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Abstract. In this paper, the authors established a unified framework for deriving and analyzing
a posteriori error estimators for finite volume methods for the Stokes equations. The a posteriori
error estimators are residual-based, and are applicable to various finite volume methods for the Stokes
equations. In particular, the unified theoretical analysis works well for finite volume schemes arising
from using trial functions of conforming, non-conforming, and discontinuous finite element functions,
yielding new results that are not seen in existing literature.
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1. Introduction. In scientific computing for science and engineering problems,
finite volume methods are widely used and appreciated by users due to their local
conservative properties for quantities which are of physical interest (e.g., mass or
energy). Among many references for finite volume methods, we would like to cite some
which addresses theoretical issues such as stability and convergence [8, 9, 15, 16, 21,
22, 25,27, 28, 11, 13, 15, 38, 39, 34]. In [17], a unified framework has been developed
for the finite volume methods for the Stokes equations. The framework of [17] covers
various type of finite volume schemes including those arising from conforming, non-
conforming, and discontinuous finite element functions. The goal of this paper is to
establish a general theory for a posteriori error estimation for the Stokes equations
based on such a framework of finite volume methods.

We shall focus our attention on residual type a posteriori error estimators, in
which the computable formula for judging the efficiency and reliability of numerical
schemes is given as functions of residuals. Along this avenue, many fine results have
been developed for finite element methods for the Stokes equations [31, 5, 3, 29, 32,
19, 20, 6, 26, 24, 35, 36]. However, little can be seen in existing literature for the finite
volume methods for Stokes equations.

This paper will first introduce a general finite volume formulation which covers
conforming, non-conforming, and discontinuous Galerkin methods as examples, for
the Stokes equations. Then, a general residual type a posteriori error estimator shall
be presented with a unified mathematical analysis. The paper is organized as follows.
In Section 2, the Stokes problem and some notations are introduced. In Section 3, a
general framework of finite volume methods for the Stokes equations is presented. A
priori error estimation for this framework will be stated under certain assumptions on
the discrete spaces. In Section 4, a posteriori error analysis is presented and analyzed
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for this framework. Finally, in Section 5, examples of discrete spaces for conforming,
non-conforming, and discontinuous Galerkin finite volume methods are given. It will
be shown that the aforementioned spaces satisfy the assumptions, and hence both the
a priori and the a posteriori analysis are applicable to them all.

2. Preliminaries and notations. Let © be a bounded open domain in R%, d =
2,3. Denote by 92 the boundary of 2. Consider the Stokes equations

—Au+Vp=f inQ, (2.1)
V-u=0 inQ, (2.2)
u=0 onodQ, (2.3)

where the symbols A, V, and V- denote the Laplacian, gradient, and divergence
operators, respectively, and f is the external volumetric force.

For simplicity, the algorithm and its analysis will be presented for the model
Stokes problem (2.1)-(2.3) only in two-dimensional spaces (i.e.; d = 2) with polygonal
domains. An extension to the Stokes problem in three dimensions can be made
formally for general polyhedral domains.

For any open subset D of 2, we introduce standard definitions for the Sobolev
spaces H?(D) and their associated inner-products (-,)s p, norms || - ||s,p, and semi-
norms | - |s,p for s >0 (see [1, 7] for details). For example, for any integer s > 0, the
semi-norm | - |5 p is given by

2

[v|s.p = Z/|a%|2dD ,
D

lal=s
with the usual notation

a = (a1,a2) where a1, as are nonnegative integers,

(o3 (63 (63
la] = a1 + ag, 0% = 031052,

Then the Sobolev norm || - ||s,p can be written by

=

[l

s
s,D — Z |v|?,D
)

The space H°(D) coincides with L2(D). In this case, we suppress the subscript s in
its norm and inner-product, i.e. they are are denoted by ||-||p and (-, -) p, respectively.
Moreover, when D = ), we also suppress the subscript D in the notations of norms
and inner-products. Define L3(£2) to be the subspace of L?({2) consisting of functions
with mean value zero.

