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AN ERROR ESTIMATE FOR TWO-DIMENSIONAL STOKES
DRIVEN CAVITY FLOW

ZHIQIANG CAI AND YANQIU WANG

ABSTRACT. Discontinuous velocity boundary data for the lid driven cavity
flow has long been causing difficulties in both theoretical analysis and numeri-
cal simulations. In finite element methods, the variational form for the driven
cavity flow is not valid since the velocity is not in H'. Hence standard error
estimates do not work. By using only W1:" (1 < r < 2) regularity and con-
structing a continuous approximation to the boundary data, here we present
error estimates for both the velocity-pressure formulation and the pseudostress-
velocity formulation of the two-dimensional Stokes driven cavity flow.

1. INTRODUCTION

The purpose of this paper is to provide strict error estimates for different fi-
nite element approximations of the two-dimensional Stokes lid driven cavity flow.
The two-dimensional Stokes driven cavity problem has been thoroughly studied in
numerous references. The main difficulty of this problem comes from the discon-
tinuity of the velocity boundary data at corners. Although the structure of its
solution is well-understood through the description of corner eddies and the use of
bi-orthogonal series [20, 21, 23], there are still many things that need to be clarified
concerning its finite element approximation. Due to the discontinuous boundary
data, the velocity is not in H'. Hence the usual variational form for Stokes equa-
tions is no longer valid for the driven cavity problem, which will be further ex-
plained in Section 3. Although in practice, many tend to ignore this and apply the
discontinuous boundary data directly to the finite element discretization. In this
paper, we attempt to give a strict mathematical explanation that will bridge the
gap between theory and practice. To deal with this situation, our main approach
is to construct a continuous approximation to the discontinuous boundary data.
Fractional Sobolev norms are used in order to derive error estimates. Two different
finite element formulations, the velocity-pressure formulation and the pseudostress-
velocity formulation, will be considered. Their error estimates, the main result of
this paper, will be given in Section 3.

We first introduce some notations. Let 2 be a convex polygon. Denote R? to be
the field of two-dimensional vector functions and My to be the field of 2 x 2 matrix
functions. Throughout the paper, we adopt the convention that a Greek character
denotes a 2 x 2 matrix and a bold Latin character in lower case denotes a vector.
Let 7 = (Ti5)1<ij<2 € My and v = (v, v2)" € R?, define

orT orT
. Ov;  Ovy . =+ + 52
divv=———+4+ —-— and divr = a?le 82292
ox y o TR
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In above definitions, all derivatives are taken in the weak sense. Define the inner-
products between vectors and between 2 x 2 matrices by, respectively,

U-v=uv; +uvy and o:T = E 0ijTij-
1<i,j<2

Let L%(Q) be the set of square integrable functions on  and W*7 (), where s
is a real number and 1 < r < oo, be the Sobolev space [9, 17] on Q. Let C§°(£2) be
the space of infinitely differentiable functions with compact support in €2. Denote
W5 () to be the closure of C§°(£2) under the W*"(Q) norm. When r = 2, both
W(Q) and W, (Q2) are Hilbert spaces and are usually denoted by H*(€2) and
H(Q). Finally, the fractional Sobolev norm on 0f2 is defined as follows. Let
s = m +t, where m > 0 is an integer and 0 < ¢t < 1. Let 1 < r < oco. For
v e W*T(0Q), define

|D*v(x) — D*v(y)|"
[v][s,r00 = | [[vlm,re0 + / / dz dy
,m,082 Z 00 Joa |$_y|1+tr

lee|=m

1/r

Remark 1.1. The trace theorem is more complicated on polygonal domains than on
smooth domains [17]. Let T';, 4 = 1,..., k be the edges of the polygonal domain Q. If
s—1/r is not an integer, the trace of a function in W*" () lies in Hle We=1/mm(Ty)
and satisfies certain matching conditions at the corners of €. For example, the
trace of W27 (Q), r > 2, is in Hle W?2=1/77(T;) and must be continuous across the
corners. However, this will not affect approximation orders discussed in following
sections. A similar situation and explanation can be found in [18]. Therefore, for
simplicity, we will use the unified notation W*"(992) for traces instead of using
Hle W (T;) with matching conditions.

It is natural to extend the above spaces to fields of vector functions and matrix
functions, by using product spaces. For example, W*"(Q,R?) and W*"(Q, ML)
denote the Sobolev spaces over the field of vector functions and 2 x 2 matrix func-
tions. Other notations, such as H*(Q,R?), H*(Q, M), L?(Q, R?) and L?(Q, M)
are defined in the same fashion. For simplicity, denote || - ||s»o and |- |5 to be
the Sobolev norm and semi-norm with indices s and r over scalar, vector or matrix
function fields, depending on the type of the function. When r = 2, we usually
suppress 7 in the subscript and denote the Sobolev norm and semi-norm by || - [|s.0
and | - |s.o. Denote () and < -,- > to be the L? inner-product and the duality
form respectively over scalar, vector or matrix function fields.

