A WEAK GALERKIN MIXED FINITE ELEMENT METHOD FOR
BIHARMONIC EQUATIONS
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Abstract. This article introduces and analyzes a weak Galerkin mixed finite element method
for solving the biharmonic equation. The weak Galerkin method, first introduced by two of the
authors (J. Wang and X. Ye) in [52] for second order elliptic problems, is based on the concept of
discrete weak gradients. The method uses completely discrete finite element functions and, using
certain discrete spaces and with stabilization, it works on partitions of arbitrary polygon or polyhe-
dron. In this article, the weak Galerkin method is applied to discretize the Ciarlet-Raviart mixed
formulation for the biharmonic equation. In particular, an a priori error estimation is given for the
corresponding finite element approximations. The error analysis essentially follows the framework of
Babuska, Osborn, and Pitkdranta [8] and uses specially designed mesh-dependent norms. The proof
is technically tedious due to the discontinuous nature of the weak Galerkin finite element functions.
Some computational results are presented to demonstrate the efficiency of the method.
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1. Introduction. In this paper, we are concerned with numerical methods for
the following biharmonic equation with clamped boundary conditions

Au=f in Q,

(11) u=20 on 897
g—z =0 on 0%,

where Q is a polygonal or polyhedral domain in R? (d = 2,3). To solve the problem
(1.1) using a primal-based conforming finite element method, one would need C*!
continuous finite elements, which usually involve large degree of freedoms and hence
can be computationally expensive. There are alternative numerical methods, for
example, by using either nonconforming elements [2, 38, 41], the C° discontinuous
Galerkin method [26, 14], or mixed finite element methods [11, 16, 20, 25, 32, 34, 33,
36, 37, 39, 40]. One of the earliest mixed formulation proposed for (1.1) is the Ciarlet-
Raviart mixed finite element formulation [20] which decomposes (1.1) into a system
of second order partial differential equations. More precisely, in this formulation,
one introduces a dual variable w = —Aw and rewrites the fourth-order biharmonic
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equation into two coupled second order equations

(1.2) w+ Au =0,
. _Aw:fa

In [20], the above system of second order equations is discretized by using the standard
H' conforming elements. However, only sub-optimal error estimates are proved in
[20] for quadratic or higher order of elements. Improved error estimates have been
established in [8, 27, 31, 48] for quadratic or higher order of elements. In [8], Babuska,
Osborn and Pitkéranta pointed out that a suitable choice of norms are L? for w and
H? for u, or equivalent, in order to use the standard LBB stability analysis. In this
sense, one has “optimal” order of convergence in H? norm for u and in L? norm for w,
for quadratic or higher order of elements. However, when equal order approximation
is used for both u and w, the “optimal” order of error estimate is restricted by the
interpolation error in H? norm, and thus may not be really optimal. Moreover, this
standard technique does not apply to the piecewise linear discretization, since in this
case the interpolation error can not even be measured in H? norm. A solution to this
has been proposed by Scholz [48]. Using an L argument, Scholz was able to improve
the convergence rate in L? norm for w by h%, and this theoretical result is known to
be sharp. Also, Scholz’s proof works for all equal-order elements including piecewise
linears.

The goal of this paper is to propose and analyze a weak Galerkin discretization
method for the mixed formulation (1.2). The weak Galerkin method was recently
introduced in [52] for second order elliptic equations. It is an extension of the standard
Galerkin finite element method where classical derivatives were substituted by weakly
defined derivatives on functions with discontinuity. Optimal order of a priori error
estimates has been observed and established for various weak Galerkin discretization
schemes for second order elliptic equations [52, 53, 42]. A numerical implementation
of weak Galerkin was discussed in [43, 42] for some model problems.

Some advantages of the weak Galerkin method has been stated in [53, 42, 43]. For
example, the Weak Galerkin method using certain discrete spaces and with stabiliza-
tion works on partitions of arbitrary polygon or polyhedron, and the weak Galerkin
method uses completely discrete finite element spaces while it does not employ the
jump/average approach as the discrete Galerkin method does. The weak Galerkin
method is still a very new method and there remains a lot to explore. This is the
main reason why here we would like to apply it to the biharmonic equation, with the
ultimate goal of generalizing the method to other complicated, possibly nonlinear,
fourth-order equations.

Applying the weak Galerkin method to both second-order equations in (1.2) ap-
pears to be trivial and straight-forward at first glance. However, the application
turns out to be much more complicated than simply combining one weak Galerkin
scheme with another one. The application is particularly non-trivial in the mathe-
matical theory on error analysis. In deriving an a priori error estimate, we follow
the framework as developed in [8] by using mesh-dependent norms. Many commonly
used properties and inequalities for standard Galerkin finite element method need to
be re-derived for weak Galerkin methods with respect to the mesh-dependent norms.
Due to the discrete nature of the weak Galerkin functions, technical difficulties arise
in the derivation of inequalities or estimates. The technical estimates and tools that
we have developed in this paper should be essential to the analysis of weak Galerkin
methods for other type of modeling equations. They should also play an important
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role in future developments of preconditioning techniques for weak Galerkin methods.
Therefore, we believe this paper provides useful technical tools for future research, in
addition to introducing an efficient new method for solving biharmonic equations.
The paper is organized as follows. In Section 2, a weak Galerkin discretization
scheme for the Ciarlet-Raviart mixed formulation of the biharmonic equation is intro-
duced and proved to be well-posed. Section 3 is dedicated to defining and analyzing
several technical tools, including projections, mesh-dependent norms and some esti-
mates. With the aid of these tools, an error analysis is presented in Section 4. Finally,
in Section 5, we report some numerical results that show the efficiency of the method.

2. A Weak Galerkin Finite Element Scheme. For illustrative purpose, we
consider only the two-dimensional case of (1.1) and the corresponding weak Galerkin
method will be based on a shape-regular triangulation of the domain 2. The analysis
given in this paper can easily be generalized into two-dimensional rectangular meshes,
and with a few adaptations, also into three-dimensional tetrahedral and cubic meshes.
Another issue we would like to clarify is that, although the weak Galerkin method
using certain discrete spaces and with stabilization is known to work on partitions of
arbitrary polygon or polyhedron [53, 42], here we choose to concentrate on a weak
Galerkin discretization without stabilization. This discretization only works for trian-
gular, rectangular, tetrahedral and cubic meshes, but the theoretical analysis would
be considerably easier since there is no stabilization involved. We expect the tech-
nique introduced in this paper can also be generalized to the stabilized weak Galerkin
method on arbitrary meshes, but it remains to be confirmed in the future.

Let D C Q be a polygon, we use the standard definition of Sobolev spaces H* (D)
and H5(D) with s > 0 (e.g., see [1, 21] for details). The associated inner product,
norm, and semi-norms in H*(D) are denoted by (-,)s,p, || - |ls,p, and |- |».p,0 <
r < s, respectively. When s = 0, H%(D) coincides with the space of square integrable
functions L?(D). In this case, the subscript s is suppressed from the notation of norm,
semi-norm, and inner products. Furthermore, the subscript D is also suppressed when
D = Q. For s <0, the space H*(D) is defined to be the dual of H; (D).

Occasionally, we need to use the more general Sobolev space W*P(Q), for 1 <
p < 00, and its norm || - ||yys.»(q). The definition simply follows the standard one given

n [1, 21]. When s = 0, the space W*?(Q) coincides with L?().

