the formula (4.23) is contained in Prop.
C.2.

Assume (4.23) holds for all n of rank less than n. It suffices to assume that h € C$°(n) and supp(h) C
U, N O,. We may take ¢ = 1. Assume that Re(s) > 0, the integrals below converge.
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s—m

Z(h, s—2) = / MY)V(YV)Hdy

n w
:/ / / h(exp(u)(Y + Y)YV (exp(u)(Y + Y )™ %V, _1(Y")24dudY'dY
by Lemma 3.13,

:i/./ T (Y + V)V (V) 5V, (V') 524y dy
gy

:/, /, F(V D F, (Tn) V(Y)Y (V)™ 5 Hdydy,
by Prop. 4.16,
_ _ _— .
= Zy(F(VO Vs (Faea (T)s = 22,5 = ),

since the order of integration over @, _; and the integral defining F;

may be interchanged by Lemma 4.18,
— m
= B1(5)Bn-1(5 = (0= DA 2 (Va() "™ Zyos(Th, —s), ~(s = = + e +1))

m Fn . .
o st ¢Zl (an(Th, —s),—s +2d(n — 1)), by induction and (4.24)

Lp(—=s+2)
m Tp(s)
—ns+ n .
= 2 —————7.(h,—s), by Lemma 4.19 (with ¢ = 1).
Tol=s+Z) (h,—s), by (with ¢ = 1)
We have used the following fact, which is an easy calculation.
(4.24) ﬂf(—s+(e+1))1"1(8) 73_:51 (—(s—d)+ 2252 )anl(s —d) _ ﬂ.i(—s+%)rn(i) .
mil(=s+(e+1) 5 =T, (—(s —d) + 2oty w2 Dp(=s+ )

The formula for (3,(s) now follows by meromorphic continuation and Theorem 4.4 is proved.

A few important consequences of the Theorem (and proof) follow.

n—1

Corollary 4.25. b(s) = H(s +jd)(s + (e — 1) + jd). Therefore the set of potential poles of Z(h,s) is S =
j=0

S'US" ={—jd+2:1€Z }U{jd—"+2:1€Z,}.

Proof. Use P(dy)f in place of f and —s in place of s in the functional equation. The

Z(Pdy)f, — 5 — ) = 2((2mi)" P(X) ], =5 — ™)

= ()" em)Z(f,—s+2- )

%Jrn(s) Fn(_s + 2)

_ no2n 7
Also,
2P0 5= ) = w3 (o)1)
— o5 ns Fn( S) 7 _
a5t I‘n(er%)b(s)Z(f’s 2).
Therefore,
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Now the corollary follows from the formula
T(u+2) Tyu—dj
= I | 5

=0
O

Corollary 4.26. mZ(h, s) s an analytic function of s on the complement of [—(n—1)d, —(e+1)]NS.

Proof. If Re(s) > —(e + 1) then Z(h,s) is defined by an integral and is therefore analytic in this range.
|

Applying the functional equation we get analyticity for Re(s) < —(n — 1)d.

5. SPECIAL VALUES OF THE ZETA DISTRIBUTIONS

In this section we prove Theorem 5.12 which states that the normalized zeta distribution (5.13) is an
entire function of s and at certain special values of s is a quasi-invariant measure on an L-orbit in n.
Recall from (3.7) that a quasi-invariant measure on the L-orbit O, satisfies

/ (€ )(X)dvg(X) = X(£)7 / B(X )dvy(X)
O Oyq

q

where (£ h)(X) = h(=! - X). Zeta distributions satisfy the similar homogeneity property

(5.1) Z(€-h,s) = x(0)2T%) Z(h, ).

Lemma 5.2. For h € §(n) the following hold.

O s 2|, = pahio)

Fn(s + %) S n n
(2) Let xy,...,xx be a-root vectors inn. Write H =) H; (with H; as in Section 2) and a; = exp(tH).

Then
(1 -y, 8o (ag - h) = x(ag)~ B (21 - wx-)do(R)

Proof. (1) This follows immediately from the functional equation (4.5), Fourier inversion and the fact that

o~

Z(h,s) is defined at s = 0 by an integral.

