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Abstract. The purpose of this paper is to develop and analyze a multigrid solver for the
finite element discretization of the pseudostress system associated with the differential operator
A — vgraddiv over 2 X 2 matrix-valued functions. This system is derived from the pseudostress-
velocity formulation [11] of two-dimensional Stokes problems through the penalty method or natural
time discretization for the respective steady or unsteady state problems. Here v > 0 is a constant
associated with either the penalty parameter or the time-step size and A is a singular map. In this
paper, we develop a multigrid solver for the discrete problem using both the RT and the BDM finite
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smoothings. This convergence rate is independent of the mesh size and the number of levels used in

multigrid. Moreover, numerical results presented in this paper show that the multigrid convergence
rate for the BDM elements does not depend on the parameter ~.

elements. We show that the multigrid convergence rate is O( ), where m is the number of
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1. Introduction. The original physical equations for incompressible Newtonian
flows are the stress-velocity-pressure formulation [7, 15]. Recently, this formulation
is gaining consistent attention because of the arising interest in non-Newtonian flows
[6, 21]. For non-Newtonian flows, the stress can not be eliminated and, hence, a
formulation containing the stress as independent variables is unavoidable. In addition,
accurate direct calculation of the stress is important for computing the traction on
a fluid-solid interface. Although the stress can be obtained in the velocity-pressure
method by differentiating the velocity, this degrades the order of the approximation.

In this paper we are interested in mixed finite element methods for the Stokes
problem. Notice that one disadvantage of using the stress-velocity-pressure formula-
tion is that the symmetry constraint of the stress tensor poses extra difficulty in the
discretization. For example, stable conforming mixed elements for symmetric metri-
ces, e.g., [3, 5, 20], employ many degrees of freedom and, consequently, lead to large
linear systems even for coarse meshes. There are different ways to avoid this difficulty.
One way is to use the idea of pseudostress [11] and a pseudostress-velocity formula-
tion. The pseudostress is non-symmetric and, hence, any stable pairs for the Darcy
flows can be adapted to the pseudostress-velocity formulation. This is documented
in [13]. Furthermore, the velocity can be eliminated through the penalty method for
the steady-state problem or natural time discretization for the unsteady-state prob-
lem. So one only needs to solve numerically the pseudostress system associated with
a differential operator A — -y grad div over 2 x 2 matrix-valued functions. Here, v > 0
is a constant depending on either the penalty parameter or the time-step size, and A
is a projection operator whose kernel intersects the kernel of the divergence operator.
The purpose of this paper is to construct and analyze a multigrid solver for this pseu-
dostress system. It must be pointed out that this problem is more delicate to handle
than a normal H (div) problem because of the complicated kernel structure.
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We also mention other methods to circumvent the difficulty posed by the symmet-
ric stress. One is to use stabilization technique [7]. Another is to use the least-squares
method, which do not require stable pairs of finite elements. Least-squares methods
with fast multigrid solvers for the stress-velocity-pressure formulation and its variants,
stress-velocity and pseudostress-velocity formulations, were studied in [11].

Multigrid methods are efficient for many problems. A vast amount of research
has been done in this area, e.g., [8, 18, 22, 25]. However, the classical techniques
for the multigrid method do not work for the H(div)-type problem since standard
smoothers can not damp out the highly oscillating part of divergence free components.
Hence, special smoothers have to be developed in order to achieve optimal multigrid
convergence rate [1, 2, 19, 24]. An additional difficulty in the multigrid analysis for
the pseudostress system is the handling of the kernel of A. To overcome the above
difficulties, we employ a Helmholtz-like decomposition of the discrete space, which also
utilizes the operator A, so that the analysis can be done on separate subspaces. In
this paper we consider multigrid solver for systems discretized using both the RT and
the BDM finite elements. We show that the multigrid convergence rate is bounded
above by p = ﬂ% < 1 where m is the number of smoothings and C' is
a constant independent of the mesh size and the number of levels used in multigrid.
When v >> 1, which is always true for the penalty method of the stationary problems
as the penalty parameter goes to zero, the multigrid convergence for the pseudostress
system can be considered independent of v and, hence, the penalty parameter. When
v << 1, which corresponds to the small time-step size in the time-discretization of
unsteady-state problems, p is close to one. Nevertheless, numerical results presented
in this paper show that the multigrid convergence rate for the BDM elements does
not depend on the parameter v even if «y is small.

We give the outline of the paper as follows. In sections 2 and 3, we describe
the pseudostress system of the Stokes problem and its finite element discretization.
The key Helmholtz-type decomposition of the finite element space is given in Section
4. We construct a multigrid solver for the discrete H (div)-type problem and give
a convergence rate estimate in Section 5. Some supporting numerical results are
presented in section 6. Finally, in Appendix A, we prove an essential inequality
needed by the analysis in Section 4.