The above definition/notation can easily be extended to vector-valued and matrix-
valued functions. The norm, semi-norms, and inner-product for such functions shall
follow the same naming convention. In addition, all these definitions can be trans-
ferred from a polygonal domain D to an edge e, a domain with lower dimension.
Similar notation system will be employed. For example, || - ||s,. and || - || would
denote the norm in H*(e) and L?(e) etc. We also define the H(div) space as follows

H(div,Q) ={q: q€[L*(Q)]? V-qe L*Q)}.

Using notations defined above, the variational form of the Ciarlet-Raviart mixed
formulation (1.2) seeks u € H}(Q) and w € H'(Q) satisfying

2.1) (w,¢) — (Vu,Ve) =0 for all ¢ € H (),
' (Vw, V) = (f,v) for all ¢ € Hg(9).
For any solution w and wu of (2.1), it is not hard to see that w = —Aw. In addition,

by choosing ¢ = 1 in the first equation of (2.1), we obtain

/wd:z::O.
Q
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Define H'(Q) c HY(Q) by

HY Q) ={v: ve HY(Q), / vdx = 0},
Q
which is a subspace of H} (©2) with mean-value free functions. Clearly, the solution w
of (2.1) is a function in H*(Q).
One important issue in the analysis is the regularity of the solution u and w.
For two-dimensional polygonal domains, this has been thoroughly discussed in [12].

According to their results, the biharmonic equation with clamped boundary condition
(1.1) satisfies

(2.2) lulla—r < el fll -,

where ¢ is a constant depending only on the domain ). Here the parameter k is
determined by

k=1 if all internal angles of Q are less than 180°
k=0 if all internal angles of Q are less than 126.283696 - - -°

The above regularity result indicates that the solution u € H3(2) when € is a convex
polygon and f € H~1(Q). It follows that the auxiliary variable w € H'(2). Moreover,
if all internal angles of  are less than 126.283696 - - -° and f € L?(f2), then u € H*(Q)
and w € H%(Q). The drawback of the mixed formulation (2.1) is that the auxiliary
variable w may not possess the required regularity when the domain is non-convex.
We shall explore other weak Galerkin methods to deal with such cases.

Next, we present the weak Galerkin discretization of the Ciarlet-Raviart mixed
formulation. Let Tj be a shape-regular, quasi-uniform triangular mesh on a polygonal
domain ), with characteristic mesh size h. For each triangle K € T, denote by K
and JK the interior and the boundary of K, respectively. Also denote by hg the
size of the element K. The boundary 0K consists of three edges. Denote by &, the
collection of all edges in 7. For simplicity of notation, throughout the paper, we use
“<” to denote “less than or equal to up to a general constant independent of the mesh
size or functions appearing in the inequality”.

Let j be a non-negative integer. On each K € 7}, denote by P;(Kj) the set of
polynomials with degree less than or equal to j. Likewise, on each e € &, P;(e) is the
set of polynomials of degree no more than j. Following [52], we define a weak discrete
space on mesh T, by

Vi ={v: vk, € Pj(Ky), K € Ty; vle € Pj(e),e € En}.

Observe that the definition of V}, does not require any continuity of v € V} across
the interior edges. A function in V}, is characterized by its value on the interior of
each element plus its value on the edges/faces. Therefore, it is convenient to represent
functions in Vj, with two components, v = {vg, vy}, where vy denotes the value of v
on all Ky and v, denotes the value of v on &,.

We further define an L? projection from H'(£)) onto Vj by setting Quv =
{Qov, Qpv}, where Qov|k, is the local L? projection of v in P;(Ky), for K € T,
and Qpv|e is the local L? projection in Pj(e), for e € &,. To take care of the homoge-
neous Dirichlet boundary condition, define

Voo={veV, : v=0o0n &, NN}



It is not hard to see that the L? projection Q; maps H} () onto Vo p.

The weak Galerkin method seeks an approximate solution [up; wi] € Vo 5 X V3
to the mixed form of the biharmonic problem (1.2). To this end, we first introduce a
discrete L?-equivalent inner-product and a discrete gradient operator on Vj,. For any
v, = {vo, vy} and ¢, = {0, ¢} in V3, define an inner-product as follows

(vn,én) 2 D (o, 00)k + D hic(vo — vb, o — Pv)ox

KeTy, KeTy,

It is not hard to see that (v, vp)) = 0 implies v, = 0. Hence, the inner-product is well-
defined. Notice that the inner-product (-,-) is also well-defined for any v € H(Q)
for which vg = v and vp|. = v|. is the trace of v on the edge e. In this case, the
inner-product (-, -) is identical to the standard L? inner-product.

The discrete gradient operator is defined element-wise on each K € Tj,. To this
end, let RT;(K) be a space of Raviart-Thomas element [44] of order j on triangle K.
That is,

RT;(K) = (Pj(K))* +xP;(K).

The degrees of freedom of RT;(K) consist of moments of normal components on each
edge of K up to order j, plus all the moments in the triangle K up to order (j — 1).
Define

Yh={q€ (L*(N)?: q|x € RTj(K), K € Ty}

Note that X, is not necessarily a subspace of H (div, 2), since it does not require any
continuity in the normal direction across any edge. A discrete weak gradient [52] of
v, = {vo, vp} € V4, is defined to be a function Vv, € Xp, such that on each K € Tp,

(23) (vah, q)K = —(1}07 V- q)K + <’Ub7q : n>8K7 for all qc RT](K)7

where n is the unit outward normal on K. Clearly, such a discrete weak gradient is
always well-defined. Also, the discrete weak gradient is a good approximation to the
classical gradient, as demonstrated in [52]:

LEMMA 2.1. For any v, = {vg, vp} € Vi, and K € Ty, Vyur|x = 0 if and only if
vy = vy = constant on K. Furthermore, for any v € H™1(Q), where 0 <m < j+1,
we have

IV (@rv) = Vol S B |[v]lmta-

We are now in a position to present the weak Galerkin finite element formulation
for the biharmonic problem (1.2) in the mixed form: Find up, = {uo, up} € Vo5 and
wp, = {wo, wp} € Vi, such that

(2.4) (wn, on) — (Vwun, Vudn) =0, for all ¢, = {¢o, ¢p} € Vi,
. (Vwwn, Votbn) = (f, ¥o), for all vy, = {vo, ¥u} € Vo,n.

THEOREM 2.2. The weak Galerkin finite element formulation (2.4) has one and
only one solution [up;wy] in the corresponding finite element spaces.



Proof. For the discrete problem arising from (2.4), it suffices to show that the
solution to (2.4) is trivial if f = 0; the existence of solution stems from its uniqueness.

Assume that f = 0 in (2.4). By taking ¢, = w, and ¥, = uy in (2.4) and
adding the two resulting equations together, we immediately have (wp, wp) = 0,
which implies wy, = 0. Next, by setting ¢, = uj, in the first equation of (2.4), we
arrive at (Vyup, Vyup) = 0. By using Lemma 2.1, we see that uj, must be a constant
in , which together with the fact that up = 0 on 92 implies up, = 0 in . This
completes the proof of the theorem. O

One important observation of (2.4) is that the solution wy, has mean value zero
over the domain €2, which is a property that the exact solution w = —Awu must possess.
This can be seen by setting ¢, = 1 in the first equation of (2.4), yielding

(wh’ 1) = ((whv 1)) = (kuhvvwl) =0,

where we have used the definition of ((-,-) and Lemma 2.1. For convenience, we
introduce a space Vj, C V), defined as follows

Vi = {vn : vp = {vo,vp} € Vi, / vo dx = 0}.
Q

3. Technical Tools: Projections, Mesh-dependent Norms and Some Es-
timates. The goal of this section is to establish some technical results useful for
deriving an error estimate for the weak Galerkin finite element method (2.4).

