Solution to homework problem # 4.107 and 7.1

Let us first review some basic concepts.

1. Derive the dual problem from the Lagrangian duality. Itrkeofor convex problems, including all linear pro-
gramming problems. Given a convex optimization problem

Minimize  f(x)

. gi(x)
subject to (hi(x)

let us first write down its Lagrangian function

L(x,u,v) = f(x) + Zuigi(x) + Zvihi(x)v

whereu; >0, fori=1,...,m,

andv; are free variables.
Then we have

primal problem <= min (max L(x, u,v))
x u>0,v

dual problem <= max (minL(x,u,v))

u>0,v x
To derive the dual problem, we need to compuie, L(x, u, v), which can be calculated by usiRg. L(x, u, v) =
0. Indeed, V4L = 0, together withu > 0, gives the constraints of the dual problem. Suppg@ae v)
miny L(x,u, v), then the dual problem is

Maximize g(u,v)

VxL(x,u,v) = O>

subject to ( u>0

(Do not forgetu > 0, and DO NOT addr > 0.)

2. For linear programming problems, we have some easyd¢darsnulas. However, one need to be careful on
choosing the correct formula to use. In the following talbhe first primal problem is written in its canonical
form, and the second is in its standard form.

primal problem dual problem
Minimize f =c'x Maximize ¢ =b'y Maximize ¢ =Db'y

. Ax>Db . Aly +u=c . Aly <c
subject to ( x>0 ) subject to <y S0,u>0 subject to y >0

Minimize f =c'x

Maximize ¢ = b’y

Maximize ¢ = b’y

subjectto Aly <c

. Ax=Db
subject to < x>0 )

(The formula given in textbook usesinstead ofy. Thisv is different from thev in Lagrangian duality forms.)

. Aly +u=c
subject to ( u>0

. The Lagrangian duality in item 1 and the formulas in itenin@idd give exactly the same dual problem. Some-
time they may have differently-looking forms. However, Himénating slack variables or using a change of
variable, these forms can be shown to be equivalent.



Solution for #4.107. The primal problem is

Minimize f=—x—3y

. z+y==6
subject to (_m+y§4>

The Lagrangian function can be written as
L(z,y,u,v) = (—x—3y)+u(—z+y—4)+v(x +y—6), whereu>0.

Notice thatv should be a free variable. Then the dual problem is equitvdtethe following saddle point
problem:

max (min L(z,y,u, 11)) .

u>0,v z,y

To computemin, , L(z, y, u, v), let us take

oL 0 —1—u4+v=0

aL | = =

oy 0 —3+u+v=0
and wheru, v satisfy these two equations, we have

min L(z,y,u,v) = (-1 —u+v)x + (=3 + u +v)y — 4u — 6v = 0z + Oy — 4u — 6v.
@y

Substitute this intenax, >0, , (min, , L(z, y,u, v)), the dual problem can be written as

Maximize ¢ = —4u — 6w
—l1—-u+v=0
subject to —-3+u+v=0
u >0

(Notice thatu > 0 is required by the Lagrangian function, andhould be a free variable.)

It is not hard to find that the primal problem hasn f = —16 at (z,y) = (1,5), and the dual problem has
max g = —16 at(u,v) = (1, 2). The details are skipped.



Alternative solution for #4.107. You can also solve the problem as follows. The primal probieequivalent to

Minimize f=—x—3y
r+y<6
subject to —x—y<—6
—rx4+y<4
Then the Lagrangian function becomes

L(z,y,u1,uz,u3) = (= — 3y) +ui(x +y — 6) +uz(—2 —y +6) +uz(—x +y —4)
Whereul, ug, ug > 0.

Thenmin, , L(x,y, u1, uz, uz) is taken at the point where
% _ 0 N —1+u —us—u3=0
% 0 —34+u; —us+uz=0 ’

minL(m,y, ul,u2,U3) = —6u; + 6us — 4us.
z,y

and its values is

Hence the dual problem can also be written as

Maximize ¢ = —6uy + 6us — 4ug
—1+U1—UQ—U3:O
subject to —3+u; —us +uz =0
u, Uz, uz > 0

(Notice that by setting. = us, which should satisfy. > 0, andv = u; — ug, which
should be a free variable, we get exactly the same form aiprvious solution.)




Solution for #7.1. The primal problem is

Maximize 2z = x1 + 322

x1 + 4z < 10
subject to 1 + 220 < 10
x1, 12 >0

This problem can be rewritten into a canonical form:
Minimize f = —x; — 39
. -1 —4 -10
subject to (_1 _2> x> (_10)
z1, 12 >0

Hence by the formula for the canonical form (on page 1 of thisutinent), we have the dual problem:

Maximize g = —10y; — 10y, Maximize ¢ = —10y; — 10y-
Y1 —y2tu=-1 or —yp —ya < —1
subjectto | —4y; — 2o +ux = =3 subjectto | —4y; — 2y, < —3
y=20,u=>0 y=0

If you prefer to first write the primal problem into its stamddiorm, that's fine. The standard form for the primal
problemis
Minimize f = —x1 — 322 + 0x3 + Oy

. 1 4 1 0 10
subject to (1 2 0 1))(—(10)

Z1, T2, T3, T4 > 0

Use the formula for the standard form (on page 1 of this doeujnere have the dual problem:

Maximize g = 10y1 + 10y, Maximize g = 10y; + 10y
4y1—|—y2+u1 __1 v+ ys < —1
subject to Y1 +us =0 subject to vt ?f 0
Y2 +ug =0 " <0

It is not hard to see that all above four different forms (inakés) for the dual problem are equivalent. For
example, take the two forms on the right. By changing the sigrariablesy; andy,, we can see that they are
exactly the same.

Finally, one can also use Lagrangian duality to find the doiadtfis problem. There are two possibilities.

1. Use the Lagrangian function for the canonical form, wtibbuld be

L(x,u) = (—x1 — 322) + uy(z1 + a2 — 10) + ua (21 + 225 — 10) + uz(—xz1) + ug(—x2)
where uy, us, us, ug > 0.

It is important not to forget constraintsz; < 0 and—zx5 < 0in the Lagrangian function. Then using the
formula for the Lagrangian duality (on page 1 of this docutjieme have the dual problem

Maximize g = —10u; — 10us
—1+’LL1+’LL2—'LL3 =0
subject to —3+4u; +2us —us =0
Uy, U2, U3, Uq Z 0




2. Use the Lagrangian function for the standard form, whiotusd be

L(x,u,v) =(—x1 — 3z2) + v1 (21 + 4x2 + 3 — 10) + va(x1 + 222 + 24 — 10)
+ ur(—21) + up(—2) + uz(—x3) + us(—24)
whereuy, uo, us, ug > 0.

Again, itis important not to forget constraintse; < 0, fori = 1,2, 3,4, in the Lagrangian function. Also,

notice thatv,, vy are free variables, since they corresponds to “equatigné gonstraints of the standard
form. Then using the formula for the Lagrangian duality, vl problem is

Maximize g = —10v; — 10v9
71+U1+’U27U1 =0
—3+4Ul+202—U2 =0
subject to v —uz3 =0
Vg — Ugq = 0
uy, Uz, Uz, ug >0

Altogether, for problem # 7.1, we already have 6 differemirfe for the dual problem. All of them are equivalent.
(this is left as an exercise for you.)

It can also be shown that the minimum of the primal problemi$, and the maximum of the dual problem (no
matter in which form) is-10.



