DOMAINS OF HOLOMORPHY AND REPRESENTATIONS OF SL(n,R)

L. BARCHINI, C. LESLIE, AND R. ZIERAU

ABSTRACT. For G = SL(n,R) and K = SO(n) Akhiezer and Gindikin explicitly determine a G-invariant
Stein extension A of G/K in Go/Kc. We give several other descriptions of A. In terms of the geometry of
an arbitrary flag variety for Gg, A is described as the ‘polar set’ of the closed G-orbit. A is also the space of
‘linear cycles’ in an arbitrary open G-orbit. We also see that A is a domain of holomorphy for Szegt kernels
associated to interesting irreducible representations of G.

1. INTRODUCTION

A theorem of Grauert states that a real analytic manifold M has a Stein extension M€, that is, M is a
totally real submanifold of a Stein manifold M €. If a group G acts on M it is natural to ask for a G-invariant
Stein extension. In [1] this question is addressed for M = G/K, a Riemanian symmetric space. Given the
rich structure and function theory of G/K this is a particularly important example.

For G = SL(n;R) Akhiezer and Gindikin explicitly determine a G-invariant Stein extension A C G¢/Kc¢
(see Def. 2.9 below). In this article we give two different (and in a sense dual) descriptions of .4 and explore
certain G-invariant spaces of functions on G/K. More precisely, let Z be a flag variety for Go = SL(n; C).
Let D (resp. O) be an open G (resp. K¢ = SO(n;C)) orbit in Z and Y (resp. Xp) the dual K¢ (resp. G)
orbit. (See Def. 2.5 for slightly more precise definitions.) We show that A coincides with the following two
open domains in Go/Kc:

M : connected component of {gK¢ : gY C D}, and

)/(T) . connected component of {gK¢ : g ' Xy C O}.
M is the linear cycle space ([7]), a family of maximal compact complex subvarieties of D. This provides
a natural setting for a holomorphic double fibration and corresponding ‘Penrose’ transform. On the other
hand, )/(\0 seems to be closely related to Szegd kernels. This is made explicit in Theorem 5.9 where we
consider the Speh representations realized as spaces of smooth sections on G/K via Szegé maps. Our main
result is that the Szego kernels extend holomorphically to )/(\0(: A), thus providing a realization of the Speh
representations in a holomorphic setting. Furthermore, )?B is a domain of holomorphy for the Szegd kernels.

The method of extending representaions is used in [4] to study automorphic forms for SL(2; R). Extensions

of Szego kernels for discrete series representations for SU(p, q) are studied in [2]. The linear cycle space M
is determined in [5] by very different methods.

2. GEOMETRY OF THE FLAG VARIETY

Let G = SL(n;R), K = SO(n) and Z an arbitrary flag variety for G¢ = SL(n; C). The group K = SO(n)
is defined as the group of isometries of R™ with respect to the standard inner product (v,w) = Z;.lzl
having determinant 1. The complexification of K is K¢ = SO(n; C), the isometry group of the nondegenerate

UjWss

symmetric form ( , ) on C" which is given by the same formula. We will also assume that n > 2. Later
we will restrict to the case of n an even integer, however the results of this section hold for any n > 3.

Barchini and Zierau partially supported by NSF grant DMS-9801605.
Leslie partially supported by an NSERC Post-Doctoral Fellowship and an AWM Mentoring Travel Grant.
1



2 L. BARCHINI, C. LESLIE, AND R. ZIERAU
The flag varieties for G¢ may be described as follows. Let m = (mq,...,my) with m; € Z and 0 < my <
mo < -+ < my <n and set
Zp ={(z1,...,21) : 21 C--- C 2, C C" and dim(z;) =my, forall j =1,... k}.

Definition 2.1. For 0 < I, m < n set

0 if { <
(2.2) d(l,m) =4 midm=m,

l+m—n, ifl+m>n.
and

l if <
(2.3) et,my=4"  Lormsmn

n—m, ifl+m>n.