Define

H(div,Q,M,) = {o € L%(Q,M,) such that dive € L2(Q,R?)}

with the norm

ol aiv o) = (0,0) + (dive,divo).
Let n be the unit outward normal vector along 92. By the trace theorem, we have
onlsg € H Y209, R?) for all o € H(div, Q, M) [15].

In Section 2, we describe the velocity-pressure formulation and the pseudostress-
velocity formulation for two-dimensional Stokes equations. Also given are the stan-
dard finite element approximation and error estimates for these two formulations.
In Section 3, we discuss how to deal with the discontinuous velocity boundary con-
dition of the driven cavity problem. Detailed error estimates are given. Finally,
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some technique inequalities used in our analysis will be proved in Appendix A and
B.

2. STOKES EQUATIONS

Consider the two-dimensional steady-state Stokes equations:

—Au+Vp=7f in Q,
(2.1) divu =0 in Q,
u=g on 01,

where u is the velocity, p is the pressure, f is the external force and g is the
velocity boundary data satisfying [, 9q 9 - mds = 0. The Stokes equations usually
arise either from the approximation of a low-Reynolds-number flow or from the
time discretization of Navier-Stokes equations.

The Stokes equations have the following existence and regularity property [15,
16]:

Theorem 2.1. Let 2 be a conver polygon. Given f € W™ (Q,R?) and g €
WmH2=1/mr (90 R?) where m = —1, 0 and 1 < r < 2. Then Problem (2.1) has a
unique solution (u,p) € W27 (Q R?) x WmTLT(Q) /R which satisfies

[wllmt2,m0 + [Pllmt1,r.0 < Colll Fllm,rna + ||g||m+2—1/r,r,89)7

where C. is a positive constant independent of f and g but may depend on r.

Remark 2.2. In both two-dimension and three-dimension, similar existence and
regularity results for m = —1, 0 and 1 < < oo are well-known under assumptions
90 € C% or 9Q € C! (see [1, 8]). For Lipschitz continuous boundary 9Q € C%,
it has been shown in [14] that the result of Theorem 2.1 holds for m = —1 and
1 <7 < oo if the Lipschitz constant of the boundary 02 is smaller than a constant
depending only on the dimension and r. For convex polygons, the result of Theorem
2.1 was proved in [16], which was also especially pointed out in Remark 5.6 of [15].

In the following subsections, two different variational formulations and corre-
sponding finite element approximations for Problem (2.1) will be given. We always
assume that  is a convex polygon.

2.1. The velocity-pressure formulation and its discretization. Assume that
fe H'YQR? and g € Hl/Q(GQ,Rz). Then the velocity-pressure formulation
for Problem (2.1) is: Find u € H'(Q,R?), ulpq = g and p € L*(Q)/R such that

(2.2) (Vu,Vv) — (dive,p) =< f,v > for all v € H (2, R?),
) (divu,q) =0 for all ¢ € L%(Q)/R.

Problem (2.2) is a saddle-point problem and has been extensively studied for
decades [4, 11, 15]. To discretize this problem, several different finite element
spaces have been proposed. They can be divided into two major groups according
to whether the discrete inf-sup condition (LBB condition) is satisfied or not. If the
LBB condition is satisfied, the pair of finite element spaces is called stable. Other-
wise it is called unstable and requires a special stabilization process. For simplicity,
only stable finite element pairs will be considered here. We will investigate the
P, — P, Taylor-Hood element [19] and the P~ — P_; conforming Crouzeix-Raviart
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element [10]. The P, — P; Taylor-Hood element uses P, piecewise continuous poly-
nomials to approximate the velocity and P; piecewise continuous polynomials to
approximate the pressure. The P; — P_; conforming Crouzeix-Raviart element
uses P» piecewise continuous polynomials plus bubble functions to approximate
the velocity and discontinuous piecewise P; polynomials to approximate the pres-
sure. Details of these elements are skipped since they can be found from numerous
sources.