1 T — o~
Z(h, L= Z(h,0
Fn(S‘FT) ( S)|S:—; Fn(%) ( )
T N
= h(Y)dY
rn«:)/n )
T
= h(0).
rmy O

(2) Observe that ad(H)(z;) = 2x; for each root vector z;. Also note that for any tempered distribution T,
(zj-T)(£-h) = ((Ad(t~Y)z;) - T)(h), for any £ € L. Thus,
(z1---xp - 00)(ar - h) = (Ad(a; )y --- Ad(a; )z - 60) (R)
=e 2 (xy - xp - 80)(R)

= X(at)fﬁ(xl -~ xp - 00)(h).
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At this point we normalize the quasi invariant measures on O, C n. Recall that the Lebesgue measures

on n and n, and subspaces nq,ﬁqL, etc., are normalized in Section 3 in terms of the inner product (, )p. Let

Mp_g

CTL _ T 2
a Fq(dQ)anq(%)

We take v, to be normalized so that

(5.3) vo = Cy'do
(5.4) / F(X)dv,(X / / (exp(u) - X))V (X)" di*dXdu forq=1,2,...,n—1.
Oy
Proposition 5.5. Let v, be the quasi-invariant measure on Oy, for ¢ = 0,1,...,n — 1. For h a smooth

function of compact support
1

mZ(h,s)

d
g /0 fdv,.

Proof. Our proof is based on Remark 4.21 and the formula for the quasi-invariant measure given in Cor.
3.11. We proceed by induction on n, the rank of n. If n = 1 the statement is well-known (and follows from
Prop. C.2 or Lemma 5.2 (2)).

Suppose first that h € S(n) and has compact support in

U, = {X en: Vl(’/Tl(X)) 7é 0}

where 7 : n — ny is the orthogonal projection (with respect to (, )g). Then Remark (4.21) applies (with

qg=1) to give
#Z(h S)‘ 1 / 1 7 1(Th( ) )vl( )2d(n71)+5 dx
Fn(S + %) ’ -1 4 qd Fl s+ ) T,_ 1(8 +4 Do 1) " —m4qd
(5:6) L DX T e,
Fl dq q 1 n— 1)

The last equality follows from the inductive hypothesis (since —™ +qd = — 2=t +(g—1)d). Here, O4_1(n—1)

is the orbit of L,,_1 in n/,_; through Ey + - -- E, and 1/;’:11 is the quasi—invarlant measure on this orbit.
In order to apply Cor. 3.13 we will use the following temporary notation. (This notation is consistent

with (4.6) with n replaced by n, or n,_1.)
Mg =g = g9t 20 <q
Al =8 @9, 2<i<g<j<n

=g T, 2< <

Note that
(5.7) ny = (Ay Nay) eny,
(5.8) ng (nlﬂn)@nn 1g—1-

The integration formula of Cor. 3.13 applied to n, is
(59) / dX / / / exp ul)(Xl +X2))V1(X1)2d(q 1) Xmdulng

One more bit of notation used below is that anl,qfl is the V function for nj, _; .4 =mnj ;.
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Continuing with (5.6) we have

1

— 7, ‘
PR AU N
/ et | / (X, exp(1) X') ¥y gy (X710 D= 552
qd 7;1L 1,q—1 n—1,q—1 ’
V1 (X)2dn=D=5+ad X' dud X by Cor. 3.11
— C;L/ / / / / h(exp(ui + ug)(X + exp(v)X"))
whoml JwE
Vl(X)Qd(q_l)Vq(X +X )”d*T dX dXdul)dvdug, by (5.8)
(5.10) = C(?/ / h(exp(u) X))V, (X)" nd— 7t dXdu, see below for verification
ﬁé ng

= / hdy,.
1)

q

To verify (5.10) note that for u; € nq 1, ug € ﬂn vent, g—1and X €ny

(i) Ad(exp(v)™Yur = u1 — [v,u1], and [v,u;] € nF ﬂn

ii) uqp and |v,uq| commute
ii d ) t )

)

)
(iii) uy and ug commute,
(iv) ug, [v,u1] and v mutually commute and
)

(v) v commutes with X.

Therefore,

exp(ur + u2)(X + exp(v) X') = exp(us) exp(v) exp(Ad(exp(v) ™" )ur ) (X + X')
= exp(v) exp(uz) exp(uy — [v,u1]) (X + X7)
= exp(v) exp(ug — [v,u1]) exp(u1)(X + X7).

By translation invariance of dusy the line before (5.10) has integrand h(exp(v + ug) exp(u1)(X + X’)). Now,
line (5.10) follows from (5.8) and (5.9).
We have proved that

(5.11) Mzm,s) ™ /O B(X)dvy(X)

for smooth functions h having compact support in #;. Now let h have compact support in n \ {0}. Since
each positive dimensional L-orbit in n meets Uy, n\ {0} = Upepl - Uy. Therefore, by compactness of the

support of A we may find ¢, ..., € L so that supp(h) C Ug?:lfj -U.
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Choose a smooth partition of unity {¢;} subordinate to {¢; - U1 }j=1, % Thus, h = ijl ¢;h and
supp(fjf1 -(¢jh)) CUy. By (5.1)

k
1
I -h,s’
s=—2+qd Fn(S + %) (¢] ) s=—"2+4qd

It now follows that

1
. Z(hs —y
Ln(s+ ) (o) s=—igd

is a distribution supported at {0}. Lemma 5.2 shows that no (nonzero) distribution supported at {0} satisfies

the necessary homogeneity property. This concludes the proof. |

The main theorem of this section is the following.

