Math 2153, Exam Ill, Apr. 17, 2008

Name:

Score:

Each problem is worth 5 points. The total is 50 points.
For series convergence or divergence, please write down tiname of the test you are
using and details of using the test. Otherwise no credit wilbe given.

1. Test the following series for convergence or divergerideen gives an estimate of
|R1()| — |S - SlO|-

Solution This is an alternating series and can be written as

S n+1 7
2= In(n + 1)

n=1
By using the alternating series test and notice that thelatesealue of the general
term satisfies
(a) m is decreasing as increases;

. 7 i
(b) hmnHoo m = O,

we know the series is convergent.
For alternating series,

7
< = —
Bl < Jan] = 359



2. Determine whethey >~ sin 4”) is absolutely convergent, conditionally convergent,

or divergent.
Solution Notice that

and becausg ", - is a convergent geometric series. By using the comparison
test, we know thab_>* |27 is convergent. Henc® >, ") is absolutely
convergent by definition.

3. Determine whethey > | (2752111) is absolutely convergent, conditionally conver-

gent, or divergent.
Solution By using the root test

lim =
n—oo

n24+1\" . n’+1 . 1+1/n% 1
=) =lim ——=lim ———— = - < 1.
n? +1 n—oo 2n2 4+ 1 n—>002+1/n2 2

Therefore the given series is absolutely convergent.
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4. Find the radius of convergence and interval of convergafid "~ (nT
(You need to specify whether the series converges or not ahtlgoints of the inter-
val.)

Solution Using the Ratio test

(_1)n+lxn+1
i ntD+4 | o n+4 L+4/n|
im |[—————| = lim |z = lim |x = |z|.
Nn—00 % n—oo| N-+5H n—oo | 1 -+ 5/n

The power series converges whigrh < 1 and diverges whenz| > 1. Hence the
radius of convergence is

To find the interval of convergence, we need to know whethes#ries converges or
not whenz = 1 or z = —1. On these two endpoints, the ratio test will giwé = 1
and hence inconclusive. Other tests need to be used in ardeaw the conclusion.

(@) whenz = 1, the series becomés - | % which is an alternating series. By
using the alternating series test, it can be shown that tiesss convergent;
(b) whenz = —1, the series becomés’ ~ | #4 By using limit comparision test

with a divergent p-seriey " -, % we know thaty "> | Tﬁ Is also divergent.

Combine the above, we can see that the series converges-an-1, 1].
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5. Find a power series representation of centerédfat f(z) = 5.
(You need to give the general form of the series instead ahgiiinly the first several
terms. For example} >~ 2"2" is a correct form whilel + 2z + 422 + 823 + - - -

will not be accepted.)
Solution We will use the formula—— = "> 2",
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6. Find the first 5 terms in the Taylor series representatériered at. = 1 for f(z) =
V.

Solution

n [ /@) [FO0)
x12

1

1,12 T

2? 3/2 2
_BZZE52 3
gL 8

_ 15 —7/2 5

167 ~ 16
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So the first five terms of the Taylor series are
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7. Use Taylor series to evaluate the integral

sin x
dx
T
2n+1

Solution Since we know the Taylor series fein x is Zfzo(—l)”m,

00 (_ )n x2n+1

i 2 n—o(=1)" Gy
/smx e :/ 0 @niDt g
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2n
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8. Eliminate the parameterito find a Cartesian equation of the curve:

x =101n(9¢)
y=t

Solution 1 From the first equation, we have
6m/lO

9

%zln(%) = gt =0 = ¢ =

Substitute it into the second equation gives

ex/10
Y=V

Solution 2 From the second equation, we have
t=1y
Substitute it into the first equation gives

r = 101n(9y?)



9. Find an equation of the tangent line to the parametricecatthe point corresponding

tot =1.
z=eVl
y=1t—In(t9)

Solution First, we need to find the slopefat 1. The derivativej—g is

d 148 9
dy @ 1-F9° 1-7%
dx 1, eVt
So att = 1, the slope is
9
dyy  _1-1_ 16
de|,_, ;\“;1 e

Next, we need to find they coordinates at = 1.
e =eV'=1, gyl =1-In(1%)=1-0=1

Finally, the tangent line is



10. A cycloid is the curve defined by the path of a point on thgeseaf circular wheel as
the wheel rolls along a straight line. If the rotating wheatshadius 2, the equation
of the cycloid is

x=2(0 —sinb)
y=2(1—cosb)