Let 73 be a quasi-uniform triangulation of 2 with characteristic mesh size h.
For simplicity, in the rest of this paper, < is used to denote “less than or equal
to” with a factor ¢ independent of the mesh size h or other parameters appearing
in the inequality. Assume f € L2(Q,R?) and g € H*?(0Q,R?). Let (U, Qp) C
(H'(Q,R?), L>(2)/R) be the P, — P; or the Py — P_; finite element spaces defined
over 7y, with the boundary condition w,|9q = g, for up € Uy. Here g, € (Up)|oq
can be either the H>/? projection or the nodal value interpolation of g, where the
H?/? projection is defined by

19 — gnlls/2.00 ol lg — xll3/2.00-
Define the space [OIhC H é(Q,Rz) similar to Uy, but with homogeneous boundary
conditions. Consider the discrete formulation for Problem (2.2): Find up € Uy
and pp, € Qp, such that

(2.3) (Vup, Vo) — (divoy, pr) =< f,vp > for all vy, EIOJh,
. (divup,qn) =0 for all g5, € Q4.

The following error estimate is well known [11, 13, 15]:

Theorem 2.3. Assume f € L2(Q,R2?) and g € H*/?(0Q,R?). Let (u,p) be the
solution to Problem (2.2) and (wn,pr) be the solution to Problem (2.3). Then

0.0 S h(llullz.a + lIpll1.0)-

(2.4) lu —unlr,0+[lp —pn
Moreover, if g = 0, then
(2.5) lw —unllo.o S h*(Jullzg + [Ip]1.0)-

Remark 2.4. We gain one more order in the approximation if u € H ?’(Q7 R?) and
p € H*(Q). That is

lo.2 S h*(Julsa + |pl2.g)-

lu —upli,0+||p—pn

However, when the essential boundary condition is non-homogeneous, analysis
for the L2 error estimate of the velocity is much more complicated. This issue has
been thoroughly discussed in [13, 18]. According to their results,

Theorem 2.5. Under the same assumptions as in Theorem 2.3, the L2 error es-
timate of the velocity is:

e if g, is the H*? projection of g,

lw —wnllo.e S P*(lullzo + lIplhg + Iglls/2.00);

e if g, is the nodal value interpolation of g and g € H*(9Q,R?),

lu — unllo.o < P*(Jullg + [P0 + lgll200).
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Theoretically, the approximation using the nodal value interpolation on the
boundary is not optimal for g € H3/2(3Q,R2), although the authors of [13] have
presented some numerical results suggesting that one may still get optimal conver-
gence in practice. The other possibility, using the H 3/2 projection, is impractical
although it does give an optimal error estimate. It is mentioned here just for the
theoretical purpose.

2.2. The pseudostress-velocity formulation and its discretization. In this
subsection we describe the pseudostress-velocity formulation [6, 7] for Problem
(2.1). Let A: My — M be a fourth order tensor defined by At = 7 — (3tr 7)1,
for all 7 € My. Here tr 7 is the trace of 7 and I is the 2 x 2 identity matrix. Notice
that A is a projection onto the trace-free subspace of My and

Ker(A) = {fI for all scalar functions f}.

It is clear that (A7, 7) < (7,7) for all 7 € H(div,Q, My).
By introducing the pseudostress o = —pI + Vu, which is not necessarily sym-
metric, System (2.1) can be rewritten as:

dive=-f in Q,
(2.6) Ao —Vu=0 in Q,
ulopn = g.

The incompressible constraint divu = 0 is enforced through divu = tr (Vu) =
0. Notice that tro = —2p is unique up to a constant related to the hydrostatic
pressure. Therefore, it needs to satisfy the compatibility condition

/trcrdsz.
Q

Remark 2.6. The advantage of using the pseudostress instead of the symmetric
physical stress @ = —pIl+(Vu+(Vu)T) in the formulation is that, the finite element
discretization for the mixed system is greatly simplified [6, 7]. For comparison, one
may also check the mixed finite element construction for the symmetric physical
stress in [2, 4]. Finally, we point out that the stress & and the pressure p can be
expressed algebraically in terms of the pseudostress o by

- 1

6 =0+ (Ao)', p:—itra.
Hence they can be computed in a post-processing procedure in the same accuracy
as the approximation of o.

Define spaces
Y = H(div,Q,Ms)/span{l} = {T € H(div,Q, M) such that / tr 7 dz = 0}
Q

and V = L?(Q,R?). Then the variational form for Equation (2.6) is: Given f €
L%(Q,R?) and g € H1/2(3Q,R2), find o € ¥ and u € V such that

@7) {(.AO',T) + (divT,u) =< g, ™n >aq, for all 7 € 3,

(dive,v) = —(f,v), for all v € V.
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In the above mixed formulation, the velocity boundary condition becomes the natu-
ral boundary condition. Here < g, 7m >gq is well defined since 7n € Hil/z(ﬁﬁ, R2?)
for all T € 3.

