Math 2233, Exam |1, Oct. 16, 2008 Name:

Score:

Formula for variation of parameters:

Y =yi(t) /tt %()Sg)(s)ds + 12(1) /tt %ds

Part 1: Multiple choice. Each question is worth 4 points.

1. (c) Find the largest open interval for which the initialu@problem

t
oYt 0 @) =0 @) =1
(t=2)y"+ = =77 =0 yB)=0yB3) =1,

has a solution.

@0<t<4;
b)1 <t <4
c)2<t<4;
(d)1<t<oo;
(e)2<t< .

2. (b) Which one is NOT a solution for the differential equatio
y" + 3y + 2y = 0.

(@e™
(b) ¢';
(€)—e™;
(A —e?;
(e)10e".



3. (¢ ) Determine a proper form of the particular solution fioe following equation if the
method of undetermined coefficients is to be used.

Y’ — 2y =t +4te* + e*sin 2t.

(@) At + B + Cte® + De** + Ee? sin 2t + Fe* cos 2t;

(b) At* + Bt 4+ Cte* + De** + Ee? sin 2t + Fe* cos 2t;

(c) At? + Bt + Ct*e* + Dte* + Ee* sin 2t + Fe? cos 2t;
(d) At* + Bt + Ct?e* + Dte** + Ete* sin 2t + Fte* cos 2t;
(e) At* + Bt?e* + Cte* sin 2t.

4. (a) The value of the constansuch thaty = 2" solvesz?y” + zy’ — 2y = 0 for z > 0 are:

(a) £V2;
(b) £iv'2;
©) 1+ V2
(d) -1, —2;
(e)1, —2.

5. (e) Ifone solution of” + ¢ — 2y = f(z) isy(z) = Inx, then the general solution is:

(@) cInx;

(b) c1 Inz + coe” + cge;
(€) cre™ + c9e®* + Inx;
(d) cre® + coe™

(€)cre” + coe™® + Ina.



Part 2. Partial credit section. Show all your work neatly and coelsisand indicate your
final answer clearly. If you simply write down the final answathout appropriate interme-
diate steps, you may not get full credit for that problem.

6. (8 points) Use the method of undetermined coefficientsitbthie general solution to

Y — 2y — 3y =e" + 1.

Solution:

Step 1. Solve the associated homogeneous equgtier2y’ — 3y = 0. The characteristic
equation is
P —2r—3=0 =(r+1(r—-3)=0

Thereforey;, = e~* andy, = €3
Step 2. By the method of undetermined coefficients

Y = A + B

Hence
Y' = Aé, Y" = Aet
Substitute them into the differential equation, we have
Ae' —2Ae" — 3(Ae' + B) =¢' + 1
= —4A¢'—3B=¢"+1
= A=-1/4, B=-1/3

1. 1
Y = et =
1° 73

Step 3. Combine the above, the general solution is

1

1

3

Y = cle_t + 0263t



7.

(@) (4 points) Show that, = ¢t andy, = ¢! are solutions ta*y” + ty —y = 0.
(b) (2 points) Evaluate the Wronskiaf|[t, ¢~

(c) (2 points) Find the solution of the initial value problefy” + ty' —y = 0, y(1) = 2,
y'(1) = 4.
Solution

(a) Notice that, = ¢, v}, = 1, y{ = 0, substitute them into the equation:
t*-0+t-1—t=0 The equation holds
Similarly y, = t71, 3, = —t~2, y5 = 2t~3, substitute them into the equation:
22t 4t () —t =2t —t7' —¢+71 =0 The equation holds

Therefore bothe; andy, are solutions.

(b)

Y1 Yo
Y1 Y
(c) By part (b), the Wronskian is not identically hence the general solution is

=t-(—t?)—1-t7t=-2t"

ettt
L =t

Yy = Clt + Cgtil
Clearly we have)/ = ¢; — c,t 2. By the initial conditions, we have
2:y(1)261+02 N 61:3
4=y (1) =c1 — o= —1
Hence the particular solution is

1
y:3t—t_1:3t—z



8. (6 points) Find the general solution to

t

"o _ '
AT

(Hint: [ i dt = arctant + C)
Solution
Step 1. Solve the homogeneous equatior- 2y’ +y = 0.
P?—2r+1=0 = ri=ry=1
Hence we have
Y = et, Yo = tet

Step 2. Compute a specific solution by the method of variatigmacameters. First, the
Wronskian is

Yyr Y2
Yi Y

Then by the fomula
t _ges 265 t oS 265
Y = et/ Tsﬂds + tet/ 52“ ds
to e to e**

t s t
:et/ (—2 )ds+tet/ ds
to 52 4+1 t0$2—|—1

1
— ¢ <__ In(s® + 1)) |y, + te' arctan s|;,

2

(Note: fti (—+%7) ds can be computed by change of variable- s* + 1.)
By settingt, = 0 and notice thaln 1 = 0, arctan 0 = 0, we have

1
Y = —§et In(t? 4 1) + te' arctan t
Step 3. Combine the above, the general solution is

1
y = cie' + cote’ — §et In(t? + 1) + te' arctant



9. (8 points) A mass of 100g stretches a spring 5cm. If the nsasst in motion from its
equilibrium position with a downward velocity of 10 cm/sead if there is no damping and
no external forces, determine the positigi) of the mass at any time And find the natural
frequency of vibration.

(Hint: The acceleration due to gravity is 9.8 m/sec®> = 980 cm/sec?. We also know that

V196 = 14.)

Solution We will use the unitsy, cm and sec when solving this problem. The mechanic
oscillation is given by
mu” + yu' + ku = F(t)

Because there’s no damping and no external forces, wehav® and F'(t) = 0. Now we
need to find the values fon andk. It is clear thatn = 100. To computek, we use

mg=kL = 100x980=kx5 = kz@zl%%

Hence the equation becomes
100u” + 19600u = 0

By dividing the equation by 00, it can be simplified into
u” +196u =0

Combine it with the initial conditions, we have

{u” +196u = 0

u(0) =0, «'(0)=10
Now we need to solve the initial value problem. The charastierequation is
4196 =0 = r=4v—196 = +14i

Therefore the general solution is

u = ¢y cos 14t + co sin 14¢

By using the initial condition,

0=cycos0+ cysin0 N =0
10 = —14¢; sin0 + 14¢9 cos 0

Hence the particular solution is

10
U = T sin 14t

Finally, the natural frequency is

wozwﬁzwwzvl%:lél.
m 100