1.1. Notation. Let ©Q be a convex polygon. Denote by R? the set of two-
dimensional vector-valued functions and by My the set of 2 x 2 matrix-valued func-
tions. Throughout the paper, we adopt the convention that a Greek character de-
notes a 2 x 2 matrix and a bold Latin character in lower case denotes a vector. Let
T = (Tij)2x2 € My and v = (v1, v2)" € R?, define

(9511 + (9512
i — Ou 4 Ovy S — z Yy
dive = L + TR divr oruy | 0my |
ox oy
dv1 dur _9u du
ox oy oy O
Vv—<% %>, curlv-(_M %>.
ox oy dy ox

Define the inner product between vectors and 2 x 2 matrices by:

U-V=uv +usvy and o:T = g Oij Tij
1<4,5<2
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respectively. We use the usual notation L?(Q) to denote the set of square integrable
functions on Q and H*(2), where s > 0 is a real number, to denote the Sobolev space
on Q with index s. Let C§°(2) be the space of infinitely differentiable functions on
Q2 with compact support. Denote by H(€2) the closure of C§°(§2) under the norm of
H?(Q) and define H*(2) = (H(2))’, the dual space of H§ (). It is natural to extend
the above definitions to vector- and matrix-valued functions using product spaces. For
example, H*(2,R?) and H*(Q, My) denote the Sobolev spaces over the set of vector-
and 2 x 2 matrix-valued functions, respectively. Other notations, such as L?(§, R?),
L?(2, My), are defined in the same fashion. For simplicity, denote || - |5, the Sobolev
norm with index s over scalar-, vector-, or matrix-valued functions, depending on the
type of the function. Similarly, denote by | - |s.o the Sobolev semi-norm and by (-, )
the L2 inner product. Define the space

H(div,Q,M,) = {o € L*(Q,M,) |div e € L*(Q,R?)}
with the norm ||0'H%{(divﬂM2) = (0,0) + (dive, dive).

2. Pseudostress System. Consider the two-dimensional steady-state Stokes
problem

—Au+Vp=—-f in €,
divu =0 in Q, (2.1)
ulgn = 0,

where wu is the velocity and p is the pressure which satisfies the compatibility condition

Jopdx =0.
Let A: My — My be a fourth order tensor defined by

1
ATZT—i(tI‘T)I,

where tr 7 = 711 + 792 is the trace of 7 and I is the 2 x 2 identity matrix. We
immediately notice that A is a projection onto the trace-free subspace of My and
Ker(A) = {vI|v is a scalar function}. Define the pseudostress by

o=-—-pl+Vu.

Then the Stokes problem (2.1) can be rewritten in the pseudostress-velocity formula-
tion:

dive = f in €,
Ao —Vu=0 in Q, (2.2)
U|8Q =0.

The incompressible constraint diva = 0 is enforced through divu = tr (Vu) = 0.
Notice that tr o = —2p also needs to satisfy the compatibility condition fQ trodx =0.

From the well-known regularity estimate of problem (2.1) on convex polygons
and the definition of the pseudostress, we have the following regularity results. Let
f € L2(Q), then the solutions to problem (2.1) and (2.2) satisfy u € H?(Q)NH (),
pe HY(Q)/R, o € H'(Q,M,) and

[ullze < cllfllocs  lpllar@/r < clflloe  llolle < clfloq, (2.3)
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where c is a positive constant independent of f.
Denote V = L?(Q,R?) and

Y = H(div,Q,My)/span{l} = {T € H(div,Q, My) | / tr 7 dax = 0}.
Q

Then we have the following variational form for Equation (2.2). Given f € V, find
o €3 and u €V such that

Ao, 1)+ (divr,u) =0, for all T € X3,
{( )+ ( ) (2.4)

(dive,v) = (f,v), for allv € V.

Notice that the velocity boundary condition becomes the nature boundary condition
in the mixed formulation. According to [10], the existence and uniqueness of Problem
(divT,v)
Il

(2.4) follows from the well known inf-sup condition sup ¢ g1 (o m,) > k||v]lo.a

for all v € V, and the following lemma [12]:
LEMMA 2.1. For all T € 3, we have

I171I3.0 < Ca(IA27TIF o + divr|2, q),

where C4 > 1 is independent of T.
Using the penalty method [10] on Problem (2.4) gives a new system

(Ao, 7) + (divr,u,) =0, for all T € I, (25)
(dive,,v) — L(uy,v) = (f,v), forallveV, '

where v is a positive constant which is usually very large. One advantage of using
the penalty method is that the mixed system (2.5) can be easily decoupled. Define a
bilinear form over H (div, 2, Ms) by:

Ao, 1) = (Ao, T) + y(dive, divT) forall o, 7 € X.
By eliminating u., system (2.5) can be reduced to the following H (div) problem:
Aoy, 1) =~(f,divr), forall T € X. (2.6)

By Lemma 2.1, it is easy to see that A(:,-) is coercive over space X. Hence problem
(2.6) is well-posed. Then u., can be easily calculated through u, = y(dive., — f).