The following is straightforward.
Lemma 2.4. Suppose w,z C C".
(a) d(I,m) = min{dim(w N Z) : dim(w) =1 and dim(z) = m},
(b) e(l,m) = max{dim(w N z+) : dim(w) = and dim(z) = m}?,
(c) d(l,m)+e(l,m)=1.
Definition 2.5. We define the following subsets of Z:
D = {z € Z3, : dim(z; N Zj) = d(m;,m;), all 4,7}, (the maximally complex flags),
Xo={2€Zy :2; =7%;, all j}, (the real flags),
Y ={z € Zs : dim(z; N zj‘) = e(m;,m;), all 4,7}, (the maximally isotropic flags),
O={z€Zs:2zN zj‘ = {0}, all 5}, (the nondegenerate flags).
The following proposition is well known and easily verified.

Proposition 2.6. With m = (ma,...,my) as above, Zg, is a flag variety for Go and all flag varieties are
equivalent to some Zyg,.
(a) If m;j # % for all j then, D is the unique open G-orbit in Zg. If m; = 5 for some j then, D splits
into two orbits, which we call Dy and D_.
(b) The unique closed G-orbit is Xg.
(c) If my # 5 for all j then, Y is the unique closed Kc-orbit in Zy. If mj = 5 for some j then, Y
splits into two orbits, which we call Y. and Y_.
(d) The unique open Kc-orbit is O.
The affine space Gc/Kc may be described as the space of all unimodular symmetric bilinear forms on
C". The action of G is given by (g - b)(v,w) = b(g~'v, g7 'w) and the stabilizer of ( , )is Kc. We write
by for g -b. Note that if we choose the standard basis of C”, then Gc/K¢ is identified with the space of

complex symmetric n X n matrices of determinant one. In particular b, is identified with gt_l g L.

Definition 2.7. For each Z; define subsets of G¢/Kc:
(a) M is the connected component containing eK¢ of /\/l’ ={g9Kc:9Y C D}.
(b) Xo is the connected component containing e K¢ of Xo ={9Kc:yg -1X, C O}.
Note that since Y € D and Xy C O the symmetric space G/K = G - eKc¢ is contained in M, M/, )/(\0 and
Xol. We will see that these four sets are open in Go/Kc, so they are complex extensions of G/K.
There is a (real) parabolic subgroup P = M AN of G so that Xo = G/P = K/KNM and Z; = G¢/Pc.
From the definition of )?B we have the following lemma.

Lemma 2.8. gK¢ € )/(T) if and only if g~ 'k € KcMcAcNg, for allk € K.

121 is the subspace of C™ orthogonal to z with respect to ( , ).
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In this case we say that g~ 'k has a complez Iwasawa decomposition. Unlike the Iwasawa decomposition for
a real group, not every element of G¢ has a complex Iwasawa decomposition, and for those that do the
uniqueness which holds in the real case fails.

For the remainder of this section we will determine the structure of M and )/(\0 for arbitrary flag varieties.
We will see that M and )?B are open and Stein in G¢ /K¢, are independent of the flag variety for G¢ and
are equal to each other.

Definition 2.9. Let A" C Gc/Kc be the space of unimodular symmetric forms having no isotropic vector
in R™. Let A be the connected component containing the form ( , ).

Remark 2.10. In [1], for an arbitrary simple Lie group G, a complex extension of G/K in G¢/K¢ is defined
and conjectured to be Stein. This set is defined as the maximal G-invariant domain in G¢/K¢ containing
G/K on which the action of G is proper. They show that for G = SL(n;R),n > 3, it coincides with A.

Theorem 2.11. For any flag variety Zy,, )/(\o = A

Proof. Tt suffices to show that )/(\0/ = A’. Suppose that gKc ¢ )/(\Ol, i.e., by is degenerate on some real
subspace of dimension m; (some j). Then by has a real isotropic vector.

Now suppose that by has a real isotropic vector vg. The subspace of R™ perpendicular to vy with respect to
both the real and imaginary parts of b, has (real) dimension at least n—2. Thus for each m =1,2,...,n—1
there is a subspace E C R"™ of dimension m containing vy and so that b,(vg,v) = 0 for all v € E. Applying
this to m = m;, and setting z;, = Fc, we see that z; is degenerate for b,. Now z;, belongs to some real flag
z= (21 C--+ C 2z). However, g~z ¢ O. O

Theorem 2.12. For any flag variety Zs;, M = A.