Theorem 5.12. For each h € S(n)

1
5.13 —  Z(hs
(513) i A )
is an entire function of s and defines a family of tempered distributions. For ¢ =0,1,2,....,n—1
1

—7(h = 1,.

1—\”(8 + %) ( 75) —qd—m Vq
Proof. In place of (5.13) we consider

1 m

5.14 — Z(h.s — —).
( ) .(s) (h, s n )

By the general discussion in Appendix B this is an analytic family of tempered distributions for s ¢ S =
{jd -2} U{jd+ (e+1) — 21} with j =0,1,...,n — 1 and | € Z,. Furthermore, for s outside the interval
[e+1,(n —1)d] (5.14) is analytic by Cor. 4.26. By

(V%h s— ) (Ti—[lkl—[ls—]d—i—%) Z(h,s+2k—"T)
r, 20 1o L,(s+2k)
we have
Z(hys—m) 1 Z(V2kh, s — 2k — )
Tn(s) (H f s ]ng?l) (s — 2k)

Choosing k big enough so that s — 2k < e + 1 we see that (5.14) is analytic away from S’ = {jd — 2l}.
Therefore we need only check analyticity at points s in S’ N[e+ 1, (n — 1)d].
By Cor. B.7 all we need to show is that
m

T (o) 208 = ) lsmeg <0
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for sp € SNle+1,(n—1)d] for h € C§°(n). By Prop. 5.5 this is the case when s = jd,j =0,1,...,n—1

i.e., when
1 m
- E) ’s:jd

:l/j.

Ford=1or2 SNnle+1,(n—1)d ={jd:57=0,1,...,n—1}N[e+1,(n — 1)d] and we are finished.

For d > 2 note that
n—1k—1

7=0 1=0
has no multiple roots for k =1,2,...,% (for d even) and k = 1,2,...,d (for d odd). Furthermore, S’ N [e +
L(n—1)d ={jd+2k:j=0,1,....,n—land k=1,..., ¢ (ord)}

Case 1. Suppose d is even and greater than 2. Let k =0,1,..., 5. Now consider
Z(V? hs (Ti—[lkl—[ls—jd—i—%) Z(h,s+ 2k — =)
(s 120 1% L, (s+ 2k)

evaluated at s = jd. The left hand side is zero as V2*h = 0 on O;. Since the multiplicities of the zeroes of
the polynomial on the right hand side are one has

Z(h,s + 2k — ™)

< 0.
T, (s + 2k) s=jd >
Therefore (5.14) is finite for s € SNe+1,(n — 1)d].
Case 2. When d is odd and greater than 2 the proof is exactly as above except k ranges from 0 to d. O

6. PosiTivity
Define a family of distributions on n by
ra(=s+R)
Ca(=s+7)

The following theorem is mostly a restatement of what has been proved earlier.

(6.1) Ry(h) = Z(h,—s),  heSh).

Theorem 6.2. For R, as defined above, the following hold.

(1) Rs is defined by the convergent integral
ﬂ_%(—s-‘r%)

B e

/ h(X)V(X)~" dX

for Re(s) <e+1.
(2) Rs is a holomorphic function of s on all of C.

m

T 2

(3) Rm = ——0o.
5 Fn(;)
(4) Fork=0,1,2,..
22nk m
P(9x)*60 = —m—5w Dn(— + 2k) R 4oy
(0x)"do e (n + 2k) R 4 oy,
(5) Forq=0,1,2,...,n—1, Rm_,q = vy, a xq-quasi-invariant measure on Oy.

(6) For h € C(n) with supp(h) C U,

(6.3) Ry(h) = Rgﬂnfq)d(v(”_Q)dRZ‘q(Th)).
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Our goal is to see precisely when Rj is a positive distribution in the sense that f > 0 implies R(f) > 0.

For a given n we set

[1]

n:(—oo,e—|—1)U{%—qd:q:O,l,Q,...,n—l}.

By the theorem the distributions Ry are positive if s € =,,. The following includes a converse.
Theorem 6.4. If R, is a positive distribution then s € =,. The distribution — R is never positive.

Proof. By Proposition C.4 the theorem holds for the n = 1 cases. Now assume n > 1 and the statement
holds for n — 1 in place of n.
Case 1. s = 4 2k, k =0,1,2,.... By Thm. 6.2, part (4)

n

Rm o9y = CpP(0x)do, where Cy is a positive constant.