Finally, we mention about the case of time-dependent Stokes problems. It is
not hard to see that the implicit time-discretization usually leads to the following
pseudostress-velocity form:

divo — %u =f in Q,
Ao —Vu=0 in , (2.7)
u|aQ =0.

where v << 1 is related to the time-step size. Again, problem (2.7) can easily be
decoupled and will lead to the pseudostress problem (2.6). The only difference is that
~ is small in this case.



Multigrid for Stokes problem 5

3. Finite Element Approximation. In the remainder of this paper, we will
focus on solving Problem (2.6) using the finite element method and a multigrid solver.
To discretize the problem, we need a good finite element approximation to the space
3. There are several well-known conforming elements for the H(div) space over the
vector field R%. We will consider the lowest order RT element [23] and the lowest order
BDM element [9]. It should be easy to extend the results to higher order elements.

Let 73, be a quasi-uniform triangulation of {2 with characteristic mesh size h. On
each triangle T € 7, denote P,(T') to be the set of all polynomials with degrees less
than or equal to n. Define RTr = span { <(1)) , (?) , (;) } and BDMr = (P (T))2.
The degrees of freedom for the RT element are the zeroth order moments of the normal
components on each edge of T'. The degrees of freedom for the BDM element are the
zeroth order and the first order moments of the normal components on each edge of
T.

We use two copies of RT/BDM element to approximate the space H (div, 2, My).
Let

2¥T = {’T € My | (Tilu Tig) € RTr for i = 1, 2},

EgDM = {7’ € My | (Til, 7'1'2) € BDMy for ¢ = 1, 2}
Define the finite element spaces
S ={re2| rlr e 2"} and ZPPM = {r e X| 7lr e TEPM}

In later analysis, we use more of the common properties of the RT and the BDM
elements than of their differences. Hence we will use X, to denote either 77 or
Ef DM 1t is well known that the necessary continuity requirement for 3 to be in X
is that any function in the discrete space should have continuous normal components
across each edge of the mesh. Notice that 3 also inherits the constraint fﬂ trodr =
0 from 3.

Consider the discrete problem of (2.6): find o, € 3, such that

Alop, Th) =~ (f, divTy) forall T, € 3. (3.1)

Let o and o, be solutions to problem (2.4) and problem (3.1), respectively. The
following error bound is established in [13] for the RT element with v = O(h™1):

lo =l +[ldiv(e —an)loa Sh (lolle+ [ fle)-

Here and thereafter, we use < to denote “less than or equal to” with a factor ¢
independent of the mesh size h or other parameters appearing in the inequality. The
above error bound for the BDM element can be obtained in a similar fashion.

Next we give the discretization of problem (2.4) and its error estimate, which will

play an important role in later analysis. Define the space V;, C L2(Q2,R?) as follows:
vV, = {(1}1, Ug)t| 'Ui|T S Po(T) for ¢ = 1, 2}

Since both the RT element and the BDM element satisfy the discrete inf-sup condition
[10], we have divX, = V},. Consider the discrete problem for system (2.4): given
f € L2(Q,R?), find o), € X}, and uy, € V}, such that

{(Aah,‘rh) + (divrp,up) =0 for all 7, € Xy, (3.2)

(divey,vy) = (f,vn) for all vy, € V.
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By Lemma 2.1 and the discrete inf-sup condition of the RT/BDM element space,
Problem (3.2) is well-posed and admits a unique solution.

Next, we will give the mixed finite element error estimate for problem (3.2). To
do this, we need to show that X, under the constraint fQ trodx = 0, is a good

approximation for 3. Denote by I}, the natural interpolation associated with the
degrees of freedom onto X5 + span{I}. Let Py, be the L? projection onto V.
Define 11, : 3 — Xp by

Jo(tr Iy 7) dze

210 I forall TeX (3.3)

HhTZﬁhT—

where |Q| = fQ dx. Clearly, ITj, is a linear operator and ITj, 7 € Xj,. By the properties

of the natural interpolation II;, [10] and the definition of IIj, it is easy to prove [13]
the following lemma:

LEMMA 3.1. The commutative property divll, = P, div holds. Furthermore,
for 7€ X0 H*(Q,M,), we have

|7 —prlo,0 S kTl 0, (3.4)

|ldivr — div(Il, 7)o, S ||divT]o.q- (3.5)

The following lemma gives error estimates for the mixed finite element approxi-
mation (3.2).

LEMMA 3.2. Let f € L?(Q,R?). Define (o,u) to be the solution of problem (2.4)
and (oh,up) to be the solution of problem (3.2). We have

lo —oulloq S hlofie,

lu —unlloo S hlul o+ klo)a.

Proof. By using the mixed finite element theory and the properties of operator
11, it is standard to prove that [10, 5]

||A(U - O'h)||0,sz S h|0|1,527

lu —unlloo S hlulo + hlo|o.