Proof. Tt suffices to prove that M’ = A’. In order to prove this for an arbitrary flag variety it is simpler to

consider separately the full flag variety (m = (m1,...,m,—_1)) and the flag variety corresponding to maximal

li
max*

parabolic subgroups ( = (m)). Denote (temporarily) the two M’s by Mg, and M Since there is a
fibration of the full flag variety over any other and a fibration of any flag variety over one of the flag varieties
corresponding to the maximal parabolic the M for an arbitrary flag variety Z satisfies Mg, C M C M7,
It therefore suffices to show that A" C Mg, and M . C A’

We first show A’ C Mj,,;. Suppose that gK¢c ¢ Mgy, so gY ¢ D. There is a flag z = (z;) € Y so that
for some 1o, jo, dim(gz;, N gZ;,) > d(io, jo). We may assume iy < jo, i.e., 2z, C 2j,. Now z is maximally
isotropic means that gz is maximally isotropic for by, i.e., dim(gz;, N (92;,)17) = e(io, jo), where L, refers
to orthogonality with respect to b,. Therefore, by part (c) of Lemma 2.4, gz;, N §%;, meets gz;, N (gzj,)>¢
in at least one dimension. We have {0} # gz;, N gzj, N (9zj,)¢ C g2, N GZj, N (gzj,)* 9, so b, has a real
isotropic vector.

Now consider Z(,,), the Grassmannian of all m-planes in C". Suppose b, ¢ A’. Let vg € R" be a real
isotropic vector for by. There is a wg € C™ so that b,(vo,wp) = 1. Set U = (span{vg,wo})*. Then b, is
nondegenerate on U and we may choose an m — 1 dimensional subspace v C U which is maximally isotropic.

Set 2 = g7 (Cuvg + u), a maximally isotropic m-dimensional subspace. Now
dim(gz N gz) = dim((Cvg + u) N (Cvg +u)) > 1 4 d(m, m).

So gz ¢ D, ie., gKc ¢ M/ O

max*

Corollary 2.13. )/(B =M = A is a Stein extension of Go/Kc.

Proof. A" is an affine space with the hyperplanes H, = {by : by(v,v) = 0}, v € R", removed. Therefore, as
noted in [1], A’ and its connected component A are Stein. |
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As we have defined M in Definition 2.5, M is the linear cycle space (see [7] for the definition) in the cases
where D is the unique open G-orbit in Zg, i.e., when m; # 5 for all j. The following proposition shows
that in fact M is the linear cycle space for all open orbits in all Z. The right-hand side of equation 2.15 is
the definition of the linear cycle space.

Proposition 2.14. Let n > 4. Suppose m; = 5 for some j. Let D1 be the two open G-orbits and Yy the
two closed Kc-orbits in Zz, as in 2.6. Then

M =M, ={g9Kc:9gYy C Dy}, and,
(2.15) M = M4y = the connected component of My containing eKcg.

Proof. Write Yy = Kea(z4) C Dy = G(zy). The action of G on Z extends to an action of G’ = GL(n; R)
which is transitive on D. Since D is not connected stabgs(z+) C G. In fact (for properly chosen z.) there
is wo € O(n) so that z; = wg - 2—. If gY C D then either gz € Dy or gz, € D_. In the first case, by the
connectedness of Y, and the disconnectedness of D, gY; C D,. In the second case gY; C D_. However
gY+ C D_ cannot happen since gz = g'wozy for some ¢’ € G, i.e., g~ 1g'wo ¢ G. Therefore M’ C M/,.
As in the proof of Theorem 2.12, M/, C M’ will follow from M., . C M'(= A’). Thus we may assume
our flag variety is Z,), the Grassmannian of n planes in C*". For gK¢ ¢ A’ there is a real vector vy so that
bg(vo,v9) = 0. One constructs z as in the proof of Theorem 2.12 above, however since n > 2 we may choose
z to be in either of Y1. Now ¢YyL ¢ D, gY1 ¢ D.. O

3. PARAMETERS FOR THE SPEH REPRESENTATIONS

In this section we set G = SL(2n;R) and describe parameters for the Speh representations of G. It is
slightly more convenient to first describe the parameters for certain representations of G’ = GL*(2n; R),
the group of invertible linear transformations with positive determinant. The Speh representations will be
the restrictions to G.