According to [4], the existence and uniqueness of Problem (2.7) follows from the
well-known continuous inf-sup condition,
0,0 S sup M, for all v € V|

|v]
reH(div,0Msy) || T H(div,0.M,)

and the following lemma [5]:
Lemma 2.7. For all T € X, we have
IT15.0 S IAV27(5 o + [div ]2, o

To discretize Problem (2.7), a good finite element approximation to the space X
is needed. A natural choice will be to use two copies of stable finite elements for the
vector H (div,R?) space. There are several well-known stable mixed elements for the
vector H (div,R?) space. Here we consider the lowest order Raviart-Thomas (RT)

element [22]. On each triangle T' € 7y, define RTr = span { (é) , (2) , (;) }

The degrees of freedom for the RT element are the zeroth order moments of the
normal components on each edge of T'. Define

Sr= {<U“ 012> such that (011, 012) € RTr and (091, 022) € RTr}.
021 022
Define the finite element space
¥, = {o € X such that o|r € Tr}.
Notice that X} inherits the constraint fQ tro dr = 0 from the space 3.
Define the space Vj, C L?(Q,R?) as follows:
Vi, = {(v1,v2)" such that vy, vy are constants on each T € Ty, }.

To show that (X5, V}) form a stable pair of finite element spaces, one needs to
prove the discrete inf-sup condition

di
lvnlloo S sup (div 7y, vn) for all v;, € V.

ThESH

Thll E(div QM)
Actually, this follows easily from the facts that the RT element satisfies the discrete
inf-sup condition [4] and that span{I} C Ker(div).

We also need to know whether 3, under the constraint fQ trodr = 0, is still
a good approximation to X. Indeed, denote P}, : L?(Q,R?) — V}, to be the L2
projection, then the following lemma holds [6].

Lemma 2.8. There exists a linear operator Il : ¥ N Hl(Q,MQ) — X, such that
divIl, = P,div and, it holds for allo € X N H1<Q,M2) that

(2.8) lo — Mol S hlofie
and
(29) ||diV o — diV (Hhah)HO,Q 5 |diV U'|0’Q.

Furthermore, if dive € H'(Q,R?), then
(2.10) |diveo — div (IIoh) |00 S kldivel:q.
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Finally we give an error estimate for the mixed finite element approximation.

Theorem 2.9. Assume f € L2(Q,R?) and g € H*?(0Q,R?). Let (o, u) be the
solution to Problem (2.7) and (o, ur) be the solution to the discrete problem: Find
o, € Xy, and wy, € Vy, such that

(2.11) (Ao, ) + (div T, up) =< g, 7hm >a0 for all Ty, € Xy,
’ (diV ah,vh) = —(f,'vh) for all v, € Vi,

Then

(2.12) lo—onlloe Shlolie and |u—unlloo S h(lulie + o).

Furthermore, if divo = div oy, then
(2.13) lu —upllog S hlulio +h2lo) o

The proof of Theorem 2.9 follows directly from Theorem 2.1, Lemma 2.8, the
stability of the RT element and the standard mixed finite element theory [4, 12].
For reader’s convenience, the proof is given in Appendix A. Also, the pressure p
can be approximated conveniently by p, = f%tr o, and

1 1
(2.14) Ip = pulloe = Il = 5tro + Straulon S hlolia.

3. THE BOUNDARY CONDITION FOR LID DRIVEN CAVITY FLOW

In this section, we study the discretization of the Stokes lid driven cavity flow
using both the velocity-pressure and the pseudostress-velocity formulation. Con-
sider the flow in a rectangular cavity generated by the uniform motion of the top
lid. Let Q = (0,a) x (0,b), where a and b are positive numbers. The boundary of
Q is divided into two parts:

I'' ={z €[0,a],y=0b} and TIy=(90)\I';.
Define the velocity boundary condition by

(1,0)) on Ty,
3.1 =g =
(3.1) ulpn =g {(070)t on To.

By calculating the norm, one can see that g% € Hl/zf‘;(aﬂ, R?) forall 0 < 6 < 1/2
but g ¢ H/?(09Q,R?) (see [17]). Then by the Sobolev embedding theorem [17],
it is clear that g € W'=1/"7(9Q,R?) for all 1 < r < 2.

Consider the following driven cavity problem:

—Au+Vp=0 in Q,
(3.2) divu =0 in Q,
u = g on 0f.

By Theorem 2.1, Problem (3.2) admits a unique solution
(u,p) € (WHT(Q,R?), WO"(Q)/R) for 1 <7 < 2.