Find the area of the shaded region.

f ™
\I)ﬁ \' {‘ 2)//

Solution

4(1 — cos 0)* df
27
= / (4 — 8cosf + 4cos®0) db
0

2m 1 9
:/ (4—80089+4H+(6))d9
0

2
:/ (6 —8cosf + 2cos(260)) do
0

( 60 — 8sin 6§ + sin(26))[3"

=127



Trigonometry

0 =
os¢ sin 0
tanf — sin 0
cosf
1
t0 =
€0 tand

1+ tan? 6 = sec? 0
sin(—@) = —sinf
tan(—60) = —tan
cos(m/2 — 0) =sin@
sin(x + y) = sinx cosy + cosrsiny
sin(z —y) = sinz cosy — cosxsiny

tanx + tany
tan(z +y) = —
( v) 1 —tanztany

sin2x = 2sinz cosx

2tanx
tan2x:72

1 —tan“x
. 9 1 —cos2zx
sin x:#

1
0=
Sec cosf
cotd = C(_)S 0
sin 0

sin?0 + cos? 0 =1

1+ cot? = csc? 0

cos(—0) = cos 6

sin(m/2 — ) = cos 6

tan(m/2 — 0) = cot §

cos(x + y) = cosxcosy — sinxsiny
cos(z —y) = cosxcosy + sinxsiny

tan( ) tanx — tany
an(x —y) = ———">
J 1+ tanztany

cos 2xr = cos® x — sin® x

=2cos’r—1=1-2sin’z

9 1+ cos2x
cos" T = ————

1
sin Acos B = i[sin(A — B) +sin(A + B)]

sin Asin B = %[COS(A — B) — cos(A + B)]

1
cos Acos B = i[cos(A — B) + cos(A + B)]

Differentiation rules

—(sinx) = cosx
dzx

— (tanz) = sec’ z
7, (tanz)

—(escx) = —cscx cotx

dzx

10

%(cosx) = —sinzx
%(cot z) = —cscz
%(sec x) =secrtanw
%(ax) =a"lna
%(loga 7) = 33‘111&



x V1—a?
d ) 1
— (tan— —
Cm(aua x) 522
1
—(esc™ta) = —
x vz -1

Table of integrals

/udv—uv—/vdu
/e“du:e“—i—C

/sinudu:—cosu+C
/secQudu:tanu+C
/secutanudu-secu—l—C
/tanudu—ln\secu\+C’
/secudu:ln|secu+tanu|+0

LU
=sin" ' -+ C
a

/ du
VaZ — w2

u
——— =In(u+vVu*+a?)+C
/\/u2—|—a2 ( )
du 1 u+a
L c
/az—u2 2anu—a+

au 1 au
/ue duzﬁ(au—l)e +C

Infinite sequences and series

1
—(cos tx) = ——x
x N
d 1 1
%(cot x)——1+x2

1

1

—(sec ' x) =
30( ) xvVz? —1

cosudu = sinu + C
csc?udu = —cotu+ C
cscucotudu = —cscu+ C

cotudu =In|sinu| + C

du L u
5 anl——i-C
a?+u a
1 1 u
=—sec ' =+ C
u —a2 a a
—a2

=lnju+vVu?—a?|+C

u—a

+C

3 n
U U+ a

Inudu=ulnu—u-+C

/
/
/
/
/
/
/cscudu—ln|cscu—cotu| e
| &5
=
| 7=
&=
/

o 2 = for |r| <1
Zar =a+ar+ar®4---=49 7" .
divergent otherwise
Sn+/ f(x)dnggSnJr/ () de
n+1 n



Taylor series

— n!
la l/a l/la
:f(a)+f( )(m—a)+f<)(:c—a) —|—f—<>(a:—a)3—l—---
1! 2! 3!
Some Maclaurin series and interval of convergence
l—z = ’
- Oox”_l r 2 2P
€ —nzom— +ﬂ+§+§+”‘ (—O0,00)
: - R R
= L, x?2  at af
0 2n+1 xS 335 1'7
tan 'z = —1)" —r— T4 1.1
anx;;()%ﬂ S TR =1, 1)

Area, arc length, and surface area

p dx
area = / ( dt) dt
2
arc length = / \/ —y) dt

f 17 2my (d—x)2 + (d—y)2 dt rotate around x-axis
surface area=

[P 2/ () + (2)*dt  rotate around y-axis

Iy

U
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