The maximal compact subgroup of G’ is K/ = SO(2n). The Lie algebra g’ contains a fundamental Cartan

aj 05
—0; a;

a1 O a6
-t m -t @
€; :\/—16j and fj = aj
(7Y Hn Qp an
_9n Qg _en 2%

subalgebra to + af, having blocks

down the diagonal. Setting

the roots are
At+d',g") = {F(e; £ ew) & (f; — fu) 1 # k} U {£2¢;}
A O-stable parabolic subgroup @ = HU is defined by g = Z?Zl €j;

a=bh+u,
A(h,t+a') ={a: (o) =0} and,
A, t+a') = {a: @) > 0}.
In the terminology of [6], there is a family of representations Aq(mAg), m € Z. We let 7, be the restrictions

of the Aq(mAo), m € Z, to g. Then for m > —n, m,, is an irreducible, unitarizable representation with lowest
K-type E of highest weight u = (m 4+ n+ 1)\g. See, for example, [6], pages 586-8.
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The Langlands parameters of the m,, may be determined as on pages 764-5 of [6]. Write ag = ajNg. A
real parabolic subgroup P = M AN of G is determined by

A =exp(ag), MA = Zg(a) and X(ng,a0) = {f; — fx : j < k}.
Therefore, M A consists of 2 times2 blocks down the diagonal and we may take
M = {g € (SL*(2;R))" : det(g) = 1} and,
= (SL(2;R))" (the identity component).
Let

Z n—2j+1)f; €a*

j=1
Write x,, for the character of (SO(2))" = M, N K with differential (m +mn+ 1)\ and let 7, be the discrete
series representation of M, with minimal M, N K-type xp,. Let

5M = Ind%e (6Me)

Then 7, occurs as the unique irreducible quotient of the normalized principal series representation
md$(6y @ v) = {1 :G — W : ¢ is smooth and
Y(gman) = e~ TP (a)dpr (m~1)ib(g), for man € MAN, g € G}.

In Section 4 we will use the fact that d»;, may be realized on a space of smooth sections of the homogeneous
vector bundle on M./M, N K corresponding to X,

4. THE SZEGO MAP

We begin this section with an arbitrary connected semisimple Lie group G and a parabolic subgroup
P = MAN. We choose a Cartan involution 6, giving us a Cartan decomposition g = £+ s of the Lie algebra
of G.

Let (07, W) be a representation of M and v € a*. Suppose that (7, F) is a K-type of a normalized principal
series representation Ind% (0, ® v). Let € — G/K be the homogeneous vector bundle corresponding to E
and C*°(G/K, &) the space of smooth sections. We construct non-zero G-intertwining maps

(4.1) S :nd%(6y @ v) — C(G/K,E)

as follows. Since Ind$ 0y @ v)|x = D e By @ Hompyng (E,, W), E'is a K-type if and only if there exists
a non-zero T' € Hompnx (E,, W). Choosing such a T, the adjoint T™* gives an intertwining operator S as in
(4.1) defined by

(4.2) (5)(g) = /K 7 (K)T* (46 (gk) k.

This may be rewritten in terms of a kernel operator by using the Iwasawa decomposition and a standard
integration formula. The Iwasawa decomposition with respect to P = M AN is the smooth (unique) decom-
position

(4.3) g = r(g)m(g) exp(H(g))n(g)

where k(g) € K,m(g) € exp(mNs),H(g) € a and n(g) € N. The integration formula for the change of
variables k — k(g™ 'k) gives

(4.4) (Sz/))(g)=/Ke(”_")H(gfl’“)T(ff(g_lk))T*(m(g_lk)w(k))dk-
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Therefore S is defined by integrating against a kernel:
s: G x K — Hompynx (W, E)
s(g. k) (w) = MR (g™ k)T (mlg ™ Ryw).