This is positive if and only if k =0, i.e., s = T € =y,
Case 2. s€c R\ {™ +2k:k=0,1,2,...}. Recall that Lemma 3.14 provides coordinates ¢ : O4(q) x ﬁg X

!

n,_, — U, and take ¢ = 1. Define a smooth function h as follows. Choose nonnegative (and not identically

zero) functions
¢ € CX(nq) with supp(p) C U
P € C(nt)
¢ e C(n).
Then
hz) = {w(XWW(X'), it o = 6(X,u. X)
0, if x ¢ image(¢)

defines a nonnegative smooth function on n of compact support with supp(h) C U;. Furthermore,
(6.5) Th(X,X') = cp(X)¢'(X), ¢y = /¢(u)du > 0.
It follows from Thm. 6.2, part (6) that

Ru(h) = ¢y Ry pyale- V17" V)RIH ().

Since supp(yp) is compact and away from {0} (= {X € n; : V1(X) = 0}),
(=s+8)%
R] v(n—l)d _ ™ / X\V(X —s+2d(n—1) dx
s—(n—l)d(@ 1 ) F1<—8 + %) . QD( ) 1( )
for all s. In particular this is nonzero and has the same sign as I'(—s + 7). Therefore, there are positive

constants C'y (s) so that
m
RTH$) = Cp(s)Tu(=s + ) Ry (h),

Now suppose that R, is a positive distribution. If I'y(—s + 2) > 0 then RZ™'(¢') > 0 for all ¢’ €
C°(nl,_;). Therefore, R"! is a positive distribution, so s € Z,,_1. Therefore, s € =,. However, if
I1(—s+2) <0 then —R?~! is positive which contradicts the inductive hypothesis.

Now suppose —R; is a positive distribution. When I'; (—s+ ) > 0, — R~ ! will be a positive distribution,
a contradiction to the inductive hypothesis. When I'1(—s 4+ ) < 0, R" ! is a positive distribution, so

5 € Ep—1. However, T'i(—s+ =) > 0 when s € Z,,_; (since —s + 2 > 0 for s € 5,,_1).
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Case 3. s € C\ R. We choose nonnegative functions in a similar manner as above, however the roles of

ny and n,_; are switched (that is, we take ¢ =n —1). Let
v € CX(n,—1) with supp(p) C Op_1(n — 1),

(NS Cso(ﬁg) with ¢, = /w(u)du >0,

Rl(@l)
1,2 € C2°(ng) such that =2 =a; € C\R.
bz € G Ri(v2) '
Note that since ¢ has compact support in O,,_1(n — 1)
3 (—stm)
RNV, :“—/ X))V, (X) 5 HdX
s—d( n 190) anl(—S—l-%) - 90( ) n 1( )

for all s € C. Since we are in the case where s € C\ R, I';;_1(—s + ™) has no poles. Therefore, c, =
R?:c}(vfrilfl ) #0.
To see that functions ¢ and @9 exist note that the functions ¢;(X') = ||X’\|26*HXI||2 and @9(X') =

e_”X/Hz,X’ € ny are Schwartz functions so that

Ri(p1) 1
= —(—s+e+1
Rl 2 :
by (C.5). We may take ¢ and ¢ to be compactly supported functions approximating @1 and @9 sufficiently

closely.
Again using the coordinates ¢ : (X, u, X') — exp(u)(X + X') we define smooth compactly supported
functions by
() = {wxw(u)mx), if 2 = 6(X,u, X')
0, if © ¢ image(9)
for i = 1,2. By Thm. 6.2, part (6) we have

Ry(hi) = cycu Ry (1)-

Now Rs(h;) cannot be positive (or negative) for both ¢ = 1 and ¢ = 2 since

Ry(h1) _ Ri(e1)
Rs(h2)  Ri(y2)
Therefore, +R; is not a positive distribution for s € C\ R. a

=a; € C\R.

7. GENERALIZED PRINCIPAL SERIES REPRESENTATIONS

For each s € C there is a normalized principal series representation
md%(s) = {¢ : G — C| ¢ is smooth and ¢(gman) = e~ (+%)20(08(@) ,(g) man € P = MAN}.
The group G acts by left translation:
(9-©)(g1) = ¢(g™ " g91).