3.1. Some Projection Operators and Their Properties. Let P, be the
L? projection from (L?*(£2))? to ¥, and IIj, be the classical interpolation [16] from
(HY())%,v > 3, to Ty defined by using the degrees of freedom of ¥ in the usual
mixed finite element method. It follows from the definition of II, that Il;q €
H(div,Q) N %y, for all q € (HY(Q))2. In other words, Il,q has continuous nor-
mal components across internal edges. It is also well-known that II, preserves the
boundary condition q - n|gg = 0, if it were imposed on q. The properties of IIj
has been well-developed in the context of mixed finite element methods [16, 30]. For
example, for all g € (W™P(£))? where % <m<j+1and2<p<oo, we have

(3.1) Qo(V-q) =V IIq, if in addition q € H (div, ),
(3.2) la —ralzr@) S A" ldllwme)-

It is also well-known that for all 0 < m < j+ 1,

(3.3) la—Prall <A™ llqllm-

Using the above estimates and the triangle inequality, one can easily derive the fol-
lowing estimate

(3.4) T, Vo = PRVoll S B [vllmss

for all v € H™ () where 1 <m < j+1.

Next, we shall present some useful relations for the discrete weak gradient V.,
the projection operator Py, and the interpolation IT;. The results can be summarized
as follows.

LEMMA 3.1. Let v > % be any real number. The following results hold true.



(i) For any v € HY(Q), we have
(3.5) Vu(Qrv) = Pr(Vo).
(ii) For any q € (HY(Q))?> N H(div,Q) and vy, = {vo,vp} € Vi, we have
(3.6) (V-q, vo) = —(Thq, Vvr) + Y ((hq) -1, 0p)c.
e€&R NN
In particular, if either vy, € Vo, or q-n =0 on 09, then
(3.7) (V-q, vg) = —(I1pq, Vyup).
Proof. To prove (3.5), we first recall the following well-known relation [16]
V- RTj(K) = P;j(Ko),  RT;(K)-nl|. = Pj(e).

Thus, for any w € ¥, and K € Ty, by the definition of V,, and properties of the L?
projection, we have

(Vw@rv, W)k = —(Qov, V- W)k + (Qvv, W - n)ox

=—(v,V-wW)g + (v, W - n)px

= (Vu,w)g

= (Pth, W)K,
which implies (3.5). Asto (3.6), using the fact that V-RT;(K) = P;(Kjy), the property
(3.1), and the definition of V,, we obtain

(V-q, v) = (Quo(V-a), vo) = (V- IInq, vo)
== > (Mhq, Vavn)x + Y (6, TIhq - n)ox

KeTn KeTh
== Z (ITha, Vyun)k + Z (TIq) - n, vp)e.
KeTh, e€THhNAQ

This completes the proof of (3.6). The equality (3.7) is a direct consequence of (3.6)
since the boundary integrals vanish under the given condition. O

3.2. Discrete Norms and Inequalities. Let v, = {vg,vp} € V. Define on
each K € Ty,

[vnll§ 5 = lvollg & + Rllvo — vbll3c,

[|vn,

Dhre = llvoll? i + 2 Hlvo — o3k
|vh|ih,K = |’UO|§,K +h7Hvo — vl 3k

Using the above quantities, we define the following discrete norms and semi-norms
for the finite element space V},

1/2
lvnllo.n := <Z |vh||g,h,K> ;

KeTn

1/2
lvnll,n == <Z |Uh||?,h,z<> ;

KeT

1/2
[Un]1,n = <Z |Uh|§,h,K> :

KeT
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It is clear that |lu||§, = (vn,vn). Hence, | - [lo,n provides a discrete L* norm for
Vj,. Tt is not hard to see that |- |1, and || - |15 define a discrete H' semi-norm and
a norm for Vj, respectively. Observe that |vs|1, = 0 if and only if v, = constant.
Thus, |- |15 is a norm in V5 and Vj,.

For any K € T; and e being an edge of K, the following trace inequality is
well-known

_ s— 1
(3-8) lgllZ < 2~ glli + 22 Holiwe, 5 <s<1,

for all g € H'(K). Here |g|s i is the semi-norm in the Sobolev space H*(K). The
inequality (3.8) can be verified through a scaling argument for the standard Sobolev
trace inequality in H® with s € (%7 1]. If g is a polynomial in K, then we have from
(3.8) and the standard inverse inequality that

(3.9) gl < gl -

(From (3.9) and the triangle inequality, it is not hard to see that for any v, € V},
one has

1/2 1/2
< > (llvollg e + hllﬂb%;&) S llvnllon S ( > (llvollg x + hvbll%x)) :

KeTn KeTn

In the rest of this paper, we shall use the above equivalence without particular men-
tioning or referencing.

The following Lemma establishes an equivalence between the two semi-norms
[+l and [V - .

LEMMA 3.2. For any vy, = {vo,vp} € V3, we have

(3.10) [vnl1n S I Vwonll S lvnlin

Proof. Using the definition of V,,, integration by parts, the Schwarz inequality,
the inequality (3.9), and the Young’s inequality, we have

IVwvnll% = —(v0, V - Vun)k + (vp, Vin - n) o
= (vp — Vo, Vwn - N)ax + (Vvo, Vvn)k
< lvo — wllox|[Vwvn - nllox + Vool x| Vworllx
< llvo — vbllorh™ 2 [ Vwvallx + Vol i | Vavnll
< IV wonllsc (ool + A% oo — wslloxc) -
This completes the proof of |Vyur|| < o1 -

To prove |vp|1.n S [Vwonll, let K € Tj, be any element and consider the following
subspace of RT;(K)

D(j,K):={q€ RT;(K): q-n=0on 0K}.

Note that D(j, K) forms a dual of (P;_;(K))?. Thus, for any Vug € (Pj_1(K))?, one
has

Vo,
(3.11) [Vwollx = sup Voo, a)xe
qeD(5,K) llallx



It follows from the integration by parts and the definition of V,, that

(Vvo, @) = —(v0, V- a)x = (Vuun, )k,
which, together with (3.11) and the Cauchy-Schwarz inequality, gives
(3.12) IVoollk < [[Vwon | k-

Note that for j = 0, we have Vuy = 0 and the above inequality is satisfied trivially.