Next, notice that div(e—o,) = f—Pv, f. By Lemma 2.1 and the approximation
property of the L? projection, we have

o —onlloe S Ae—on)loa +([div(e —on)l-1.0

-P
<hloha+ sup (f =Pv,f.v)
vEHL(Q,R?) [v][1,0
,v—Pv, v
=hlo|a+ sup M
vEHL(Q,R?) vl

S hlofia + bl flloa = hlelie + lldive|oq

S hlofia.

This completes the proof of the lemma. [J
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4. A Decomposition in ¥;. In this section we introduce a Helmholtz-type
decomposition of the discrete space 3. This decomposition and its properties bor-
rowed many ideas from the decomposition presented in the work of Arnold, Falk and
Winther on H(div) problems [1, 2]. The difference is that our decomposition need
to use the projection operator A, which makes the proof more complicated. For the
convenience of readers, we give all details of the proof even if some parts are similar
to the proof given in [1, 2].

Consider the mixed finite element problem (3.2). Let o, be the solution to (3.2)
with the right hand side function f € L?(, R?). Denote div,:lf = oy,. The operator
div, ! maps L?(Q,R?) to ), and can be considered as a pseudo-inverse of the div
operator. It is not hard to see that for all 75, € ¥} such that divr, = 0,

Define
22 = {1, € ¥}, such that divr) = 0}, (4.1)
B = {7, e div; 'V, }. (4.2)

Then XY and X} are orthogonal under A(-,-). It is easy to see that ¥, = Moz
Define the space Uy, ¢ H'(Q,R?) as follows: for RT element, let

Uy, = {(q1,2)" € H'(Q,R?)| q1, g2 are Py polynomials on each T € T}.
and for BDM element, let

Us, = {(q1,q2)t € H(Q,R?)| qu, g2 are P, polynomials on each T € 7'}

o= (). (0)-(2)

It is well known that every 1 € 22 has a potential g, € U}, such that 7, = curl q
[10]. The constraint fQ tr 7y, de = 0 further implies that g;, can be chosen from Uy,.

Define

In other words, X% = curl (Uj). Hence we have the following exact sequence:

()—>Uh°“—rl>2hﬂ>vh—>0

For each 7, € X, we have the decomposition o, = curlq, + divglvh where
q;, € Uy, v, = divey, € V), and the decomposition is orthogonal under both (A, -)
and (div-,div-). This decomposition is usually referred to as the discrete Helmholtz
decomposition.

Next, we study some properties related to the discrete Helmholtz decomposition.
Define an operator grad , : V, — X as follows:

(grad pvp, 7)) = —(divry,vp), for all 7 € Xp,.

The operator gradj is actually the discrete dual operator of div. Notice that for
an arbitrary o, € X5, Ao, is not necessarily in 3j since it may not satisfy the
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H(div,Q,Ms) continuity requirement on normal components. Therefore we need to
define discrete operators Ay : X, — Xy, and Ay, @ 3y — Xy, by

(Apon,Tr) = (Aop, 1), for all 7 € Xy,

(Apon,7r) = Alop, ), forall 7, € 3y.
It is equivalent to say that A, = Px, A where Py, is the L? projection onto the finite

dimensional space X and Apo, = Apop, — ygrad pdivey. By the property of the
projection operator Py, , we have

lAnTalloo S ATRll0e  for all T, € Xy, (4.3)

Let 7y be a quasi-uniform triangulation of Q with characteristic mesh size H
and let 7;, be a refinement of 7y with characteristic mesh size h. We follow the
notations previously introduced with the understanding that spaces and operators
with subscript H are defined over the mesh 7. For example, X is defined on 7y in
the same way that X, is defined on 7},. Besides, the RT/BDM finite element spaces
are known to be nested, that is, 35 C X,

LEMMA 4.1. Let vy € Vy,. Define o, = divglvh and oy = divgllvh. Then

lon — oulloo < Hllvalloo,

[div(en — ou)loo < Hllgrad hvn oo
Proof. Let o € X satisfies

(Ao, 7) + (divr,u) =0 for all 7 € X,
(dive,w) = (v, w) for all w € L2(Q,R?).

By the regularity property (2.3), Lemma 3.2 and the fact that h < H, we have

lon —omloa <o —aulloa+llo—0culoe S Hlola S Hlviloo-

Notice that div(o), — o g) = v, — Py, v, where Py, is the L? projection onto
V. Define o € ¥ by

(A, 7) + (divr,u) =0 for all 7 € X,
(dive, w) = (v, — Py,vp, w) for all w € L2(Q,R?).