Recall that it requires at least g € H'/2(9, R?) for variational forms (2.2) and
(2.7) to be valid, and g € H>/?(8,R?) for error estimates in Theorem 2.3, 2.5
and 2.9 to be true. The discontinuous boundary data g% certainly poses a problem
here. A popular solution to this is to regularize the boundary condition, as what
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is used in the spectral method. However, in finite element approximations, notic-
ing that discrete problems (2.3) and (2.11) are well defined under boundary data
g¢, people usually use directly g9/ “leaky” or the so-called “non-leaky” boundary
condition, in which the velocity on two top corners is set to be (0,0)!. To our
knowledge, there are no existing error estimates for this type of approximation.
The purpose of this paper is to provide an error estimate in this situation using
both the velocity-pressure formulation and the pseudostress-velocity formulation
under the discontinuous boundary condition.

The main idea of our approach towards the error estimate is to first design
a continuous boundary data g¢ € H Y 2(8Q,R2), which is presumably a good
approximation to g%. The detailed construction of g¢ will be given later. Let
(ug,pt) € (H*(Q,R?), L*(Q)/R) be the continuous solution corresponding to this
new boundary data g¢. According to Theorem 2.1,

(33) fu—ullliro+llp = pllore < Crllg™ = gllhi-1/rron  forl<r<2.

Then the variational form is discretized using the continuous boundary data g¢.
One important observation is that, for properly designed g¢, the discrete system
will not see the difference between g% and g¢. In other words, discrete systems
with boundary data g¢ and g¢ are identical. Then the error estimate can be done
by using the triangle inequality. Here, one essential step is to choose g¢ carefully.
Our definition of g¢ is given in the following.
Simple calculation shows that a fourth degree polynomial f(z) on z € [0, 1] can

be uniquely determined by the following conditions:

(1) f(0) =0, f(1) =1 and f'(0) = f'(1) = 0;

(2) for the velocity-pressure formulation, set f(1/2) = 1; for the pseudostress-

velocity formulation, set fol f(z)dx = 1.

Notice that f(x) varies for different formulations. However, this will not affect later
analysis. The top boundary of , [0,a] x b, is divided into segments by the mesh
71, (see Figure 1). Consider the two segments which contain the two upper corners
(0,b) and (a,b). Without loss of generality, we assume these two segments have the
same length €. It is clear that ¢ = O(h). Denote

F;Z{xe[o,e],y:b}, Fg:{aﬁe[a—a,a],y:b}

as shown in Figure 1 and set I'. = '} UT2. Define

(1,0)! on I')\I';
e = (f(z/e),0)! on I'!
© | (f(a=2)/),0)"  onI?
(0,0) on Iy

It is easy to see that g¢ € H 2(6Q,R?). Furthermore, discrete solutions using
the boundary data g¢ and g’ are exactly the same in the pseudostress-velocity
formulation (2.11). Indeed, the boundary term < g¢, 7pm >gq is just proportional
to the line integral of g¢ along boundary edges, since the normal components of
the lowest order RT element on the boundary are piecewise constants. By the
definition of g¢, it is easy to verify that

< gi, TR >p0=< gdc,‘l'hn >pq for all 7, € Xy,
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In the velocity-pressure formulation (2.3), discrete solutions are the same for g¢ and
g% only when the nodal value interpolation is used to approximate the boundary
data. For higher order finite elements, one can design suitable g¢ similarly.

(O,b) (g,b) (a-&,b) (a,b)
FiGUrE 1. The top boundary of 2.

Remark 3.1. The continuous boundary data g¢ is designed purely for theoretical
analysis. In numerical simulation, it is expected that only g% will be used. This
is clear in the case of the pseudostress-velocity formulation. However, in the case
of the velocity-pressure formulation, this is only true if one uses the nodal value
interpolation to approximate the boundary data.

To derive error estimates in fractional Sobolev norms, some technique inequalities
will be needed. The proof of the following lemma will be given in Appendix B.

Lemma 3.2. For1<r<2and0<e<1/2,

0 153 yr _y
/ / 7dyd:v§—2621n5, / / —dxdy < —2¢%Ine,
| 27
/ / ——dydv < ———F / / dxdy< ne
y—x) 2—r (z—y

Furthermore, forr =2 and 0 <e <1/2,

// dyda:<5/2 // Z da dy < £2/2.