Analogously, let e be an edge of K and denote by D.(j, K) the collection of all
q € RT;(K) such that all degrees of freedom, except those for q - n|., vanish. It is
well-known that D.(j, K) forms a dual of P;(e). Thus, we have

(3.13) lvo — vplle =  sup {vo — v, q-n)e
aep. ) lla-nle

It follows from (2.3) and the integration by parts on (v, V - q)x that
(3.14) (Vwtr, )k = (Vvo,d)k + (vp — 00,9 - D)oK, V q € RTj(K).
In particular, for q € D.(j, K), we have

(Vvo, @)k =0, (vp —vo,q Mok = (Up — V0,9 M.
Substituting the above into (3.14) yields
(3.15) (Vwun, Q) = (Up — Vo, q - ), Vqe D.(j,K).
Using the Cauchy-Schwarz inequality we arrive at

[(vb = vo, @ m)e| < [[Vwonlx llallk,

for all g € D.(j,K). By the scaling argument, for such q € D.(j, K), we have
lallx < h2|lq-nlle. Thus, we obtain

1 )
[(vb —vo,a-n)e| S hZ|Vyorllk la-nlle,  Va € De(j, K),
which, together with (3.13), implies the following estimate
1
lvo = vplle S R [[Vwovnl k-

Combining the above estimate with (3.12) gives a proof of |vp|1, S [[Vwvs||- This
completes the proof of (3.10). O

The discrete semi-norms satisfy the usual inverse inequality, as stated in the
following Lemma.

LEMMA 3.3. For any vy = {vo,vp} € V3, we have

(3.16) lonln S B~ Honllop-

Consequently, by combining (3.10) and (3.16), we have

(3.17) IVwonll S ™ onl

0,h-
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Proof. The proof follows from the standard inverse inequality and the definition
of || - |lo,n and | - |1,n; details are thus omitted. O

Next, let us show that the discrete semi-norm ||V, (-)||, which is equivalent to
| - |1,n as proved in Lemma 3.2, satisfies a Poincaré-type inequality.

~ LeEmMmA 3.4. The Poincaré-type inequality holds true for functions in Vo and
Vi. In other words, we have the following estimates:

(3.18) lonllon S IVworll YV va € Vo,

(3.19) ||UhH0,h 5 HvahH YV v, € V.

Proof. For any vj, € Vo p, let q € (H'(2))? be such that V-q = vg and ||q|[; <
[lvol]. Such a vector-valued function q exists on any polygonal domain [3]. One
way to prove the existence of q is as follows. First, one extends v, by zero to a
convex domain which contains 2. Secondly, one considers the Poisson equation on
the enlarged domain and set q to be the flux. The required properties of q follow
immediately from the full regularity of the Poisson equation on convex domains. By
(3.1), we have

IThall < llallr < llvol-
Consequently, by (3.7) and the Schwarz inequality,
lvolI* = (v, V- @) = —(TIha, Vi) S [lvoll[Vawonll-
It follows from Lemma 3.2 that

> hllvo— w3k S D h7Mlvo — vbll3k < lon
KeTy, KeTy

i S I Vowonl®.

Combining the above two estimates gives a proof of the inequality (3.18).

As to (3.19), since v;, € Vj, has mean value zero, one may find a vector-valued
function q satisfying V-q = v and q-n = 0 on 99 (see [3] for details). In addition,
we have ||qll1 < |lvgl]. The rest of the proof follows the same avenue as the proof of
(3.18). O

Next, we shall introduce a discrete norm in the finite element space Vp; that
plays the role of the standard H? norm. To this end, for any internal edge e € &y,
denote by K7 and K5 the two triangles sharing e, and by ny, ns the outward normals
with respect to K7 and K. Define the jump on e by

[Vutn -] = (Vuthn) |k, - 11 + (Vuthn)|k, - na.

If the edge e is on the boundary 02, then there is only one triangle K which admits
e as an edge. The jump is then modified as

[[vw¢h : n]] = (vw¢h)|K - n.
For 95, € Vy5, define

1/2
(3:20) (A ( DIV Vatnli + D A Vet - n]]ll?)) :

KeTy e€lp



11

LEMMA 3.5. The map ||-|| : Vo, — R, as given in (8.20), defines a norm in the
finite element space Vo . Moreover, one has
(3.21) (Vawtn, Vwton) S l[onllo.nll¢nll Vv € Vi, ¥ € Vo,
Vwh, Vutn
322 sap T Vult) oy Y € Vo
VR EVh HUhHO,h
Proof. To verify that || - || defines a norm, it is sufficient to show that ||¢] = 0

implies ¢, = 0. To this end, let |15 = 0. It follows that V - V4, = 0 on each
element and [V 4, -n] = 0 on each edge. The definition of the discrete weak gradient
V. then implies the following

(Votn, Votn) = Y (=0, V- Vathn)k + (b, Vatbn - n)ox) = 0.

KeThy
Thus, we have V¢, = 0. Since ¢y, € Vj, then V2, = 0 implies ¢, = 0. This
shows that || - || defines a norm in Vj ;. The inequality (3.21) follows immediately

from the following identity

(Vatn, Vaton) = Y (=(v0, V- Vathn) i + (v5, Vatbr - m)oc)
KeTh

and the Schwarz inequality.
To verify (3.22), we chose a particular v} € V}, such that

vy =—V - Vi in Ko,
vi = h [Vt - 1] on edge e.
It is not hard to see that [|v}|lo,n S [|¢sl]. Thus, we have

(vwvhavwwh) > (vwv;;)wah)

sup > "
oneVi  llvnllon v} [lo,n
_ ZKeTh (_(’U>Ok7 A V’uﬂbh)K + <Ul):a V’u)’l/)h : n)BK)
[[v7: o,
llonll?
= 2 1¥nll-
||Uh 0,h

This completes the proof of the lemma. O

REMARK 3.1. Using the boundedness (3.21) and the discrete Poincare inequality
(8.18) we have the following estimate for all iy € Vo p,

IVorbrll® = (Vo Votrbn) S 1Unllonllvnll S 1IVwtonllllvall.

This implies that |[Vytp| S |Unll- In other words, || - || is a norm that is stronger
than || - ||1,n- In fact, the norm || - || can be viewed as a discrete equivalence of the
standard H? norm for smooth functions with proper boundary conditions.

Next, we shall establish an estimate for the L? projection operator @ in the
discrete norm || - ||o,x-

LEMMA 3.6. Let @y be the L? projection operator into the finite element space
Vi. Then, for any v € H™(Q) with % <m<j+1, we have

(3.23) [v = Qnvllon S B™[|0]|m.
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Proof. For the L? projection on each element K, it is known that the following
estimate holds true

(3.24) [v = Qovllx <A™ [[v]lm,x-

Thus, it suffices to deal with the terms associated with the edges/faces given by
(3.25) D Aliw = Qov) = (v = Qu)ll3x = D hlIQov — Quvl3x-
K K

Since @ is the L? projection on edges, then we have

1Qov — Quu[3x < [lv — Qovll3k-

Let s € (%, 1] be any real number satisfying s < m. It follows from the above inequality
and the trace inequality (3.8) that

1Qov — Quvll5x < h~ v — Qovllk +h** o — Qovlf k-

Substituting the above into (3.25) yields
> hll(w = Qov) — (v = Q)13 <D (v = Qovllk + h*|v — Qovl? k)
K K
S h ol
which, together with (3.24), completes the proof of the lemma. O

3.3. Ritz and Neumann Projections. To establish an error analysis in the
forthcoming section, we shall introduce and analyze two additional projection opera-
tors, the Ritz projection Ry and the Neumann projection Ny, by applying the weak
Galerkin method to the Poisson equation with various boundary conditions.