Recall that II;, and Iy satisfy divll;, = Pv, div and divllg = Pv,div. By using
Lemma 3.1, the Schwarz inequality and the regularity result (2.3), we have

[on = Py vnllg. = (dive,vn — Py, )

= (div(llpe —yo),v,) = —((IIp6 — Iy a), grad pvp)

< |ye —Nualloqllgrad wvnlloa S Hlo|1allgrad yvulo.o
< H|lvp, — Pyvyvplloellgrad pvnlo.q-

This completes the proof of the lemma. [J
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LEMMA 4.2. Given oy € Xy, satisfying A(on, 7a) =0 for all Ty € Xy. Let
o, = curlg, —i—div,:lvh, where q;, € Uy, and vy, = divey, € Vi, be the A-orthogonal
decomposition of o. Denote 0',1L = div,;lvh. Then

(Aallzvallz) S 7_1H2A(Uhao'h)a (44)
(1+vH )lo}ll5o S T+ HA(on on), (4.5)
||‘Ih||o oS HQ(ACUFI q,,curlg,). (4.6)

Proof. The proof of inequality (4.6) is a little long and hence will be put in the
Appendix. Here we give the proof of inequalities (4.4) and (4.5). Define &, € Xp, by

A(Gn,7h) = (Ao}, Th), forall T, € 2. (4.7
It is clear that
A(6p,curlp,) = (Ao}, curlp,) =0, for all p, € Uy,.

This implies o, € 2,11. In other words, if we denote divéey, = vy, then &, = div,jlf)h.
Define 6y = diV;Ilf)h. By the Schwarz inequality,
(Ao} .o1) = A(Gn,01) = A(Gh, 00)
(4.8)

=A6n—0n,on) < A6} —OH,6) — &H)l/QA(O'h, O'h)l/2.

We also notice that Equation (4.7) implies that Ao, = Aha,ll. Furthermore,
by setting 7, = &, in (4.7) and using the Schwarz inequality, we can easily see that
A(Gn,0n) < (Ao}, o:). Hence by the fact that A is a projection, lemma 4.1, the
triangular inequality and inequality (4.3), we have

A(Gh—0m,0n—0m) <|ohn— &H||(2),Q + 7| div(er — &H)||(2),Q
< H2771(”Y||diV&hH3,Q +7?%(|grad hdiV&hHg,Q)
S H 7 (Ylldives|§ o + 14nG 5o + [(An — ygrad ndiv)awlfs o)
S Hy T A(Gh,4) + | ARG ]G 0)
S Hy (Ao, 03) + [14ne 13 .0)

< H2y7H(Agy, ).

(4.9)

Combining (4.8) and (4.9) gives (Ao}, 0}) < Hy V2 (Ao}, a1) 2 Alon, on)' /2. So
(4.4) holds.
Next, we prove (4.5). Notice that A(op, 7) =0 for all 7 € X g implies

(dive;,divry) = —y (Ao}, TH) — v (Acurlq,, Tx). (4.10)
By definition,

. dive!, v
|diver|-1.0=  sup (divey,v)
vEH}(Q,R2) vl

For v € H{(Q,R?), let vy be the L2-projection of v onto V. Then the following
estimates are well-known:

v —vHloo S H|v|1e,

[valloo < llvlogo < [[vlLe
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Define 7y = divgllvH and 75 = div,?lvH. We have (Acurlg,, 7,) = 0. Besides,
by Lemma 3.2 and the regularity result (2.3), it is not hard to see that |7 x|loo S
lver]lo,o- Combining the above and using Lemma 4.1 and Equation (4.10), we have

divel. v divel. v —wv
sup (divey, v) sup (divey, H)+ sup

(dive},vg)
vEH}(2,R?) vl vEH}L(2,R2) [vll1e vEH}(2,R2) [vll1e

. dive!l, divr
< H|divej|oo+  sup (divo,, divry)
vEHL(2,R?) [v]l1,0

vy Y Ao}, TH) — v Y (Acurlq,, Ty — Th)

= H||diva',11||07g + sup
vEHL(2,R?) [v[l1,0

< H||diva',1l||07g +~y Y Ao}, U}L)l/2 +~7'H(Acurl g;, curl qh)l/Q.

Using the above result, Lemma 2.1, inequality (4.4), the inequality 2y =1 < 1+~72
and the fact that H < O(1), we have

lohl36 < (A oh) + [divel|? g
< (L+72)A(o}, o}) + [dival 3 + 7 *(Acurl g, curl g,)
<+ Aonon),

YH ?||lolld g S A+ 2)vH *(Ac), o) +vldive, |5 o + 7' (Acurl g, curl q,)
5 (1 + 7_2)A(0'h, O'h).

Adding up the above inequalities gives the estimate (4.5). This completes the proof
of the lemma. [J

5. A Multigrid Solver. For simplicity, we rewrite problem (3.1) in the following
form: find o), € X}, such that

A(O’h,Th) = (F,Th), for all T, € Xy, (51)

where F' € Xy, is defined by (F,7p) = vy(f,divrs).