We call S a Szegé map and s the Szego kernel.
Remark 4.5. s( , k) is a section of £ — G/K. We will want to extend s( , k) holomorphically to a domain
in Go/Kc. For this we note that E extends to a holomorphic representation of K¢ defining a holomorphic
homogeneous vector bundle € — G¢ /K. Thus, more precisely, we want to extend sections in C*®°(G/K, £)
to holomorphic sections of €€ — G¢/Kc defined on some domain in Gc/Kc.

A useful variant of the above construction is as follows. We note that if 5, = Ind%e (0pr, ), as is the case
for the representations in Section 3 (and nearly the case for all Langlands parameters) then the Szegé maps
may be defined as follows. For T' € Homps, nx (das,, F)

S : Ind§) an(0rr, @ v) — C=(G/K,E)

(50)(g) = [ e PO Dr(u(g 1)) T* (g™ K)o (),
K
For us this will be useful since the realization of dys, is slightly simpler than that of da.
Specialize to G = SL(2n,R) and let 7, dar, v, etc. be as in Section 3. We assume m > —n.

Proposition 4.6. The image of S is an irreducible subrepresentation of C*°(G/K,E).

Proof. This is a consequence of several general facts contained in [3]. First, 7, occurs as a representation
in Dolbeault cohomology; 7, is infinitesimally equivalent to H*(G/H, L’f\) There is an intertwining map

S : nd% 0y ©v) — H¥(G/H, LY).

Furthermore, there is a ‘real Penrose transform’ P from cohomology to C*(G/K, ) so that P-S = S, the
Szegd map defined above. We remark that the conditions necessary here are precisely the conditions on [6],
page 764. These hold exactly for m > —n, as we are assuming. Now the irreducibility of the image of .S
follows from the irreducibility of H*(G/H, E&) O

Proposition 4.7. If m is sufficiently large then for each ¢ € Indg(éM ®v), S extends to a holomorphic
section of E€ — M.

Proof. In light of the above proof S¢ = P(S%). In [8] a ‘complex Penrose transform’
PC . H*(G/H, L%) — Hol(M, £°)

is studied. The construction of P€ is in terms of the linear cycle space M. (We remark that G/H is D or
Dy.) If r : Hol(M, EC) — C(G/K, €) is the restriction of holomorphic sections to G/K then r - P€ = P.
In particular St = r(P€S), the restriction of the holomorphic section P€Sty from M to G/K. O

The following section strengthens this proposition considerably. The condition that m be sufficiently
large is replaced by m > —n. More importantly, it is seen that the Szego kernel extends holomorphically to
Xo(= M). In fact, the Szegd kernel is singular on the boundary of Xj.

5. HOLOMORPHIC EXTENSION OF THE SZEGO KERNEL

As a first step in the proof of Theorem 5.9 we will give an explicit formula for the Szegé kernel for discrete
series representations of G; = SL(2;R). We take the upper triangular parabolic subgroup P; = M; A1 Ny
with

M = {41}, A1 = {exp (g _Oa>} and Ny — {<é f)}
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The maximal compact subgroup is

Ky = {ky = (fo§?§> EE;EZD}

Let xq(ko) = ¥, We consider the discrete series representation of G with minimal Kj-type g, for

d > 2,d € Z. Let sgn be the sign representation of M7, «; the root of a; in ny and ¢ = %al. Then

Indgl1 (sgn? @ (—d + 1)e1) contains the discrete series representation as a quotient and
St IndIGDI1 (sgn? @ (—=d + 1)e;) — C°(G1/K1, xa)

is given by

(5.1) (S11)(g) = / e~ G0y 1s(g L)) (k).

50(2)
Letting )?\01 be the domain Xy of Def. 2.7 for G = Gy = SL(2; R) we have the following fact.
Lemma 5.2. The Szegé kernel of Sy in formula (5.1) extends holomorphically in g to )/(\6.

Proof. Consider the standard representation of Gy on C2. Write

vy = (é) , the highest weight vector and

vy = (1) , a vector of SO(2) weight ™.