This principal series representation may be realized as smooth functions on n as follows. Write iy = exp(Y)

for Y € @. For ¢ € Ind%(s) set
fY)=¢(ny), Y en.
Then Ind%(s) may be identified with

I(s)={feC®m): f(Y)=p(my), for some ¢ € Indg(s)}.
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Since NP is dense in G and any g € NP has a unique decomposition as
g =Tn(g)m(g)a(g)n(g) € NMAN,
the action is given by
(9- NY) = e CT(a(g™ ny)) f(log((g ™' y))).
In particular
(- ))(Y1) = e~ CHRo(a(0) f(e7 - 1)
(my - /(Y1) = f(Y1 =Y).
For each s with Re(s) > d(n — 1) there is a G-intertwining operator

As: I(s) — I(—s)
which is given by the convergent integral

<&n@v=/wmwmnwm.

n

The form we will use is easily derived from this ([10], pages 183 and 200):

@JW@=[WMYﬁkw+mmn

~ [Fm- vy Ry,
n
The integral converges for Re(s) > d(n — 1) (by Lemma 3.16 and by Lemma 3.15).
Note that the Schwartz space S(n) is contained in I(s) for all s. Also, for each f € I(s) there is a constant
C so that
lf (V)] < Ce~ (Re(s)+3)Ao(H (my))
for all Y € n. In particular,

(7.1) I(s) € L*(m, e Ao(HEmv)) gy,

The intertwining operators A, are complex analytic in s for Re(s) > d(n — 1) and have meromorphic
continuations to all of C. This is a well-known general fact (see, for example, [10] and [26]). However one

can see this directly for Schwartz functions as follows.
- — — m m.,, x
As(P(Oy) N)Y) = /j(Y + Y1) P(0y)V(Y1)* " dY1 = b(s — )(As—2f)(Y),

so the argument of Section 4 applies. Define

ns
2

3

For s € R there is a G-invariant hermitian form on I(s) defined by
(7.2 (hof2) = [ AYARIVAY.

See [10, Prop. 14.23], for example. Also, there is a well-defined invariant hermitian form on the image of A,

in I(—s) given by

(73) <Asf17Asf2>s = <f17f2>'
Consider Schwartz functions f, fi and fo on S(n). Let 7v f = f(- +Y). Then for Re(s) > 0
T o m
(A5f>(y) = Fn(S)Z(TYf7S - E)’
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by the definitions as integrals. This holds for all s since both sides are meromorphic in s. By Theorem 4.4

(st R
(7.4) (AsH)Y) = mz((ﬁ/f) ,—8)
= Rs((rv f)7).

Therefore, for s < 0

(Aufi, Aute) Sf/fl (v ) dY

S+7YL)
_ —s .27
_r //f1 PR (X) dXdY
7(2( 5""7:) S S
=R ((fr*f2)7).

Since both sides are real analytic in s we have proved the following proposition.
Proposition 7.5. For s € R and f1, f» € S(n)
(7.6) (Asfi, Asfo)s = Ro((fr J2)7) = Ro(f1fo).

Proposition 7.7. When s ¢ =, the hermitian form { , )s on Im(As) is not positive definite (so the (g, K)-

module of Im(Ay) is not unitarizable).
Proof. The distribution Ry is positive if and only if the right hand side of (7.6) is positive when f; = f5. O

Proposition 7.8. ([20, Theorems 4A and 4B]) For G # SO(p,q) (case 4 on tables 1 and 2) the principal
series representation I(s) satisfies
(1) I(s) is irreducible and unitarizable for |s| < e+ 1, and
(2) I(s) contains a unitarizable quotient for s = ™ —dq for ¢ =0,1,...,n — 1.
Remark 7.9. Considering s > 0, the points of possible unitarizability of Im(As) are
20 N[0,50) = [0,e+ 1) U{= —qd:q=0,1,....n— 1}

pictured as the following set:

0 e+1 n
° ° ° ° ° ° °
——

d

n — 1 points
8. UNITARY REALIZATION
For this section we assume the G # SO(p, q) and we consider only s > 0. Consider the image of Ag in

I(—s). Im(Ay) is G-invariant and (7.3) defines a G-invariant hermitian form on I'm(A;). By Prop. 7.8, this

form is positive definite (on the K-finite vectors) for
(8.1) s €E,.
For s satisfying (8.1) define
MY = Im(A,),
a pre-hilbert space with inner product (, ). Let H be the completion. Then H, is a unitary representation
of G.
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Lemma 8.2. A,(S(n)) C H, is dense.
Proof. We check that A(S(@))1 = 0. Suppose that fo € I(s) and Asfa L As(S(@)) i.e., for all f; € S(n)

0= (AfiAdfe)s = | AOVAFV Y.
By (7.1)
fi € LP(m, 2Re@MHIIgY) and A fy € L (W, e 2R MHI)) gy,
Therefore,
0= L (f(Y)e s HD) (A, fo(Y)estoH YD) gy,

where the integrand is now Writtenn as a product of two functions in L2(W,dY"). Since e~*Ao(H (7))

of a nonzero polynomial {f;(Y)e s2H@v)) . £ ¢ S(@)} is dense in L?(w,dY). We now conclude that
A, fo = 0. The lemma follows from the fact that H? is dense in H,. O

is a power

For the unitary realizations of the I, we treat the cases of s € [0,e+1) and s = & —qd, d = 0,1,...,n—1
separately because the distributions R4 have very different forms in these two cases.
Case 1: s € [0,e +1). For s € [0,e + 1), Rm_ is given by a convergent integral. Therefore by (7.4) and
Prop. 7.5