In this section, we construct and analyze a multigrid solver for the discrete prob-
lem (5.1). Let 7, k = 1,... , K be a series of nested meshes under uniform refinements
and assume that 77 has characteristic mesh size O(1). Denote the characteristic mesh
size of 7} to be hy. Define ¥ = X, , the RT/BDM finite element space based
on 7. Notice that 31 C Xj. Similarly we define spaces Ui and V. Denote
div,' = div;!. Denote Qp—1 : %) — Zp_1 and Pp_y : %) — Zyp_; to be the
L2-projection and the A-projection respectively. Let Ry : 3 — 3j be a symmetric
positive definite operator, which will be defined later. Let m be the smoothing times
on each level. Finally, denote Ay to be Ap, .

We define a V-cycle multigrid iteration operator Mgi(-,-) : g x X — X
inductively as follows:

ALGORITHM 1. Set Mg(T,F) = A['F.Assuming that Mgy_1(-,-) has been
defined, define Mgy (T, F) as follows: set TV = T and define

(1) Tt =7 L Ry (F — A1) forl=1,--- ,m;
(2) o =7"4+ Bk_le_l(F — A;ﬂ'm);
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(3) ol =t + Rp(F — Apa!™Y) forl=m+1,---,2m;
Set Mgy (T, F) = o*™.
The V-cycle multigrid iterations for solving Problem (5.1) over X is defined
below. Given an initial guess o € Xj, we defined a sequence approximating the
solution o, by

ot = Mgp(a®, F), 1=0,1,....

The error propagation operator € : 3, — Xy, for the above iteration is [8]

T —¢(oy — ') = Mgi(on — 0',0).

oOp — O'i
The abstract multigrid theorem [8, 1] states that under the following two assump-
tions:

(M.1) The spectrum of I — RyAy is in [0,1). That is
0<A((I—RpAp)7T,7) < A(T,7) for all T € Xy;
(M.2) There exists a positive constant Cp such that
A((I =Pr_1)1,7) < CpRi (AT, A7) for all 7 € Zy;

the multigrid solver with Ry as smoother and m smoothing times on each level will
have convergence rate

Cr A(r,7), forall T € 3. (5.2)

< __ 7P
Aler,T) < Cp +2m

In the remainder of this section, we will construct a smoother Ry which satisfies
assumptions (M.1) and (M.2).

Let Vi be the set of all vertices in 7%, including the boundary vertices. For each
x € Vy, define Q, 5, to be the interior of the union of all triangles in 73 which have x
as a vertex. Let Xy , be the RT/BDM space defined on 7y, such that each function
in ¥y, , vanishes outside Q 5. Notice that X, » C (X, + span{I}) but Xy » ¢ Xy, in
general, since fQ tr 7 dx may not vanish for 7 € Xy, 5.

Define operator Ay o @ g » — Xk o Dy

(Akzo,7)=A(o,7), foralleo, €3 ,.

Notice that Ay . is symmetric and (A ,0,0) = 0 if and only if o = cI where cis a
constant. Since cI ¢ Xy, » and Xy, 5 is a finite dimensional space, it is easy to see that
A} » is symmetric positive definite over Xy, ,, although the spectrum of Ay , may not
have a uniform lower bound independent of all k£ and «.

Let Qpo @ (Bg + span{l}) — Xy 5 and P o 1 (Zy + span{l}) — Xy 5 be the
L? projection and the A projection respectively. Here Py . is well-defined since the
operator Ay, is symmetric positive definite. Define operator Ry : ¥ — (B +
span{I}) using an additive Schwarz scheme:

1 1 _
Ry = Y ProAyl = 3 > ALLQra (5.3)

eV xzeVy

Define Rk : Ek — Ek by

R; = Qx, Ry, (5.4)
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where Qx, : (Zk + span{l}) — Xj is the L? projection. It is clear that Ry is
symmetric positive definite over 3j under the L? inner-product.

REMARK 1. For simplicity, in this paper we will only analyze the smoother Ry as
defined in (5.4). The analysis can easily be extended to the Hiptmair smoother [19],
which is usually more time-efficient in terms of a single sweep of smoothing process,
and the same multigrid convergence rate estimate holds.

Next, we show that Ry satisfies assumptions (M.1) and (M.2). The proof of
Assumption (M.1) follows directly from the Schwartz inequality and the fact that
each triangle in 7y is covered by exactly three sub-domains in {Q z}eey,. In the
following, we concentrate on the proof of Assumption (M.2).

First, we state the following result:

LEMMA 5.1. Assume the following assumption holds:

(R.1) For all T, € Xy, there exists a decomposition (I — Py_1)T) = Zmevk Tha
where Ty o € 3y o and a positive constant Cy such that

> A(TraTha) < CoA((I = Pr_1)Th, Th);
xzcVy,

Then (M.2) holds with C, = 3C.
Proof. Assume (R.1) holds. By using the Schwarz inequality, We have

A((I - Pk_l)Tk,Tk) = Z A(Tk,maTk) = Z A(Tk7m7kamTk)

x€EV xzeV),
1/2
< <Z A(‘rk,m,rk,m)> AY3( Z ProThk, Tk)
V), €V

<VBCYPAYA(1 = Pr_y)7r, i) AV (Ry gy, 1)
- \/§Cé/2Al/2((I - Pk—l)Tk, T;g)Al/z(RkAka, T;g).

