Math 2163, Practice Exam |1, Solution

1,1
1. @) Vf=</[f, fi >=<2se!, 5% >, and; = <=2 S0

L
Dy f(2,0) =< 2(2)e?, 22" > % —<4,4> % = 44/2.
(b) Vf =< 2ay?, 3%y — 4y® > andv =< cos T, sin T >=< Y2 ¥2 > g0
Dyf(2,1) =<4,8> - < g,g >= 6v/2.
©) Vf=<jm —migp —Giap > andy = S5,
Dof(4,1,1) =< % 1 -1 .2 1&3 Z 2\_/?_4.

2. @Vf =< TS thenVf(2,4) =< —4,4 >. Therefore the maximum

change of rate i$V f(2,4)] = 4v/2 and it occurs in the same direction of
Vf(2,4) =< —4,4 >.

(b) Vf =< 4a3y32%, 3aty?22, 221932 >, thenV f(1,-1,1) =< —4,3, -2 >.
Therefore the maximum change of ratgV¥&f (1, —1, 1)| = v/29 and it occurs
in the same direction oV f (1, —1,1) =< —4,3, -2 >.

3. (a) By simplifying

fo =2xeV" " 4 (22 + y?)(—2x)e?" " =0
fo =2y 4 (@ + ) (2y)er " =0

we have

2¢v" (1 — 2% —y?) =0 N (1 —2? —y?) =
26y2—$2y(1 + ;EQ + y2) — O

{ r=0 or 1—a22—9y?>=0
=

y=0
So we have the following solutions
L.z=0,y=0
ii. Solve

1—22—42=0
y=0

gives two pointsi1,0) and(—1,0).



(b)

Combine all together, there are three critical poifit9), (1,0) and(—1, 0).
To classify the critical points, we need to calculate

D fwwfyy fxy
Since L
Joz =2¢"77 ((1 —z® — yQ)(l - 2I2) - 2552)7
Joy = —4aye? " (2% +y?),
oy =267 7 (1427 + ) (1 + 2¢°) + 2¢°).
It is easy to see that

D(0,0)=4>0,  f..(0,0)=2>0,
D(1,0) = —16e % < 0,
D(—1,0) = —16e™* < 0.

So f(0,0) = 0 is alocal minimum andl, 0), (—1,0) are saddle points.
First, we have
fo =622 +y*+10x =0,
{fy =2zy+2y =0
By solving f, = 2zy + 2y = 2y(x + 1) = 0, we have eithey =0 orz = —1.
i. If y = 0, substituting it intof, = 622 + % + 10z = 0 givesxz = 0 or
x = —5/3.
i. If 2 = —1, substituting it intof,, = 62> 4+ 4> + 102 = 0 givesy = 2 or
y=—2.

Combine the above, there are four critical points;0), (—5/3,0), (—1,2),
(—1,—2). Next we need to calculat®. Since

Fow = 122 410,
fay = 22+ 2,
fyy = 23/'

It is easy to see that

D(0, )—20>0 f22(0,0) =10 > 0,
( 5/3 O) fa:a:(_5/370) <07
D(-1,2) <
D(-1,-2) <

Hencef(0,0) = 0 is a local minimum,f(—5/3,0) = 125/27 is a local maxi-
mum, and—1, 2), (—1, —2) are saddle points.



4. Step 1: Find the local minimums and maximums.

fr=4—-2x=0 x =2
=
fy=6—-2y=0 y=23
Thenf(2,3) = 13 is a candidate for local minimums and maximums.

Step 2: find minimums and maximums on the boundary edges. €lyotitom bound-
aryy = 0, we havef(z,0) = 4z — z* and it has minimum af (0,0) = f(4,0) =0
and maximum af (2, 0) = 4. On the left boundary = 0, we havef (0, y) = 6y — >
and it has minimum af (0, 0) = 0 and maximum af (0, 3) = 9. On the right bound-
ary x = 4, we havef(4,y) = 6y — y* and it has minimum af(4,0) = 0 and
maximum atf (4, 3) = 9. On the top boundary = 5, we havef(z,5) = 4z —z*+5
and it has minimum af(0,5) = f(4,5) = 5 and maximum af (2,5) = 9.

Compare step 1 and 2, we have the absolute minimufittad) = f(4,0) = 0 and
the absolute maximum &2, 3) = 13.