Therefore, for the K c-invariant symmetric form (, ) on C?

-1
edelH(g k)Xd(KJ(g_lk)) — (g—lkvJr7 Uo)d.
Note that this is a holomorphic function of g. Furthermore,

e2d61H(971k) = (g_lkv+, g_lkv-i-)d’

a holomorphic function of g. Thus, the Szegd kernel
“kvy,v d
31(g>k) = ,(.19 +,10)
(g kar» g kar)
extends holomorphically on any set where the denominator is non-zero. For g € G ¢ this denominator is
non-zero for each k € K if and only if gK; ¢ € X{, by Theorem 2.11. a

We now return to G = SL(2n;R) and let P = M AN, dps, 001, , v, T, and E as in Section 3. Thus, F is the
minimal K-type of 7, and has highest weight (m+n+1)A¢ € t*. We identify E with the K-subrepresentation
of F = Sym™+"+1(A"C?™) generated by

= (v )™ w, = (e; +iea) A--- A (ean_1 +i€an),
({ej} the standard basis of C*"). Thus, it makes sense to write
(5.3) s(g. K)(w) = g~ (¥ M gr(g T BT (m(g ™ Ryw))
forweW,ge Gand k € K.

Since M. = (SL(2;R))™, the discrete series representations d);, may be realized as smooth sections on
M,/M, N K:
W c{w: M, — C-¢|w(mk) =k 'w(m), for k€ M.NK}.
For the Szeg6 kernel we must specify an M, N K homomorphism 7* : W — E. Set
T (w) =w(e) e C-¢p C E.

This allows the following form of the Szegd kernel.
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Lemma 5.4. Forge G,ke K andw e W,

s(g, k) (w) = =PI g~ en (g~ k) "t (g~ k) T o (m(g ™)),
Proof. Tt follows from (4.3) that

k(g7 k) =g kn(g~ k) 'm(g k) exp(H (g7 k).

So by (5.3)
5(g, k)(w) = @R g en (g™ k) Ttm(g ™ k) e (m(g™ k) - w)(e)
— -1 — — p— — p— — —
= =P g (g7 k) (g k) Tw(m(g T R) ).
Since exp(—H (g~ k)¢ = e~ (M DEI IHGTR) L g — ¢ ag > fj =0 onsl(2n; R). O

Lemma 5.5. As a function of gKc, m(g~ k) tw(m(g~tk)~1) extends holomorphically on Xo, for each
ke K andweW.

Proof. By (4.3) m(k'g’) = m(g’) for all ¢’ € G and k' € K. Therefore m(g= k) tw(m(g=tk)™!) is well
defined on G/K. Since mw(m) is a function on My/My N Ko, we need to check two things:

(a) If gKc € Xo then m(g—k)~L € (X})" and,

(b) gKc — m(g~tk)™'(Mc N Kg) is a holomorphic map from Go/Kc — Mc/Mc N Kc.

Consider gK¢ € )/(\o- By Theorem 2.11, )/(\0 is independent of the flag variety Z. We compare )/(\0 for
the flag varieties Z = G¢/Pc and G¢/Bce, Be the Borel subgroup of upper triangular matrices. Thus
g 'k € KcBg for all k € K.

To show (a) it suffices to show m(g~k)k; € (Mc N Kc)(Bc N M), for all k; € M N K.

Since k; normalizes K¢, Mg, Ac and Ng, m(g~tk)k, = k:lm(kflg_lk‘k:l). It is clear that ¢~ 'k € KcPc
exactly when szlg_lkkl € KcPc, therefore it is enough to show that for + € KcPgc, m(z) € (Mc N
Kc)(BC N Mc). Write

=k an' € KcMcAcN¢

=k'a"n" € chcﬁc,
where Bc = ;10]\7(;. Since Nc =(MecnN NC)NC we may write

b1
E'ad'n" = k" a"n'" e Kc(Bc N Mc)Ach.
by

Since the N¢ part is unique (see below) n’ = n” and

miby
N = ot e McAc.