The last step comes from the fact that span{I} is in the kernel of Ay. This completes
the proof of the lemma. [J

Finally, we need to prove that condition (R.1) holds.

LEMMA 5.2. Condition (R.1) holds with Coy = c¢(1 + v ~2), where c is a positive
constant independent of k or .

Proof. Let o, = (I — Px_1)Tr where 7, € Xi. We decompose o into
o, = curlg, + div,zlvk where q;, € Uy and vy, = divoy. Denote 0',1C = divglvk.
Clearly

A(curl g, curlq,) + Ao}, 01) = Aok, o).

Therefore we can consider the decomposition of curlgq,, and 0,1C separately.
Next we need a partition of unity. Let 6, be a continuous piecewise linear function
defined on 7, such that the support of each 6, is in {4 5 and

|9m|ijOO(Q) S hlzja .7 = 07 1u

where W7°°(0) is the Sobolev space with index (j,00) [14]. Such kind of partition of
unity exists and has been widely used in the analysis of overlapping Schwarz domain
decomposition methods.
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Clearly we have the decomposition curlq, = >, curl(Ily,(0zq;)), where
ITy, is the natural interpolation onto Uy, associated with the degrees of freedom. By
the standard scaling argument, it is not hard to see that

[curl (I, (6245))llo.0 < [[curl (0zq;)lo.o-

Combining the above, Lemma 4.2 and the fact that hy = hg—1/2, we have

> A(curl (Tly, (024;)), curl (TTy, (0-4;)))
xzEV),

= Y (Acurl (Ily, (6z4;)), curl Iy, (64;)))

eV,
, (5.5)
< Y [leurl (TTy, (029,)) 5.0 < D leurl (62q;)]lo.0
TEVy €V

Il

< [[curl %Hg,sz +hy %”(2),9 < (Acurl gy, curl qy)

S A(O’k,O'k).

Next, for o, we consider the decomposition o}, = 3\, TIs, (6z07},) where IIs,
is the interpolation operator as defined in (3.3) on the mesh 7. This decomposition
is well-defined since Ils;, is a linear operator. By the standard scaling argument, we
have

s, (0zoi)llo.g < [0z0k0.0.

Therefore, by Lemma 4.2 and the fact that 2hy = hg_1,

Y Alllx, (6:0}). 115, (620}))

xEVy
<Y (s, (0z01)[15 0 + Y div(Ils, (6204))][5 o)
. (5.6)
€V
Slloills.o +v(diveil§ o + by 2lokllso)
< (1 + 7_2)A(0'k, O'k).

Finally, we define the decomposition

o= 3 (curl (ITy, (foqy)) + IIx, (620})).
eV

The stability of this decomposition comes from equations (5.5) and (5.6). This com-
pletes the proof of the lemma. [
By Inequality (5.2), Lemma 5.1 and Lemma 5.2, the convergence rate of the

multigrid solver is O(%)

6. Numerical Results. We report some numerical results for the multigrid
solver for the H(div)-type problem (5.1). Let © be the unit square (0,1) x (0,1).
Multigrid solver using a smoother as defined in Section 5 is used. The coarsest mesh
is as shown in Figure 6.1. We solve the problem (5.1) on the 2nd, 3rd, 4th and 5th

level respectively. The right hand side F' € 3, is selected randomly.
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0 o1 02 03 04 05 06 07 08 09 1

Fi1G. 6.1. The coarsest mesh.

Both the lowest order RT element and the lowest order BDM element are used
in the discretization. The experiments are done for v = 1074, 1072, 1, 102, 10%. We
tested the iteration numbers needed for reaching a relative residual 10~5. The results
are listed in Table 1 and Table 2.

TABLE 6.1
Iteration numbers using the RT element.

level [ v =102 | ~y=102 ] y=1]~=10% | v =10%
2 22 13 11 11 11
3 62 18 14 14 14
4 132 19 16 15 16
) 200 19 16 16 16
TABLE 6.2
Iteration numbers using the BDM element.
level [ v =102 [ ~y=102 ] y=1]~=10% | v =10%
2 6 6 6 6 6
3 7 7 7 7 7
4 7 7 8 7 7
) 8 7 7 7 7

From the tables we can see that when + is large, the iteration numbers seems to be
independent of v and the number of levels, which agrees with the theory. When = is
small, the theory suggests that the convergence rate deteriorates. From the numerical
results we can see that this is true with the RT element. However, for the BDM
element, the convergence rate seems to be still independent of ~.

Appendix A. Proof of Equation (4.6).

