Math 2153, Exam |, Feb. 17, 2010

Name:

Score:

Read the problems carefully before you begin. Show all your ark neatly and concisely, and
indicate your final answer clearly. Total points = 50.

1. (8 points) Evaluatetheintegral [(z? + 1)e " dx
Solution 1 Useintegration by parts twice:

! __ -
<setu_,x+1 ""—e_w;») =(2% +1)(— /2g;
u=2r v=-x
(smplify =) (% + 1)e $+/2xe “d
(Setu,_ 2 _6__z :>) (22 +1)e ™ + {Qx 2( )dx]
u =2 v=—e
(smplify =) — (2® + 1)e " — 2we

Solution 2 Use tabular integration by parts:

differentiate integrate
1 .

+ 2+ 1 e
— 2r —e~ %
+ ) “—J
- (0 —g~
We have
/(:U +1)ePdr =—(z"+1)e* — 2ze” " — +C



2. (8 points) Evaluate theintegral [ sin® z cos® z dx

Solution Using the identity
sin?z 4 cos®z = 1,

we have
.9 5 . .9 4
/sm T COS xdm-/sm T cos” x cosx dx

= /sin2 z(1 — sin® x)? cos x dx

Now, use the substitution
u =sinz, du = cosz dzx,

then,
/ sin? z cos® x dx =

w2’
= —+—+C

3 5 * 7 +
_sin?’x ZSin5x+sin7x+O
3 5 7



3. (8 points) Evaluate the integral (ssmplify your answer so that it does not contain inverse
trigonometric functions)

1
—dz
r2\/4x? — 1

Solution Use the trigonometric substitution

mzisece, dZE:%tanQSGCQdQ

we have

! 1taun@secﬁd@

1
——dx :/
/$2\/4$2 -1 (%sec@)2 \/4 (%SGC@)Q -1 2

B / %taaneCQ "
B }l sec? Ov/sec2f — 1

2tan6 0
:/ an f sec 40

sec2 0 tan 0

2
_/se08d9
:/2c036d9

=2sinf +C

Since we have set = = 1 sec 6, clearly,

secl = 2z

1

= 0=—
cos 5

[ 2
= sinf =+v1—cos?f = 1—(%)
x

1\2
dr =2sinf +C =2 1—(—> +C
2

Hence we have

1
/ r2y/4x? — 1



4. (10 points) Evaluate the integral

x4+ 422 — 1220 + 1
dx
22 +4x — 12
Solution First, by long division, we have
23+ 42?2 — 122 + 1 1
:x—f——
22 +4r — 12 22 +4r — 12
S0
/w3+4x2—12a:+1d / N 1 y
xr = X —_— X
2+ 4r — 12 x? 4 4r — 12
Next, we use partial fraction for ——, that is,
1 B 1 _ A, B _A@+06)+Bz-2)
2 4+4r—12  (r—-2)(x+6) -2 x+6  (z—2)(x+6)

Then we have
Alx+6)+ Bz —2)=1
By setting =+ = 2, we compute that A = 1/8. By setting z = —6, we have B = —1/8.

Therefore
1 /8 1/8

2 4dr—12 -2 146

/x3+4x2—12x+1d _/ N 1 4
2rdr—12 T\ " i —12) "
1 1
:/ T+ /8— /8 dz
r—2 x+6
1 1 1 1
— [ wde+-= do — - d
/9””8/95—2”” 8/x+6x

I2

1 1

Finaly




5. (8 points) Determine whether the following integral is convergent or divergent. Evaluate it
if convergent.
v
d
/2 v — 2 ‘

Solution Thisintegral is an improper integral of type 2, since the val ue of %%2 goes to
+o00 asx goesto 2. Therefore

4 4
/ - dr = lim [ (z—2)"Y*dz
2 r—2

tH2+ t

4
= lim §<I — 2)3/4 h

t—2+
4 4
— lim (— 24— _(t — 2)3/4)
t—2t \ 3 3
— il 23/4
3



6. (8 points) Find the area of the surface obtained by rotating the curve about the x-axis.

y=v1+2x, 1<2<5

5 dy 2
Area:/ 2myy [ 1+ (—) dz
1 dx
5 9 2
= 2rV1 4224 |14+ | ——=) d
/1 " ‘ (2\/1+2£U> v
> / 1
:/ 2nv/ 14 2x4 /1 + dx
1 1+2$
> 1
= 2 142 1
/1 T (+:C)(+1+2I>dx

5
2
= / 27mvV2 4+ 2xdx = 2\/§7r§(9c + 1)3/2]‘;’
1

Solution 1

— @63/2 _ @23/2 _ 1(5?%(3\/5 _ 1)

Solution 2Noticethat y = /1 + 2z, 1 < x < 5isequivaenttoz = % V3 <y < V11,

we have
V11 d 2
Area :/ 2mys [ 1+ (—$> dy
V3 V dy

V11
—/ 2ry/ 1+ y2 dy

V3

_ 2 2\3/2 (V11
= mg (L+ )15

2m 2 167
= 1282 - 3 = (33 -1
3 3 3 (3v3-1)