B(-st2 i
A f(Y) = M / e XY) FX)V(X) 4 dX
(8:3) W%(—s+%n) i
= m(f V()7 (Y)
and
pEstm)
(8.4) <Asf1,Asf2>s = M[lfl(X)fz(X)V(X)st

for all Schwartz functions f, f; and f5 on n.
The Schwartz space S(n) has a natural action by P = LN via the Fourier transform as follows. Let V

denote the inverse Fourier transform. For h € S(n) define

(P-h)(X)=({F-h")(X).

Then
55 (€ h)(X) = =% a(€)) (€ - X)
8.5 .
(y - h)(X) = e 2" XY p(X).
W%(_s+%)
Theorem 8.6. For s € [0,e + 1), let d; X = WdX. Then Hs is unitarily equivalent to
n{—$S n

L?(n,V(X)~%d,X) as P-representations. This representation is irreducible.

Proof. Temporarily set V, = A,(S(n)). Then
Ve ={(hV(X)"%dX)":h e Sn)}
by (7.4). We have S(n) C L?(n, V(X) *dsX) and V; C ‘Hs as dense subspaces (by Lemma 8.2). Consider

T:8mn) — V,
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defined by
T(h)=(h-V(-)7)"

We will check that T is an isometry onto a dense subset of 7, and is P-equivariant, then T will extend to a

unitary equivalence of unitary P-representations.
Let h € S(n).

(T(h),T(h))s = (As(h"), As(h"))s, by (8.3)
/|h WPV(X)"%d X, by (8.4).
(Note that R is given by a convergent integral for s € [0,e + 1).) The equivariance follows easily:
T(@-h)=T((p-h")") =Ap-h") =p- As(h’) =p-T(h).

The irreducibility is a standard application of Schur’s Lemma as follows. Any N-intertwining operator of
L?(n,V(X)~*d,X) must be multiplication by a bounded function. Transitivity (up to measure zero) of L on

n shows that if the operator is also L-intertwining then the bounded function must be a constant (a.e.). O

Corollary 8.7. The P-representation L*(n,V(X)™°dsX) extends to an irreducible unitary representation
of G.

Case 2: s =7 —qd, ¢g=0,1,...,n — 1. Define
Fr(f) = flo,, for f € S(m)
and
Fe(h) = (hdvy)™, for h € FrS(n).

Then by (7.4) and (7.6)

and
(3.9) (Aufr, Ash)s / Fi Fadvy.

As in Case 1, we may define a P-action on L?*(O,, dv,) via the Fourier transform. Letting h € L*(O,, dv,)

and s = 7 — dq we define
(£-h)(X) = e~ (a(@)h(™" - X) = xa(€) *h(£" - X)
(y - h)(X) = e 2" XY (X)),

Lemma 8.10. Let ¢=0,1,...,n— 1.

(1) L*(Oy,dv,) is an irreducible unitary representation of P.

(2) Fr:8([@) — L*(Oy, dv,) is P-equivariant and has dense image.



SMALL UNITARY REPRESENTATIONS 31

Proof. For unitarity note that |[7y - h|[3, = [|h|[* is clear from (8.5) and

||e-h||%q=/0 €+ ] dv,

q

- / [xa(@) 2R - X |[Pduy(X)

04

:/ ||(X)]|?dvy(X), by Cor. 3.7.

q

Irreducibility is as in the proof of Theorem 8.6. The P-equivariance of Fg is also as in the proof of Theorem
8.6. The image of Fg is dense by irreducibility of L*(Q,,dv,). O

Theorem 8.11. Fp extends to a P-equivariant unitary equivalence between LQ((’)q,duq) and Hm_qq, ¢ =
0,1,...,n—1.

Proof. Fg : Fr(S([®)) — H% _4 is an isometry by (8.8) and (8.9). By part (2) of Lemma 8.10, Fg extends
to a unitary equivalence of L2((9q, dvg) and Hm_qq = HY% dg- We now check the P-equivariance of Fr on

fR(S(ﬁ)) Let h = fR(f) S fR(S(l‘l))

Fep@-h) =Fe@ Frf) = FeFr@- [)As®-f) =D Asf = Fe(Frf) = Fe(h).

Corollary 8.12. The P-representations Lz((’)q, dvg) extend to irreducible unitary representations of G.

APPENDIX A. TABLES

The following two tables give information on the groups under consideration in this paper.