For any v € H(Q) N H*7(Q) with v > 1, the Ritz projection Ryv € Vo, is
defined as the unique solution of the following problem:

(326) (vw (th)v Vuﬂﬂh) = (Hhv’U, vw¢h)7 v ¢h c %,h-

Here v > % in the definition of Rj is imposed to ensure that I, Vv is well-defined.
JFrom the identity (3.7), clearly if Av € L2(Q2), then Rjv is identical to the weak
Galerkin finite element solution [52] to the Poisson equation with homogeneous Dirich-
let boundary condition for which v is the exact solution. Analogously, for any
v € HY(Q) N H(Q) with v > 1, we define the Neumann projection Nyv € V,
as the solution to the following problem

(3.27) (Vo (Nov), Voihr) = (I, Vo, Vythr), Y Yy, € V.

It is useful to note that the above equation holds true for all ¥, € V}, as V,,1 = 0.

Similarly, if Av € L?(2) and in addition dv/dn = 0 on 99, then Npv is identical to

the weak Galerkin finite element solution to the Poisson equation with homogeneous

Neumann boundary condition, for which v is the exact solution. The well-posedness of

R}, and N}, follows immediately from the Poincaré-type inequalities (3.18) and (3.19).
Using (3.5), it is easy to see that for all ¢y, € Vi 5, we have

(328) (Vw(th - th)y vw"/)h) = ((Ph - Hh,)VU7 vwﬂ}h)-
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And similarly, for all ¢, € Vj,,

(3.29) (Vu(Qnv — Npv), Vuihn) = (P — IIL) Vo, Vi ihp).

JFrom the definitions of V}, and Qy,, clearly Q; maps H'(Q) into V},.
For convenience, let us adopt the following notation

{Rov, Rpv} := Rpv, {Nov, Nyv} := Npv,

where again the subscript “0” denotes the function value in the interior of triangles,
while “b” denotes the trace on &,. For Ritz and Neumann projections, the following
approximation error estimates hold true.

LEMMA 3.7. Forv € H{(Q) N H™(Q) or HY(Q) N H™ (), where 3 <m <
7+ 1, we have
(3.30) IV (@no — Bpo)|| S A" [0llm+1,
(3.31) IV (Qnv = Npo) | S 2™ [0l
Moreover, assume Av € L*(Q) and that the Poisson problem in Q with either the

homogeneous Dirichlet boundary condition or the homogeneous Neumann boundary
condition has H'*5 regularity, where % < s <1, then

(3.32) 1Qov — Rov|| S A" *[[v|[ 1 + B T4(|(I — Qo) Av],
(3.33) 1Qov — Nov|| S R (a2 |[y]|,,, 4y + hF* (I — Qo) Av]].

Proof. The estimates (3.30)-(3.31) follow immediately from (3.28)-(3.29), (3.4),
and the Schwarz inequality. Next, we prove (3.33) by using the standard duality
argument. Let ¢ € H'(Q) be the solution of —A¢ = Qov — Nov with boundary

condition % ‘89 = 0. Note that ¢ is well-defined since Qv — Nyv € V},. According to
the regularity assumption, we have ¢ € H'7%(Q) and [|¢||1+s < [|Qov — Novl||. Then,
by (3.7), (3.29), the Schwarz inequality and (3.4), we arrive at
1Qov — Nov||* = (Qov — Nov, —A¢) = (L V¢, V. (Qnv — Nyv))

= (IL Vo — Vi (Nn9), Vi (Qnv — Nypv)) + (P, — II,) Vo, Vi (Np9))

< (IL70 - PuV6l + 9006 - M) ) 9(Quv ~ o)
+((Pp — )V, Vi (Nog — Qro)) + (P — I1) Vo, P Vo)
Sl slvlmer + (1 = TR) Vo, PRV ).
Using integration by parts, the triangular inequality and the definition of ITj, we have
(I = II,)Vo,PrV9)
=((I = ILy) Vv, (P = I)V¢) + ((I — IL,) Vv, V)
Sh T 6lltslvllmer + (I = TR) Vo - m, ¢)a — (V- (I — 1) Vv, )
3.34) =" olirslollmr + (= Th) Vo - 0,6 — Qud)ae — (I — Qo)Av, §)
SEE Bl 0l + (B2 [0l 1 00) (BPPET2TTD ]| s o)
—((I = Qo)Av, (I — Qo)d)
ShEmRETED| G 1ol + Bl [[( = Qo)Av]].
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In the proof of (3.34), we have used the fact that ITj, (Vv n) is exactly the L? projection
of Vv -n on 9. Combining the above gives

1Qov — Noo|? < (hm+mm<s’j+%>|v||m+1 LA - Qo)Av|> .
< (hm+min<87f‘+%>|v||m+l - Q0>Av|) 1Qov — Nowl]

This completes the proof of the estimate (3.33). The inequality (3.32) can be verified in
a similar way by considering a function ¢ € HE () satisfying a Poisson equation with
homogeneous Dirichlet boundary condition. Observe that in this case, the boundary
integral ((I —II,)Vv - n,¢)aq in inequality (3.34) shall vanish due to the vanishing
value of ¢. O

REMARK 3.2. [t is not hard to see from (3.34) that for the Neumann projection,

if in addition we have % =0 on 09, then the term (I — II;)Vv - n, ¢)sq vanishes

and one obtains the optimal order estimate of h™+* instead of K™ ™3 +3) for the
Neumann projection operator.

REMARK 3.3. If the Poisson equation has the full H? regularity in Q, then for v
satisfying the assumptions of Lemma 3.7, we have

1 .
1Qov — Rovll S A" H[vllmsr + h*[(1 = Qo)Avl|  for 5 <m < j+1,

B3 |0l gr + B2 (1 — Qo)Av||  forj =0, <m <1,

v — Nov|| <
o= 10 ”N{hmﬂnvnml+h2||<I—Qo>Av|| forizLl<m<iel

Again, if in addition, % =0 on 09, then the Neumann projection has optimal order
of error estimates, even for j = 0.

REMARK 3.4. The duality argument used in Lemma 3.7 works only for ||Qov —
Rov|| and ||Qov — Nov||. For [|Qrv — Rypvllo,n and ||Qrv — Nypvllo,n involving element
boundary information, we currently have only sub-optimal estimates. More precisely,
for v satisfying the assumptions in Lemma 3.7, the following estimates hold true.

1 .
|Qnv — Rpvllon S |V (Qrv — Rpv)|| S h™ (|01 for g <m<j+ L,
(3.35) .
1Qnv — Npvllon S IVw(Qrv — Npo)|| S A" [vllmgr  for g <m=<j+ L.

Although numerical experiments in [43] suggest an optimal order of convergence in
the || - |lo,n morm, it remains to see if optimal order error estimates hold true or not
theoretically.

Another important observation is that, for sufficiently smooth v, V,, Ryv is iden-
tical to the mixed finite element approximation of Vv, discretized by using RT; and
discrete P; elements. Indeed, we have the following lemma:

LEMMA 3.8. For any v € H N H™(Q) with v > % and Av € L*(Q), let

an € X, N H(div, Q) and vy € L*(2) be piecewise P; polynomials solving

(3 36) (qhaXh) - (V'XhavO) =0 th S ZhﬁH(diU,Q),
' (V-an, o) = (Av, o) Vb € L*(Q) piecewise P;j polynomials.
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In other words, qn and vy are the mized finite element solution, discretized using the
RT; element, to the Poisson equation with homogeneous Dirichlet boundary condition
for which v is the exact solution. Then, one has V, Rpv = qp,.