Now we are able to estimate the fractional Sobolev norm of g4¢ — g¢ and g¢:

Lemma 3.3. For0<e<1/2andl<r <2,

de c —e?"Ine Lr
(3.4) g% — gellic1/rro0 S <M>
and
(3:5) 19 Nl2-1/rr00 S (=272 Ineg) /.
Forr =2,
lgelli /200 S (~me) 2, lgtls/z00 St and |gtlz00 S e ¥

Proof. Let us start from a simplified case. Consider the following discontinuous
function defined on Z = (—1,1):
0 -l<zx<0
felz) = 41— f(z/e) 0<z<e
0 e<z<l1
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Define F' = max{1l + maxo<z<1 |f(2)], maxo<.<1 | f'(z)|}. By the definition of the
fractional Sobolev norm, Lemma 3.2 and using the change of variables,

= st/
A . . ’”dx+2// dy da
1l r ez = | V) ST

+2// |1|x_y/€ iz dy +// fx/fl-:m_yy/é‘) dr dy

< Fre g apr 3 Ine // @) = FOV o-r 4y
- 2-r Ix*yl’“

2 r 2 r
< Fr(em16 e 2or) 26 TIne
2—r 2—r

The last step comes from facts that 1 < r < 2 and that ¢ is small. Notice that
(1= f(z/e),0)! on I,

g% —gt =< (1— f((a—x)/e),0)* on 2,
0 elsewhere.

Hence Inequality (3.4) can be proved by the same process as above.
To prove Inequality (3.5), we define a continuous function

0 —-1<z<0,
ke(z) =4 f(z/e) 0<z<e¢,
1 <<l

Let G = maxg<z<1 | f”(x)|. Notice that k.(z) is a continuous piecewise polynomial
and vanishes for —1 < x <0 and € < xz < 1. Hence it is Lipschitz continuous with

G
/ / 7 M _
Ik (y) = k(@) < max (K (@)))y — 2] < Zly —a| for —1 <z, y<1.
Consequently, for 0 < y < ¢,
G
[ke(y)] = [ke(y) = k2 (O)] < Zlyl,

G
[ke()l = [ke(y) — k(o) < e —yl.
Then by Lemma 3.2,

.0y
IEelly—s iz = e m+2//|x_y|7«

l l /
+2//|k dd—i—//'k k)lddy
|z —y|" |z —y|"

<(1+Fre4 Fret™ r)+4—( 2e%Ine) + G272

< 2 ne.

~

This completes the proof for Inequality (3.5).
Finally, the error estimate for ||g¢|li/2,00, [19¢]l3/2,00 and [|gg|l2,00 can be ob-
tained similarly by using Lemma 3.2. g
The following two theorems give the detailed error estimates for different finite
element approximations to the driven cavity problem.
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Theorem 3.4. Let (u,p) be the solution to Problem (2.1) and (un,pn) be the
solution to Problem (2.3) with f = 0 and g = g%. Assume that nodal value
approximation is used in treating the boundary data for wyn. Then, for 1 <r < 2,
we have

p2-3r/2\ /"
(36) ||u — Uh||2_2/7.7Q 5 CT ( 9 _r >

p2-3r/2\ /"
(3.7) lu —unllon < 1<iIT1£20T ( 5 )

If (up, pr) is defined with the boundary data to be the H3/? projection of g<, then
it gives the optimal error estimate:

_h2_7. nh 1/r
(3.8) lw = wnllo—2/r0 S Cr <M> 7
—h2= " Inh\ "
_ < i —_—
(3.9) le=wnlloq S inf Cr ( 2—r > '

Proof. Let (uf,pS) be the solution to Problem (2.1) with f = 0 and the
boundary data g = g¢. According to Theorem 2.1, u¢ is in H? (£2,IR?). Notice that
(up, pp) can also be considered as the solution to Problem (2.3) with boundary data
set as an interpolant of g¢. Let I;, be the nodal value interpolation operator from
H 2(Q,R2) into Uy. Then by the triangle inequality and the Sobolev embedding
theorem,

lu—unll2—2/r0 < lu —uglla—2/r0 + lus — Inuglla—2/ro + [Thus — unllo—2/r0

Sl = ulo + 0 = Tnulyo + [Tru = w20
Next, it follows from the approximation property of Ij, [3], Theorem 2.1, 2.3, 2.5,
the inverse inequality, and the triangle inequality that, for 1 < r < 2 we have

lug = Thuclhire S hlucllero S RCHIgEll2-1/rr00

and

1Ly — wnlla—zyra S h 227 Thus — upllog
S AP ug — ullloq + [[ul — uallo.q)
S P ([ugllze + 1pEl,e + [1g8ll2,00)

SR )1gE 2,00

Combining the above, Theorem 2.1 and Lemma 3.3 gives
lu—unl2-2/r0 S llu—ullliro + lug — Lulliro + [[Thul —unlo-2/r0

S Collg™ = gélli-1/mr00 + hCollgEll2—1/r.r00 + B/ 7|gE

2—r 1/r
<O, (_Elng) 4 RO (=22 Ine) /" 4 B2/ e3/2

2,00
2—r
p2—3r/2
<
o ()
The last step follows from the fact that € = O(h). This completes the proof for
Inequality (3.6). Inequality (3.7) is an immediate consequence of Inequality (3.6).