G n = rank(n) | m = dim(n) d e
1. | GL(2n,R),n >2 n n? 1 0
2. O(2n,2n),n > 2 n n(2n —1) 2 0
3. Ex(7) 3 27 4 0
4. | O(p,q), p,g >3 2 p+q—2 | (p+q—4)/2| 0
5. Sp(n,C) n n(n+1) 1 1
6. SL(2n,C) n 2n?2 2 1
7. SO(4n, C) n 2n(2n — 1) 4 1
8. Erc 3 54 8 1
9. SO(p, C) 2 2(p—2) p—4 1
10. Sp(n,n) n n(2n +1) 2 2
11. SL(2n,H) n 4n? 4 3
12. SO(p, 1) 1 P 0 p—1

TABLE 1
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Ve~n L \%
1. M(n x n,R) GL(n,R) x GL(n,R) | det |
2. Skew(2n : R) GL(2n, R) Pfaffian
3. Herm(3, Ogplit) Es(6) x R degree 3 real polynomial
4. Ryt R*SO(p—1,q—1) (X, X)
5. Sym(n, C) GL(n:C) | det |
6. M(n x n,C) S(GL(n,C) x GL(n,C)) | det |
7. Skew(2n, C) GL(2n,C) |Pfaffian|
8. Herm(3,0)c EgcC™ |degree 3 complex poly]
9. crt O(p—2:C)xC* (Z,2)]
10. | Sym(2n,C) N M(n x n, H) GL(n,H) |dete(2)|2
11. M(n x n,H) GL(n,H) x GL(n,H) |detc(2)]2
12. RP! O(p—1) x R® |-l

TABLE 2. Jordan algebras for the groups in Table 1.

Remark A.1. For Cases 10 and 11 we view the quaternionic matrices as complex matrices of the form

A B
7 = (B A)' Then detc refers to the determinant of the complex matrix.

APPENDIX B. MEROMORPHIC FAMILIES OF DISTRIBUTIONS

We give a few (well-known) general facts about meromorphic families of distributions. Suppose m(x)
is a positive polynomial of degree m on R" with Bernstein polynomial b(s) defined by m(d,)m(z)? =
b(s)ym(z)2~1. Let {a;} be the roots of b(s) and set S = {a; — 2l : 1 € Z }. Define, for h € S(R™),

T.(h) = / h(e)m(e)? dr,

a convergent integral for Re(s) > 0. For Re(s) > 0, T,5(h) is a complex analytic function of s. From the
formula

1
b(s+2)b(s+4)---b(s+2k)

it follows that Ts(h) has a meromorphic continuation to all of C with possible poles in S.

(B.1) T,(h) = Ty (m(0,)*h(x))

Lemma B.2. Consider the Laurent expansion of Ts(h) for an arbitrary sg € C:

Ty(h) = D T™(h)(s —so)™

m>—d

for some d=0,1,2,.... Then each T™ is a tempered distribution.

Proof. Let N € Z and let || - ||; be the Schwartz norm
1Pl = sup{(1 + [a)"|h(z)[}.
In particular, [h(z)| < ||h||n (1 + |z|)~" for all # € R". Choose a constant C’ so that
im(z)| < C' 1+ 2)™, =€ RN

Therefore,

Wl

\h(z)m(z)3 ] < C'||h||n(1 + |z]) =V -ReGEM) for Res > 0.
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For any s; with Re(s;) > 0 we may choose a neighborhood Us = {s : |Re(s) — Re(s1)| < } in the right
half-plane so that N —Re(5)M > n + 1, for all s € Us. Therefore, for s € Us

(B-3) [h(@)m(x)F| < C||hl|n (1 + |z])=+D
and
(B4) Ts(h)] < O’||h||N(/RN(1 + |2))~ "V dz) = ||| n-

Therefore, T is a tempered distribution for Re(s) > 0. Furthermore, there is a convergent power series
expansion Ts(h) = > °_ T™(h)(s — s1)™. We see that each T™ is a tempered distribution as follows. Let
hj — h in S(R™). Then by (B.4) Ts(h;) — Ts(h) uniformly on compact sets (in the right half-plane).
Therefore, T™(h;) — T™(h) (as the coefficients in the expansion are derivatives of T,(h)).
Now consider an arbitrary s; € C. Choose k in (B.1) large enough so that Re(s1) + &k > 0. Write
b(s+2)---b(s+2k) = by(s)(s — s1)¢ with by(s1) # 0 and d a nonnegative integer. Then
T,(h) = b%(s)i(s _181)de+k<m<aw>h(x>)-

Expanding T4k about s; + k (as above) gives

1
(B.5) Ts(h) = — T (m(0z)h(x))(s — s1)™
by(s) (s — s1)¢ Z:O
(B.6) i 2 T oA s )"
d
As each T™ in (B.5) is tempered the Lemma is proved. O

Now suppose g(s) is an entire function and set T, (h) = g(s)Ts(h) for each h € S(n). By the above Lemma

T, is a meromorphic family of tempered distributions and we may write

To(h) =g1(s) > T™(h)(s—s1)"

mzfdl

where g(s) = g1(s)(s — 51)™, g1(s1) # 0.