As stated in the beginning of this paper, we assume 2 is a convex polygon. Let o,
and g, be defined as in Lemma 4.2. Then g, € H'(Q,R?)/R? and for all p;; € Uy,
we have

(Acurl g, curlpy) = A(curl g, curlpy) = A(op, curlpy) = 0. (A.1)

Denote n and t the unit outer normal vector and the unit tangential vector along
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99). Define the curl operator for all 7 € H*(Q, M) by

_ 87’11 + 87’12

_ Jy ox
curlTt = 57 4o |
Jy ox

First we notice that:
LEMMA A.1. Assume there exists o € Hl(Q,Mg) satisfying q, = curlo and
(S1) Ao = o (o is trace-free);
(52) (at)]sn = 0;
(53) oo S llay oo
Then Equation (4.6) holds.
Proof. Define o' by

{(.Aal, 7)+ (divr,u) =0, forallT e X,

(dive!,v) = (dive, v), for all v € V.

The regularity result (2.3) implies |01, < ||dive||oq. Since o — o' € H'(Q, M)
and div(o — o) = 0, there must exist a potential function p € H?(Q, R?) such that
curlp =0 — o' and

plao < llollio+llotlie S llollue S laullo.o-

Let py be the natural interpolation of p onto Uy. Then by the assumptions on
o, Equation (A.1) and integration by parts,

||qhH(2J)Q = (curleo, q,) = —(o,curlq,) = — (Ao, curlq,,)

= —(Acurlp, curlg,) = —(Acurl (p — py), curlg,)

< Hlplz,allAcurl gy, lloo < Hllgyllo.ollAcurl g, 0,0,

which will give Equation (4.6). O

In the remainder of this section, we will construct a o that satisfies the assumption
in Lemma A.1.

For any scalar function f, define curl f = (—g—g, %)t. Then there exists a L2

orthogonal Helmholtz decomposition (see [16]) g, = curl¢ + Vi, where ¢ € H}(Q)

and ¢ € H'(Q)/R satisty [[¢]l1.0 < [lgyllo.c and [[¢[l1,0 < [|gxlloe. Then
q;, = curl (_¢¢ z) = curl <_(¢¢_)’_ %) (1/)1;0)) + curl Vu
for all C € R and u € H*(Q,R?). Define
_ ¢ (¥ +0C)
o= (—(1[1"‘0) é > + Vu. (A.2)

Clearly o € H'(Q,M5) and we only need to find C' and u such that o satisfies (S1),
(S2) and (S3) in Lemma A.1, which can be translated to

divu = —2¢, (2—1: =W+ O)n, (A3)

ICI S llanlloe, ez S llgnlloo-
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Since q,, € H*(Q,R?)/R? and ¢ € H}(Q), we have

Ynds = / Viydr = / (g, — curl¢) dx
o0 Q Q

*—/curlgbda::/ otds = 0.
Q o0

Recall that Q is a convex polygon. Denote z;, i = 1,... , N, the corners of 2. To
close the polygon, we set zg = zy or zy4+1 = z1. Denote I'; the edge of {2 connecting
z; and z;41. Define n; = (n1,,n2,)" and ¢; = (ng;,—n1;)" to be the unit outer
normal vector and the unit tangential vector on I'; respectively. According to the
trace theorem on polygons (see Theorem 1.4.6 in [17]), we have

(A.4)

/85_1 | = (2 + sti) + (i — sti1)[* ds < o0, (A.5)
0

for all e < min;—1,.. N|zi — zi—1]-
Let sg, s be points on 92 and f:o dt be the line integral from s to s along 92 in
counter-clockwise direction. Define

— Jo20dx — [,5( f50 Ymdt) -nds
Joa( fs ndt) - nds

C = : (A.6)

and

MQ:/%¢+@nﬁ. (A7)

50

By Equation (A.4) and the Green’s formula, we immediately see that g is continuous
(Fi, Rz) and

1C S M19llo.e + 1¥llo,00 S [18llo.e + [¥]1e S llgnloe;
Iglls/2,0. S [¥ll/2.00 +1CT S ¢llo.o + 14]a < lgnllo.q-
By (A.5), (A.6) and (A.7), it is not hard to see that [, —2¢dx = [, g-nds and

£
0

= /05 8_1 |(’¢ =+ C)(Zl =+ Sti) — (’Q/J + C’)(ZZ — Sti_1)|2 (’I’Li_l -’I”Li)2 ds

2

(Zi + Stz) TN, 1 — %(zl - Stifl) n; ds

g
ot

< 00,

foralle < min;—1_. n|2i—2i—1|. Recall that ¢ € H}(Q2). Combining all the above and
according to Theorem 7.1 in [4], there exists u € H?(2, R?) such that divu = —26,
ulon = g and

[ull2,0 S ¢l + Z lglls/2.r: <
i=1,...,N

Clearly u defined above and C' defined in (A.6) satisfy Equation (A.3), and hence o
defined as in (A.2) satisfies (S1), (S2) and (S3). This completes the proof for Equation
(4.6).
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