Proof. We first show that V., Ryv € 3, N H(div, Q) by verifying that (V,,Rpv)-n
is continuous across internal edges. Let e € £,\0f2 be an internal edge and K;, K>
be two triangles sharing e. Denote n; and ns the outward normal vectors on e, with
respect to K7 and Ko, respectively. Let ¢, € Vp 5, satisfy ¢p|e # 0 and 4, ¢, vanish
elsewhere. By the definition of R}, V,, and the fact that II,Vv € H(div, ), we have

0= (IT, Vv — Vy Ry, Vibn)

= (Hhvv — VyRyv, leﬁh)xl + (Hhvv -V Rpv, vw@[}h)lﬁ

= ((Hhvv - Vthv)lK1 -ny + (Hhvv - VthU)IKz . n2awb)e

= —(VuwRupv|k, -1 + Vo Ryv|k, - D2, ).
The above equation holds true for all ¢;|c € P;j(e). Since Vo Rpv|k, 11+ Vo Ryv|k, -
n, is also in Pj(e), therefore it must be 0. This completes the proof of V., Ryv €
H(div, Q).

Next, we prove that V,,Rpv is identical to the solution qj of (3.36). Since the

solution to (3.36) is unique, we only need to show that V,, Ryv, together with a certain

v, satisfies both equations in (3.36). Consider the test function )y, € Vp j, with the
form 1y, = {10, 0}. By the definition of V,,, equations (3.26) and (3.7), we have

(v ' VthU,’(/Jo) = —(VthU,Vw¢h) = _(Hhvv7vw'(/}h) = (A’vaO)'

Hence V,,Rpv satisfies the second equation of (3.36). Now, note that V- is an onto
operator from ¥;, N H(div, ) to the space of piecewise P; polynomials, which allows
us to define a vy that satisfies the first equation in (3.36) with qj set to be V,, Rpv.
This completes the proof the the lemma. O

REMARK 3.5. Using the same argument and noticing that (3.27) holds for all
Ui, € Vi, one can analogously prove that for v € H*(Q) N H'™ () with v >  and
Av € L?(Q),

VulNpv € XN H(dz’v, Q),
and

V- Vo Npo = QoAv.

Because V,, Ryv is identical to the mixed finite element solution to the Poisson
equation, by [50, 30], we have the following quasi-optimal order L estimate:

(3.37) [Vv = VuRyv| @) S A" In Al Av|lya.e ),

for 0 < n < j. Furthermore, for j > 1 and v € W7t2°°(Q), we have the following
optimal order error estimate

(3.38) Vo = VRl L0y S B [ollwntz.co @),
for 1 <n <j.

Inspired by [48], using the above L™ estimates we obtain the following lemma,
which will play an essential role in the error analysis to be given in the next section.

LEMMA 3.9. The following quasi-optimal and optimal order error estimates hold
true:
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(i) Let 0 < n < j andv € HY(Q)NW"HT2°(Q). Then for all ¢y, = {vo,vp} € Vi,
we have

(339)  |[(ThVv — Vo Ryv, Vadn)| S A" 2 b |[o]wonszoe () llonllo,n:

(ii) Let 7 > 1, 1 < n < j, and v € H}(Q) N W"T2°(Q). Then, for all ¢5, =
{vo, v} € Vi, we have

(3.40) (T1, V0 — Vo Riv, Vagodn)| S B2 0]l w200 () | 01 0,0

Proof. We first prove part (7). Denote by Egq the set of all edges in &, NIQ. For
any e € Eyq, let K. be the only triangle in 7, that has e as an edge. Denote by Toq
the set of all K, for e € 9. For simplicity of notation, denote q; = II,Vv—V, Rpv.
Since (ITI, Vv — Vo, Rpv, Vyty) = 0 for all ¢, € Vj p, without loss of generality, we
only need to consider ¢; that vanishes on the interior of all triangles and all internal
edges. Then by the definition of ¢p and V,,, the scaling argument, and the Schwarz
inequality,

(T0,V0 = Vo Riv, Vi)l = | D (ans V(o)) k.

Ke€7-8§2
Z (dv: an - M)e
e€€pa
S D hldsllze(ellanllLee
e€€aq

Slanllze@ Y h(lgolex.) + lléo — dbllL=(e))

e€€sn
S llanll= ) Z lénllo,h k.
K.€Toq
1 1
2 2
5||%||Loo(9)< > ||¢h||§,h,Kc> ( > 1)
K.€Toq K.€Toq

_ 1
S h72|anl pee @) l@nllo,n-

Now, by inequalities (3.2) and (3.37), we have

ltnll o= o) < V0 = TV e ) + V0 = Vo Bl 1= )
<R ollr ey + B I A A e e,

for 0 < n < j. This completes the proof of part (7).
The proof for part (i¢) is similar. One simply needs to replace inequality (3.37)
by (3.38) in the estimation of |[qp| (). D

4. Error analysis. The main purpose of this section is to analyze the approx-
imation error of the weak Galerkin formulation (2.4). For simplicity, in this section,
we assume that the solution of (2.4) satisfies u € H3>*7(Q) and w € H'**7 (), where
v > % This is not an unreasonable assumption, as we know from (2.2), the solution
w can have up to H* regularity as long as Q satisfies certain conditions. However, our
assumption does not include all the possible cases for the biharmonic equation.
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Testing w = —Au with ¢ = {¢o, dp} € Vi, and then by using (3.7) we have

(4.1) (w,on) = (w,do) = =(V - Vu, ¢o) = (IL,Vu, V).
Similarly, testing —Aw = f with ¢, = {0, ¥} € Vo5 gives
(4.2) (I, Vw, Vyton) = (f, o).

Comparing (4.1)-(4.2) with the weak Galerkin form (2.4), one immediately sees that
there is a consistency error between them. Indeed, since V}, and V; 5, are not subspaces
of H(Q) and H}(), respectively, the weak Galerkin method is non-conforming.
Therefore, we would like to first rewrite (4.1)-(4.2) into a form that is more compatible
with (2.4). By using (3.26) and (3.27), equations (4.1)-(4.2) can be rewritten as

(4 3) ((th7¢h)) - (vahu7 Vhd)h) = E(w’u7¢h)7
’ (VawNnw, Vo) = (f, %),
where
E(w,u, ¢n) = (Npw — w, én)) + (T Vu — Vi Rpu, Vi, éi).

Define ¢, = Rpu — up, € Vo, and €, = Npyw — wy, € Vj,. By subtracting (4.3)
from (2.4), we have

(4 4) ((€w7¢h)) - (vw5u7 vh¢h) = E(w,u, ¢h) for all ¢h S th
. (vw&m le//h) =0 for all wh S %,h-

Notice here (Vyew, Vwton) = 0 does not necessarily imply €, = 0, since the equation
only holds for all ¥, € Vp j, while g, is in V},.