Corollary B.7. Suppose si is a possible pole of Ty(h), for some h € S(R™). If Ty (h) < oo for all
h € C3°(R™) (=compactly supported functions) then Ty, (h) is finite for all h € S(R™) and defines a tempered

distribution.

Proof. If Ty, (h) < oo for all h € C3°(R™) then T™(h) = 0 for all m = —1,—2,...,—d; and h € C°(R™).
As each T™ is tempered, 7™ (h) =0 for all m = —1,-2,...,—d; and h € S(R"). Now

T51 (h) =0 (SI)TO(h)7

a tempered distribution. O

APPENDIX C. RANK ONE CASE

Many of the arguments given in this article use induction on the rank of n. In this appendix we collect
the facts about the rank one case which are used. First we make some observations about the Lie algebras

g1 and ny, when g is on Table 1.
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Recall that g; is the Lie algebra generated by the root spaces for £2¢;. This is a simple Lie algebra and,
although g; does not in general satisfy 2.1, the integer e + 1 (the dimension of the root space for the long
root) is the same as for g. From Table 1 we see that g is

gl(2,R) in cases 1-4,
sl(2, C) in cases 5-9,
sp(1,1) in case 10,
s[(2,H) in case 11 and
so0(p,1) in case 12.

Note that dim(n;) = e + 1. The following lemma computes V(X) and V(Y") for each g;. We express V and

V in terms of (, ) = — ;- B.
Lemma C.1. Suppose that n has rank 1. Then V(X) = || X|| and V(Y) = ||Y]||.

Proof. Tt is enough to compute just V(Y) = ||Y]| since for X = 0(Y), ||X]||? = (#(X),X) = (Y,0(Y)) =

. We do a case-by-case calculation. e cases of sl(2, and sl(2, may be done simultaneously.
Y2, We d b lculati Th fsl(2,R d sl(2,C be d imul 1

nz{Y:(S 8>}Withy€RorC

az{(% Oa>:aeR},

and the Weyl group element is represented by

(0 1
w={_1 o)
We need to compute V(Y) = e1(@(@™v))  Consider the standard representation on C? with the usual
e1(a(wn 1 — 1
e (0)
_ 1 y 1\ (1
N 0/’\-1 0/1\0

Here

and n = 6(n). Also

hermitian metric (, ). Then

= lyl.
Now we need to compare |y| with ||Y|]. Since 7-B(&,n) = Re(Tr(¢n) we have ||[Y]|? = Tr(?tY) = |y|2.
Therefore, V(Y) = ||Y||. The other cases are done similarly. O

For the cases when n is of rank one, the functional equation is simply a statement about the distribution

|z|~! in euclidean space R™ and is well-known. A good reference is [8, vol. 1, Ch. IL.3].
Proposition C.2. Consider R™ for any integer m and f € S(R™). With Fourier transform defined by

fy) = [ fla)e ™) da,
R?n

the functional equation takes the form

T w2
e fl@)|z| fde = =
D(E2) Jp IO = 1

The following Proposition is also well-known, see for example [8, vol 4, Ch. 11.3.6]. We give a short proof

(©3) [ Fwas,

here since our proof of Theorem 6.4 refers to formula (C.5) occurring below.
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—s4+m
Proposition C.4. The distributions RL(f) = %M_S are positive if and only if s < m.
2
Proof. When s < m the function |z|~* is a locally Ly positive function (and I'(=2™) > 0) so the distribution

ME

s

is clearly positive. For s = m, R} = Fzy do, a positive distribution.

)

To see that R! is not positive for s € C\ (—oo, m] consider the positive Schwartz functions

—Ja?

—|a|?

p1(z) = |z|% and pa(z) = e

We claim that

Ry(p1) = (™71 - (=s +m)
Ry(p2) = (s™71).
Then

Ri(p2) 2 7
so both RL(y;),i = 1,2 cannot be positive for s € C\ (—oo,m).

By analytic continuation it suffices to check the claim for s < 0.
—s+m

R;(gpl) = 7‘:“’” / —|$‘2‘m|—s+2dx
L(=5")
ﬂ_fs;»m
_ —r —s+m+1
= (_s+m /m_l/ drdo
—s‘+m
T —stmil dt
= ﬁVol(Sm 1)/ e_tt
L(=5") 0 2vi"
]_ 7é+m m—1 F(issrm + 1) 1 b+’ﬁL m—1
The second part of the claim has a similar proof. a
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