In particular &'k’ € M N K and m;(z) € (Kc N Mc)(Bc N Mc).
Write Lc = McAc, so Pc = LcN¢. The expression g = k(9)¢(g)n(g) € KcLcNc is not unique.
However, since K¢ N LcNc = Kc N Le, n(g) is unique. Next we show that n(g~!) and ¢(g=1)%(g~ 1) are
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holomorphic on )/(\0. For this we write the matrices as an array of 2 x 2 blocks. The notation is:
n;j is the 2 x 2 block of n(g™") in the i position,
£; is the 2 x 2 block of £(g~!) in the i** diagonal position,
b;j is the 2 x 2 block of gt_lg_1 in the ;" position.

Then matrix multiplication gives the following recursive formulas.

Njk = (E )by — Zn”&ﬂ nix), (j <k)

(5.6) .

ﬁgék = bkk — Z nfkff&nzk
i=1
Note that €f€€k and njj are holomorphic in ¢£¢; and n;, with ¢ < k and m < k. Since 080y = by is
holomorphic in gK¢ the formulas (5.6) show that each nj, and ¢%¢) is holomorphic, so also n(g~') and
g ) eg ),

The identification g — gt_1 g1 of Go/Kc with the space of symmetric n X n matrices of determinant
one is biholomorphic, and similarly for Lc/Kc N Lc. Therefore gKc — £(g7) "' Lc N K¢ is a well-defined
holomorphic map on )/(\0 Since McNAc C LeNKec = McNKe, McN(LeNKe)Ac = McN K and so
Le/(Le N Kg)Ac ~ Mc/Mc N K. Thus the quotient map 7 : Le/Le N Ko — Mc/Mc N K¢ given by

m(maLc N K¢g) = mMc N K¢ is holomorphic. In particular, gKc — m(g~ ) "'Mc N Ke is a well-defined
and holomorphic map XO — Mc/KcN Mg, for all k € K.

We may now conclude that m(g~1k)~tw(m(g~'k)~1) is holomorphic on Xo.

a

From the above proof it follows that both £(g=1)%¢(g~!) and m(g~!)!m(g~!) are holomorphic. However
g™ H(g1) = exp(2H (g7 1))m(g71) m(g™?), therefore gKc — exp(2H (g~ 1)) is a holomorphic map X —
Gc. We use this fact in the following Lemma.

We now consider the scalar part of the kernel which may be written in terms of principal minors. Therefore
we let Ay(B) denote the /** principal minor of the complex matrix B.

Lemma 5.7. For each k € K and g € G¢

(r=P)H(g™ k) 5
H ‘”f Hg k)%

=1 A

is a meromorphic function on Go/Kc.

Proof. Set Ap = 2 Z§:1 f; and compute eMe(H(9™'k) | Consider the G representation A2C?*", ¢ =1,2,...,n.
Then vy =e3 A--- Aeg is a highest a-weight vector of weight A, which is fixed by each m € (SL(2;R))".
Therefore

eCAIHD) — (guy 4, guy g)

= det ((gei, gej)1<ij<ar)

= Ax(g'g).
In particular, As;((g~ k)" (¢~ 'k) has holomorphic square root by the comment preceding the Lemma. The
lemma follows since v —p = =370 |(n = 2j + 1)f; = =X Ao+ (n+ )30 f5 = =3/ Av (as
> i =0). -

Corollary 5.8. The function gK — =P H(g™'k) g holomorphic on )/a).
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Proof. This follows from the definition of )/(\0 applied to the flag variety Z = G¢/Pc as follows. For the flag
—

2o = (21 C29 C -+ C 2p_1), 2¢ = span{eq, ..., e}, Xo =G z9. Now gK¢c € X if and only if g~ kzg € O

for all k € K. Thus bj-1, is nondegenerate on all z, i.e., Agy((g7 k)" (g7 k)) # 0, for all k € K and all

£=1,...,n. O

We have proved the following theorem.

Theorem 5.9. The Szego kernel extends holomorphically to )/(\0. Thus, the Speh representations occur as a
space of holomorphic sections of the restriction of €€ — Go/Kg to Xp.
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