1/r
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In the case of using the H3/? projection to approximate the boundary data g¢,
all other estimates still hold except that [|Tpug — upll2—2/y 0 becomes

IThul — unllo—ojra S B2 (| Thul — ullloq + [[us — unllon)
S BT (||ul

2.0 + lIpgllne + 19ll3/2,00)
S h2/r||9§||3/2,asz
< el

Hence

—e27"lne
2—r

2—r 1/r
<c. —h*""Inh .
~ 2—r

1/r
| — Uh||2—2/r,Q SOy ( ) + hCT(—€2_2T lns)l/r L2/l

This completes the proof for Inequality (3.8). Inequality (3.9) follows immediately.
O

Theorem 3.5. Let (o,u) be the solution to Problem (2.6) and (o, up) be the
solution to Problem (2.11) with f =0 and g = g%. Then

—h2—7“1nh>1/r

3.10 - < inf O,
(3.10) Juwlon <, inf, 0 (5

Proof. Let (o¢,uf) be the solution to Problem (2.6) with f = 0 and the
boundary data g = g¢. Then by the triangle inequality, Theorem 2.1, Theorem 2.9,
and Lemma 3.3,

lu —unllo.q < [lu—ulllo.q + [[ug —unlog

< Crllg® = geli-ryrro0 + hlluglie + hl|log]lLo

N

2 e\ V" 9
Cr <2—7~> + hllgelli/2.00 + P7lgslls 2,00

_52—7‘ Ine r 1/2 2 1
<O (ZEE) 0 L n(cme) V2 4 b2

2—r
_p2—r 1/r
<o (TP
~ 2—r
The last step follows from the fact that ¢ = O(h). O

Finally, we compare the results of Theorem 3.4 and Theorem 3.5. Inequalities
(3.7), (3.9) and (3.10) describes the approximating property for, respectively, the
velocity-pressure formulation with nodal-value interpolation on the boundary data,
the velocity-pressure formulation with H 3/2 projection on the boundary data, and
the pseudostress-velocity formulation. Notice all three error bounds have the form

_ < inf
[uw—unlloo S  dnf Cro(r),
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—3r/2\ 1/ —r 1/r
where ¢(r) = (hZQET/Q) for Inequality (3.7) and ¢(r) = (M) for other

2—r
cases. It can be shown that ¢(r) takes its infimum at r = 1 and

6(1) = hl/? for Inequality (3.7),
~ | =hlnh for other situations.

However, since C, may not be bounded as r goes to 1, we want to set r = 1+ 9
instead of 1, where § is a small positive number. Because C, does not depend on
h, one can still get an error estimate for ||u — wup||o.q of order close to O(h'/2) for
Inequality (3.7) or O(—hlnh) for other situations, although it may contain a large
coefficient C 1. The lose of half an order of h for Inequality (3.7) comes from using
the nodal-value interpolation on the boundary data.

Recall that the exact velocity u for the two-dimensional Stokes driven cavity
problem is in W7 (£2,R?) for all 1 < r < 2. By the Sobolev embedding theorem
[17], the exact velocity w is in H'"¢(Q,R?) for ¢ arbitrarily small. Therefore, we
expect the optimal bound of ||u —up,||o,q be close to O(h), but not better than that
even when higher order finite element spaces are used. Judged from this, an error of
order close to C1450(—hlInh), for inequalities (3.9) and (3.10), seems reasonable.
However, we are not sure whether improvements can be done on the Cy4s part or
not.

APPENDIX A. PROOF OF THEOREM 2.9

Let (o,u) be the solution to Problem (2.7) and (o, up) be the solution to
Problem (2.11). It is easy to see from Lemma 2.8 that

divlIl,o = Ppdive = divoy,.

By subtracting equations (2.7) from (2.11) and using Lemma 2.8, one can derive
that

|42 (0=a)lRg = (AV(0 = 01), A3 (0~ T1h0) + (Al — o1), Tl — o)
S AV = 1) oo
= LAY = 1) o

oli,o — (div (o — o), u — up)

olia-
Therefore
A2 (e = an)llog S hloh.o.
Notice that
(div (o — op),v)

ldiv (o — op)|-1,0 = sup
vEH(Q,R?) [vll1,0

(div (e — o), v — Ppo)

= sup < h||div (o — o) llo.q-

vEH}(Q,R?) [v]l1,0
Hence by Lemma 2.7,
00 SIIAY (e —an)loo+ div (e —on)ll-10

S h(lelo +[div (e —on)lloe) < hlofo.

lo—onl

Let T satisfy div T = Ppu—uy, and ||7]1,0 S |Pru—unllo.o S ||lu—unlloq. Such
a 7 can be easily constructed by solving a Stokes problem using the force function
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Pru — up. Clearly, divIl,T = div 7. Again by subtracting equations (2.7) from
(2.11) and using Lemma 2.8,

lu — uhH(Q))Q = (u—up,u—Pru) + (u — up, Pru — up)

< hllu — uplloelulie + (w — up, divII,T)
ul1,0 — (A(e — o), 11,7)

S hllw —unllo.elulio + koo

= hflu —uplloq

7l.0

S hllu —unlloa(lulia + lolio).