LEMMA 4.1. The consistency error E(w,u, ¢p) is small in the sense that
m 1
[E(w,u, on)| S K™ [wllmsalldnllon + A" 2 hf[ullwnsz ) énllon,

where % <m< j+1and 0 < n < j. Moreover, for j > 1, we have the improved
estimate

1
|E(w,u, ¢n)| S K™ [wllmsrl|dnllon + B2 [ullwnsz. @) dnllo.n,

where%<m§j—|—l and 1 <n < 7.
Proof. The proof is straight forward by using the Schwarz inequality, Lemma 3.6,
Remark 3.4, and Lemma 3.9. O

To derive an error estimate from (4.4), let us recall the standard theory for mixed
finite element methods. Given two bounded bilinear forms a(-,-) defined on X x X
and b(+,-) defined on X x M, where X and M are finite dimensional spaces. Denote
Xo C X by

Xo={¢p€ X : b(¢,¢) =0 for all Y € M}.
Then for all x € X and £ € M,

sup a(x, ®) +b(¢,€) + b(x, V)
$EX, pEM lollx + [Pl

2 Ixllx + Il
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if and only if

W06 9) > g

2 xllx, for all x € X,
pexo |1ollx
o) b(o.6)
sup ——= > 1€l wrs for all £ € M.
sex llollx
In our formulation, we set X = Vj, with norm || - ||o,, and M = Vjj with norm
Il - I. Define

a(Xv ¢) = ((Xv ¢))7 b(¢a 5) = _(Vw¢v ng)

It is not hard to check that both of these bilinear forms are bounded under the given
norms. In particular, the boundedness of b(-,-) has been given in (3.21). It is also
clear that the first inequality in (4.5) follows from the definition of a(-,-) and || - ||o,x,
and the second inequality follows directly from (3.22). Combine the above, we have
for all x € V}, and € € Vo,

((X7 ¢)) - (Vw¢7 vﬂ)g) - (VMX7 le/})
@6 2 16lom £ 11

2 xllo.n + €N

THEOREM 4.2. The weak Galerkin formulation (2.4) for the biharmonic problem
(1.1) has the following error estimate:

1
lewllon + llewll £ A™ [wllmtr + 2™ 2 [ In A lullwnszo o),

where % <m<j+1and 0 <n <j. Moreover, for j > 1, we have the improved
estimate

1
lewllon + lleull <A™ [wllmar + A" 2 [Jullwntz.e (),

where%<m§j—|—1 and 1 <n < j.
Proof. By (4.4) and (4.6),

wH - vw 7vw w) vw unvw
lewlon +lleall s sup L) = (un Vucw) = (Vuew, Vi)
€V, Yn€Vo,n ||¢h||0,h + ”W)hm
_ . E(’UJ,U,(]S;J
= sup e T
on€VisvneVon |Pnllon + [1¥nll

Combining this with Lemma 4.1, this completes the proof of the theorem. O

REMARK 4.1. Assume that the exact solution w and u are sufficiently smooth. It
follows from the above theorem that the following convergence holds true

O(hz|In k) forj =0,
O(hitz) for j > 1.

l€w]

o.n +lleull S {

At this stage, it is standard to use the duality argument and derive an error
estimation for the L? norm of ¢,. However, estimating |,//o,» is not an easy task,
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as is similar to the case of Poisson equations. For simplicity, we only consider ||, o[,
where ¢, is conveniently expressed as €, = {€y,0,€u,}. Define

(4.7) {5+A”Q
_Aé- = g’u,()v

where n = 0 and g—z = 0 on 0. We assume that all internal angles of Q) are less than

126.283696 - - -°. Then, according to (2.2), the solution to (4.7) has H* regularity:

1€ll2 + [nlla < llewoll-

Furthermore, since such a domain §2 is convex, the Poisson equation with either the
homogeneous Dirichlet boundary condition or the homogeneous Neumann boundary
condition has H? regularity.

Clearly, Equation (4.7) can be written into the following form:

(4.8) (Nw€, én) — (VwRun, Vudn) = E(§,n,¢n) for all ¢, = {¢o, pp} € Vi,
. (VuNwE, Vuthn) = (€u0, Yo) for all 1, = {v0, Y} € Von-

For simplicity of the notation, denote

A(NhgaRhnh; Qbha?/Jh) = ((Nh§7 ¢h)) - (vahn» vwd)h) - (vahgv Vuﬂ/}h)'

Note that A is a symmetric bilinear form. By setting ¢, = €, and 9, = &, in (4.8)
and then subtract these two equations, one get

”{‘:u,O”2 = E(fa m, 6w) - A(Nhfa Rhn; Ew, 5u)
(49) = E(£3n7€w) - A(Euheu; NhgaRhn)
= E(§7 m, Ew) - E(U}, u, Nh&)
Here we have used the symmetry of A(-,-) and Equation (4.4).
The two terms, E(&,n,&,) and E(w,u, N;&), in the right-hand side of Equation
(4.9) will be estimated one by one. We start from FE(£,7,e,). By using Lemma 4.1,

it follows that
(i) When j =0,

1
B(&,me0) S (Rl + B3 hllnllwao) ) llew
S B2 ] (€2 + ) lewlon:

(4.10) o

(ii) When j > 1, let § > 0 be an infinitely small number which ensures the
Sobolev embedding from W#2(Q) to W3=%>(Q). Then

3_
B(€m0) S (PlElz + b3 mAllnlws-s~ @) ) lewlon
S (€l + Wl lewllo.n

Next, we give an estimate for F(w,u, Njy§).

(4.11)

LEMMA 4.3. Assume all internal angles of Q are less than 126.283696 - - -°, which
means the biharmonic problem with clamped boundary condition in Q has H* regular-
ity. Then
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(i) For j =0,
B(w,u, Nug) S (B3 s + W21 = Qo) I+ b fullss ) €]z,

where%<m§l and 1/2 <n < 1.
(ii) For j>1,

E(w,u, Np€&) S (R Hwllmar + B2 = Qo) Il + h"Hullngr) €]z,
where%<m§j+1 and 1/2 <n <j+1.
Proof. By definition,
(4.12) E(w,u, Np§) = (Npyw — w, Np&) + (I, Vu — Vo, Rpu, Vi Ni&).
First, by the definition of (-, -)), the Schwarz inequality, Remark 3.3 and 3.4, we have
(Npw —w, Np§))

= (Now — Qow, No&) + Y h(Now — Nyw, No& — No&)ox
KeTy,

4.1
(413) <) Now — Qouwll|| Nog]| + [|Nnw — wllo

INWE = &llo,n
_ (W™ 2wl g1 + B3I = Qo)Aw])[|€]l2 for j =0, L <m <1
Y T wllmgr + A2 = Qo)Aw|]E]l2 for j>1, 3 <m < j+1

Next, by using inequalities (3.5), (3.27), (3.7), (3.4), (3.31) and (3.32) one after one,
we get

(I1;,Vu — Vo Rpu, Vi Ni&)

((ITh = Pp)Vu, Vi Nio&) + (Vi (Qnu — Ryu), Vi, Ni&)

(IIp, = Pp)Vu, Vi Np§) + (Vo (Qru — Rpu), 11, VE)

(L, — Pp)Vu, Vi (N — Qré)) + (I, — Py)Vu, PpVE) — (Qou — Rou, A)
SE  ullng €]z + (T, — D)V, PRVE) + W21 = Qo) Aull[[€]]2,

for 1 < n < j+1. The estimation for ((IT, —I)Vu, P, V¢) follows the same technique

used in Inequality (3.34). By the definition of IT; and since g—z =0 on 01, we know

that (II, — I)Vu - n also vanishes on 0f). Therefore, using the same argument as in
(3.34), one has

(I, = DVu, PRVE) S A" ullnga [€ll2 + A2 (I — Qo) Aullfl€]l2
for % <n < j+ 1. Combining the above gives
(414)  (IVu = Vo Ryu, Vo Nib) S (B [ullngr + B2 (1 = Qo)Aull) [I€]l2-

for % <n<j+1.
Notice that
W21 = Qo)Aul = P?|[(I = Qo)w|| S B2 lwllm  for 0 <m <j+1,

(4.15) h2||(I — Qo)Awl| = h2||(I — Qo) f]I.
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The lemma follows immediately from (4.12)-(4.15). O

Finally, combining Theorem 4.2, inequalities (4.9), (4.10)-(4.11), and Lemma 4.3,
we get the following L? error estimation:

THEOREM 4.4. Assume all internal angles of Q are less than 126.283696 - - -°,
which means the biharmonic problem with clamped boundary condition in Q has H*
reqularity. Then

(i) For j =0,

lewoll S A2 WA |wllmr + Al Al [l (@)
+ 02T = Qo) fIl + R [ullns1,

where%<m§land%<n§l.
(i) For j>1,

3
lewoll S A wllmsr + A2 [ullwirzc @) + B2 [[(T = Qo) Il + A"+ ulln1,
where%<m§j+1,%<n§j+1 and 1 <1 < 5.

