Math 2233, Exam |11, Nov. 20, 2008 Name:

Score:

Part 1. Multiple choice. Each question is worth 4 points.

1. (d) Lly] =y" — 3y’ + 2y. EvaluateL[e™"].
(a) —2e7%;
(b) 0;
(c) 4e7t;
(d) 6e
(e)8e".

2. (b) Find the Laplace transform of

@e(5+);

;
(B e (5 + )
©e (51
O
©5




3. (¢) Find a proper form of the specific solutidnof the differential equation
y" =3y + 3y —y=3e".
() Ae';
(b) At%e’;
(c) At?e";
(d) (Acost + Bsint)t?e;
(e) (At + B)t*¢.

4. (a) Which of the following is equal to the inverse Lapla@nsform of
1
(s+1)(s2+1)

t
(a)/ e~ sin 7 dr;
0
t
(b)/ e~ sin 7 dr;
0
t

() [ e TsinTdr;
t
(d) [ e sinTdrT;
0

(e) [ e cosTdr.
0

5. (e) Find the inverse Laplace transform of
S

$2—4s+8
(a) %6% sin(2t);
(b) e* cos(2t);
(©) %e% cos(2t);

(d) e**(cos(2t) + 2sin(2t));
(e) e*(cos(2t) + sin(2t)).



Part 2. Partial credit section. Show all your work neatly and coelsisand indicate your
final answer clearly. If you simply write down the final answathout appropriate interme-
diate steps, you may not get full credit for that problem.

. (8 points) Solve the following initial value problem:
y///_y//+y/_yzo
y(0) =2, ¥y'(0) =1, y"(0) = 0.
You final answer should NOT contain any integral.
Solution 1 The characteristic equation is

- 4r—1=0 = rPr—1)+(r—-1)=0
= <r2+1)(r—1)20 = 7"1:1, ro =1 T3= —1i.

Hence the general solution is
y = Cie' + Cycost + Cysint.

By the initial condition, we have

Cl+02:2 01:1
Cl+03:1 = 02:1
Ci,—Cy=0 C3 =0

Therefore the particular solution is

y = e’ 4 cost.

Solution 2 Apply Laplace transform to the equation, we have

L") = Ly + L{y'y — L{y} =0
= [s°L{y} — s*y(0) — s/(0) — y"(0)] — [s*L{y} — sy(0) — /' (0)]
+ [sL{y} —y(0)] = L{y} =0
= (88— +s—1L{y} =2 —-s+1
252 —s+1 252 —s+1
= Ly} = $3—s2+s5—1 - (s24+1)(s—1)

Use partial fraction to get

a bs + ¢ 1 s

E{y}:s—1+32+1 = E{y}:s—1+32+1

Hence by computing the inverse Laplace transform, we have

y = e + cost.



7. (8 points) Use Laplace transform to solve the followinigahvalue problem:
y' +4y=4+0(t—3), with (0) = 0 andy’(0) = 0.

You final answer should NOT contain any integral.
Solution Apply Laplace transform to the equation, we have

[s*L{y} — sy(0) — ¢/ (0)] + 4L{y} = g e

4
= (s +4)L{y} = B + 73
4 N e 38
s(s2+4) s2+4
(by partial fraction)
a bs+c e
= L{y} = -
i s +32+4+ s +4
1 s e 3

~ £{y}:g_32%—4%—32%—4

= Ly} =

Now compute the inverse Laplace transform:

Y £ S L S
s s24+4 52+ 4
1 -1y _—3s 2
:1—COS2t+§£ {6 m}

1
=1—cos2t+ §u3(t) sin[2(t — 3)].



8. (8 points) Find the solution() to the integral equation
t
y(t) + 2/ cos(t — 7)y(7) dr = sint.
0

Solution Apply Laplace transform to the equation, we have

1

L{y} +2L{cost xy} = a1
= L{y} + 2L{cost} - L{y} = o
s 1
> et s o

(Multiply the equation bys* + 1)

= (s> + ) L{y} +2sL{y} =1
= (s> +2s+1)L{y} =1
1 1
~ E{y}_s2+23+1_(3+1)2
Therefore )
y=L"Y o 1>2} =te”"  (thisis aformula)



9. (6 points) Ify’ = zy? — 3* andy(1) = —1, find /(1) andy”(1).
Solution Substituter = 1 into the original equation, we have

Take derivative of the equation with respectitove have
y' = (2y? = %) = (ay?) — () = (v° +2(29)y) — 3y°y'
Substituter = 1 into the above equation, we have

y'(1) =y(1)° + (1) (29(1) -/ (1) = 3(y(1)* - /(1)



f(t) = L7HF(s)}

F(s) = L{f(t)}

10.

11.

12.

13.
14.

15.

16.

17.
18.
19.

at
m
& (p>-1)
sin at
cos at

sinh at

cosh at
e sin bt
e cos bt

tneat

e

S—a

n!
Sn—i—l

Fip+1)
gt

s—a
(s —a)?+b?

s"F(s) = s"7f(0) —

F(")(s)

o —sfTD(0) — FD(0)