5. The distance is given by(z,y,2) = /(z —8)>+ (y — 10)2 + (2 — 8)2 and the
constraint is given by (z, y, z) = 8¢ — 10y + 4z = 16. To avoid long notations, we
denoted = /(z — 8)2 + (y — 10)2 + (= — 8)2, then

r—8 y—10 2 —38
Vf—< d ) d ) d >7

Vg=<8,-10,4>

Using the Lagrange multiplier method, we have

28 g\
-10
z—8
8r — 10y + 4z =16
Noticing that
r—8,4 ,y—10, 2-—8,
=1
(= + =+ (o =1

Therefore(8\)? + (—10X)? + (4)\)? = 1, which impliesA = +1/4/180. Now, we
have
x = 8Ad + 8§, y = —10Ad + 10, z=4\d + 8

substitute them into the constraitr, y, z) = 8x — 10y + 4z = 16, we have
64\d 4 64 + 100\d — 100 + 16Ad + 32 = 16

and hence80A\d = 20. Since we know thah = +1/+/180, it is easy to see that
d = 4+20/+/180.

Finally, recall that we defined = /(z — 8)2 + (y — 10)2 + (= — 8)2, which is ex-
actly the distance. So at this point we already have the antve¢ the shortest

3



distance isi = 20/+/180. Of course one can solve for, y, z) by plug in values of
A andd back into

x = 8\d + 8§, y = —10Ad + 10, z=4\d +8

6. Letz, y, =z be the length of three sides. The volume is givenfly, v, z) = zyz
and the constraint is surface argl, v, z) = 2zy + 2yz + 2zz = 150. Using the
Lagrange multiplier we have

yz = A2y +22)
xz = AN2x 4 22)
xy = A2z + 2y)
2xy 4+ 2yz + 2xz = 150

Multiplying the first equation by, the second equation hyand the third equation
by z, we have

ryz = A(2zy + 222)
xyz = M2zxy + 2yz)
xyz = M2zz + 2yz)
= AN2xy 4+ 2z2) = AM(2zy + 2yz) = M(2x2 + 2y2)
= A=0 or (2zy+2zz) = 22y + 2yz) = (2xz + 2y2)
It is not hard to see that can not be) since otherwise one af, y, z has to be zero.

Now solving
(2zy 4 222) = 22y + 2yz) = (202 + 2yz2)

givesx = y = z. Substitute it into the constraitry + 2yz + 2xz = 150 gives
rT=1yY=2z=05.
7. The approximation is

2 2

SN fwiy)AA =8f(4,2) +8f(8,2) + 8 (4,4) + 8f(8,4) = —816

i=1 j=1

8. (a)

2

692 62 4 4 4
| ety = [ 10925 dy -
0 0

1652 v/
15 15 15

OovE o3  3y%/2 - * 31/2
/ / Y dyda::/ v/ \y(\)/ida::/ z/ dx
o Jo 2?2+1 o 241" 0 2 +1

3 3

10°/2,

(b)




(c) first change the order of the integral:

Lo, 1 ) e

— dxdy = —In(z* + r=<d

/0/1 r? + y? Y /0 2 ( vleidy
1

= [ 13m0 +4) = St + Dy

Using integration by parts, we have

1 1
1 1 1 2y
“In(y? 4 4)dy = —yIn(y® 41—/——d
/OQH(er)y 5y In(y” +4)k Uil
15 1 2
:3__/ Yy
2 0o y*+4

Inb 1 4
=2 [ a- d
5 /0( y2+4)y

In5 Y
= — —[y—2tan ' ]!
= —ly—2tan™ ]I}
Inb5 1 Inb5 1
=2 —[1—2tan*1—]:—n —1+42tan! =
2 2 2 2
Similarly, one can calculate that
1
1 In2 In 2 s
“In(yP+1)dy = —= —1+tan ' 1= " -1+ —
/0 5 n(y” + 1)dy 5 + tan 5 +7

Combine the above, we have the final result
2 1
Inb 1 In2
/ / Ldydac: D2 4 gtant - - 2 - T
1 Jo 2 2

(d) We would like to first shange the order of the integral.c8in

D={(z,y)|0<y<1, Jy<z<1}
={(z,y)]0<2 <1, 0<y <2?}

so we have

1 1 1 2 1
// Vx3+1dxdy:// Vx3+1dydx:/(vx3+1)y\§32055”
o Ju 0o Jo 0
1 2) 2
:/0 Izrgﬂdx:@(ﬁﬂ)?’/?\g:5(\/5—1).