REMARK 4.2. If u, w and f are sufficiently smooth, then we get

lewoll < O(h|Inh|?) for =0,
WO~ O(hit ) forj > 1.

5. Numerical results. In this section, we would like to report some numerical
results for the weak Galerkin finite element method proposed and analyzed in previ-
ous sections. Before doing that, let us briefly review some existing results for H'-H!
conforming, equal-order finite element discretization of the Ciarlet-Raviart mixed for-
mulation. As discussed in [8, 48], theoretical error estimates for such schemes are
indeed sub-optimal due to an effect of inf,, ||u — x||2, where xy is taken from the
employed H' conforming finite element space. For example, when H'-H' conform-
ing quadratic elements are used to approximate both w and w, the error satisfies
= unlz + w — wnl < infy, llu— xilla + infy,, w0 — xa | S O(h), while intuitively,
one may expect ||w —wy|| to have an O(h?) convergence. By using the L> argument,
Scholz [48] was able to improve the convergence rate of L? norm for w by h%, and it
is known that this theoretical result is indeed sharp. For the weak Galerkin approx-
imation, from the discussing in the previous sections, clearly we are facing the same
issue.

However, numerous numerical experiments have illustrated that H'-H' conform-
ing, equal-order Ciarlet-Raviart mixed finite element approximation often demon-
strates convergence rates better than the theoretical prediction. Indeed, this has been
partly explained theoretically in [49], in which the author proved that optimal order
of convergence rates can be recovered in certain fixed subdomains of {2, when equal
order H' conforming elements are used. We point out that similar phenomena have
been observed in the numerical experiments using weak Galerkin discretization. This
means that numerical results are often better than theoretical predictions.

Another issue in the implementation of the weak Galerkin finite element method
is the treatment of non-homogeneous boundary data

u=g on 01,

Ou
o on 0f).
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Clearly, both boundary conditions are imposed on u, and uw = g; is the essential

boundary condition while % = go is the natural boundary condition. To impose the

natural boundary condition, we shall modify the first equation of (2.4) into

(wny 1) = (Vwun, Vwon) = —(g2, ¢p)on-

The essential boundary condition should be enforced by taking the L? projection of
the corresponding boundary data.
Consider three test problems defined on £ = [0, 1] x [0, 1] with exact solutions

up =2*(1—2)%*(1 - y)%,
ug = sin(27x) sin(27y) and uz = sin(27x + g) sin(27y + g),

respectively. The reason for choosing these three exact solutions is that they have the
following type of boundary conditions

ou
u1|39 = 0 87111 = 0,
o0
ou
Uslon = 0 anQ £0,
o0
ou
uslaq # 0 871; =0.
a0

This allows us to test the effect of different boundary data on convergence rates.
Although the theoretical error estimates are given for ¢, = Rpu — up and g, =
Npw — wy, by using the triangle inequality and the approximation properties of Ry,
Ny, and @y, it is clear that they have at least the same order as e, = Qpu — uy
and e, = Qrw — wp, provided that the exact solution is smooth enough. Thus for
convenience, we only compute different norms for e,, and e,,, instead of for £, and &,,.

The tests are performed using an unstructured triangular initial mesh, with char-
acteristic mesh size 0.1. The initial mesh is then refined by dividing every triangle
into four sub-triangles, to generate a sequence of nested meshes with various mesh size
h. All discretization schemes are formulated by using the lowest order weak Galerkin
element, with j = 0. For simplicity of notation, for any v € V},, denote

1/2
lop]l = <Z hllUbII?m) :

KeTy

The results for test problems with exact solutions uy, us and ug, are reported
in Table 5.1, 5.2 and 5.3, respectively. The results indicate that u always achieves
an optimal order of convergence, while the convergence for w varies with different
boundary conditions. It should be pointed out that both of them have outperformed
the convergence as predicted by theory.

Our final example is a case where the exact solution has a low regularity in the
domain Q = [0, 1] x [0, 1]. More precisely, the exact solution is given by

30 0
g =132 (sin2 —3sin2> ,

where (r,0) are the polar coordinates. It is easy to check that u € H?:5. The errors
for weak Galerkin finite element approximations are reported in Table 5.4. Here, u
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Numerical results for the test problem with exact solution ui and lowest order of WG elements.

h

[Vweul | llewoll | llewsll | IVwewll | llewoll | llewsll

0.1 1.336-03 | 2.40e-04 | 4.59e-04 | 5.666-02 | 2.96e-03 | 6.91e-03

0.05 4.69¢-04 | 6.186-05 | 1.17e-04 | 2.80e-02 | 9.14e-04 | 1.99¢-03

0.025 2.00e-04 | 1.556-05 | 2.97e-05 | 1.60e-02 | 2.64e-04 | 5.70e-04

0.0125 9.560-05 | 3.90e-06 | 7.446-06 | 1.21e-02 | 8.33e-05 | 1.89e-04

0.00625 | 4.72e-05 | 9.77e-07 | 1.866-06 | 1.136-02 | 3.26e-05 | 7.91e-05

Asym. Order | yoa0 | 1 9876 | 1.0877 | 05864 | 1.6461 | 1.6208
O(h*), k =

TABLE 5.2

Numerical results for the test problem with exact solution uz and lowest order of WG elements.

h [Vweul | llewoll | lewsl | Vwewll | llewoll | llewsll
0.1 9.58¢-01 | 8.66-02 | 1.65¢-01 | 4.39¢+01 | 6.09¢-01 | 2.01e+00
0.05 3.346-01 | 2.18¢-02 | 4.140-02 | 2.32e+01 | 2.78e-01 | 7.19¢-01
0.025 1.430-01 | 5.47¢-03 | 1.036-02 | 1.37e4+01 | 1.15e-01 | 2.81e-01
0.0125 6.816-02 | 1.370-03 | 2.59¢-03 | 1.02e+01 | 5.126-02 | 1.26e-01
0.00625 3.360-02 | 3.420-04 | 6.49¢-04 | 9.33¢+00 | 2.456-02 | 6.126-02
AOS“(/;LIL'> ?;‘f 1.1958 | 1.9958 | 1.9975 | 0.5649 | 1.1709 | 1.2587

still achieves an optimal order of convergence, while the convergence rates for w is
restricted by the fact that w € H%®. All the results are in consistency with the theory
established in this article.
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