This completes the proof of Inequality (2.12).
Next we prove Inequality (2.13). For w € V, define (04, Uy) by

(Ao, T) + (div T, uy) =0 for all T € 3,
(div o4, v) = (w,v) for all v € V.

Then
(w,up, — Ppu) = (div oy, up — Pru)
= (divIlow,u, —u) = (Ao — o), 100)
= (Ao — o), 1},00w — 0w) + (Alo — 01),0w)
=(A(o — o), pow — 0w) — (div (0 — 04), Ur)
= (Ao —op), I},0w — Ow).
The last step comes from the assumption that div o = div o;,. Hence

-P
wn — Phulloq = sup (w,up — Pru)

weV H'wHQQ
_ _ 2
g Ao how —0w) O lelTw]e
wev [wllo.q wev  |lwlog
< hPloie.

Finally, by using the triangular inequality and the property of L? projection,

0.0 + un — Prufoa < hlulio + h?|o]io

|u —unlloo < llu—Pru

This completes the proof of Inequality (2.13).

APPENDIX B. PROOF OF LEMMA 3.2

Lemma B.1. Let 0 <e <1/2 and 1 < r < 2, then
(B.1) e —(e+ 1) +1< 3 +1)(r—1)e*"(~Ine).
~\2In2

Proof. Define function

fle,r) =" — (e + 1) " 4 1.
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Clearly, f(e,r) is differentiable in (0,1/2) x [1,2). Notice that f(e,1) = 0, then
f(E,?") :f<8,’l“) - f(E’ 1)
< swp |2 ()l - 1)

Ti<e<r Or

=(r—1) sup [-e*CIne+ (e +1)>*ln(e + 1)]
1<g<r

<(r—1)[-e*"Ine+ (¢ + 1) In(e + 1)]

< (21‘12 + 1) (r—1)e* " (~1Ine).

Here the last step comes from the fundamental inequalities In(1 + &) < & < &27"
and assumptions that 0 <e < 1/2and 1 <r < 2. d

Lemma B.2. Assume 0 <y <1/2 and 1 <r < 2. Then
y' T+ )T <2(r = y' T (= Iny).

Proof. Define f(y,r) = y'=" — (y + 1)!=". Tt is smooth on 0 < y < 1/2 and
1 <r < 2. Notice that f(y,1) = 0. Hence

F.r) = fur) ~ fu ) < swp [ e 1)
1<e<r
Since for 0 <y < 1/2 and 1 <r < 2,
0% f B In?y _ In?(y + 1)

w(yﬂ") - yr_l (y+ l)T_l > 0.

Therefore 2 ¥ (y, ) is monotonically increasing with respect to r, which means

lny In(y + 1) —Iny
su =|==(y,r)| = < .
o 106 = 15 ) = 1+ R <2
This completes the proof of the lemma. (I

Finally we prove Lemma 3.2. By using the previous lemma and integration by

parts,
/ / —dydz = / / ———dzdy
—z)r

) 11 T
:/ y’y —+ dy</ —2ylnydy
0 r—1 0

=e?(~Ilne +1/2) < —2c%Ine.
Bysettinggjze—yandizs—x one has

1+e _y
// dwdy<// —dx dy
—y)"
:/ / Y gjdi < —22Mme.
-1Jo (y—x)r

Since ﬁ + 1 < 4, by using Lemma B.1

0 5 2—r 2—r 2—r
1 — 1 1 —4 1

/ /7dyd:c:5 (e+1)*"+ < e "lne
—1Jo (y—a2)" (r=1)2-r) 2-r
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Again, the inequality concerning [; | "1 _dzdy can be proved by a simple
change of variables.

The inequality involving [; |

(1
2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]
[10]
(11]
(12]
(13]
(14]

(15]

[16]
[17]
(18]
[19]
20]
21]

22]

e (z—y)”

Finally, a simple calculation shows that

0 5 y2 9
——dydr=e¢—In(e+1) <e&“/2
/_1/0 (y —x)? ( ) /

1 (e—y)?
e (z—y)?

dzx dy can be proved similarly.
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