The above definition/notation can easily be extended to vector-valued and matrix-
valued functions. The norm, semi-norm, and inner-product for such functions shall
follow the same naming convention. In addition, all these definitions can be trans-
ferred from a polygonal domain D to an edge e, a domain with lower dimension.
Similar notation system will be employed. For example, | - ||s,. and || - || would
denote the norm in H*(e) and L?(e), etc.
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Throughout the paper, we follow the convention that a bold Latin letter denotes

a vector. Let u = [uji<i<2, V = [vi]i<i<2 be two vectors, and o = [04;]1<i j<2,
T = [Tijl1<i j<2 be two matrices, define
31)1 31}1 8
g A v1 Ovg
Ova Ova ) O 9 5
ox oy Y
2
U1v1 U102
uRXv = R O:.T= g O0ijTij,
U2V1 U202
i5=1
L 2
0111 + 0120
V-0 = 1o 1272 N V-0o-u= E O45UVj.
02101 + 02202

i,j=1
It is not hard to see that
c:(u®v)=v-o-u.

Let 7, be a geometrically conformal triangulation of the domain €; i.e., the
intersection of any two triangles in 7T}, is either empty, a common vertex, or a common
edge. Denote by hr the diameter of triangle T' € T, and h the maximum of all Ayr. We
assume that 7y, is shape regular in the sense that for each T' € Ty, the ratio between hp
and the diameter of the inscribed circle is bounded from above. The shape regularity
of Ty ensures a validity of the inverse inequality for finite element functions. In
addition, shape regularity allows one to apply the routine scaling arguments in finite
element analysis.

We then introduce a dual partition 7, of 7;,. Three different type of dual parti-
tions will be considered, as shown in Figure 2.1. We call the first one a vertex-based
dual partition. It is defined as the union of the convex hulls around each vertex,
which are obtained by connecting the barycenters of the triangles and the midpoints
of corresponding edges. The second one is an edge-based dual partition. Each tri-
angle T' € 7Ty, is further divided into three subtriangles by connecting the barycenter
to the vertices. Associated with each interior edge, the two subtriangles which share
this edge form a quadrilateral. Similarly, each boundary edge is associated with one
subtriangle. Define the edge-based dual partition 7," to be the union of these interior
quadrilaterals and the border triangles. The third on is a triangle-based dual parti-
tion. Each triangle T' € 7}, is further divided into three subtriangles by connecting
the barycenter to the vertices. Define the triangle-based dual partition 7, to be the
union of all these subtriangles.

vertex—based edge-based triangle-based
Fic. 2.1. Three different type of dual partitions.

Finally, we define jumps and averages on the edges of the mesh. Let &, denote
the union of the boundaries of all triangles T in 7, and &) := &£,\0Q denote the
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collection of all interior edges. For an interior edge e shared by two triangles 77 and
T5, denote n; and nsy to be the unit normal vectors on e pointing exterior to 77 and
Ty, respectively. Define the average and jump on e for scalar ¢, vector w and matrix
T, respectively, by

1

{a} = 5l +aln), ldl = glzyn1 + glzym2,
1

{W} = §(W|T1 +W|T2)7 [[W]] = W|T1 ‘g + W|T2 -2,
1

(b= +7ln). )= 7l +na i,

We also define a matrix-valued jump [-] for w on e by
W] =w|r, ®n1 + Wi, @ no.

If e is a boundary edge, the above definitions need to be adjusted accordingly so that
both the average and the jump are equal to the one-sided values on e. That is,

{q} = Q|ea {W} = W|€7 {T} = T|€7
IIQ]] = q|€n7 IIW]] = W|€ -1, IIT]] =n- T|€7
W] = wlc®n,
where n is the unit outward normal of €.
Let I be the 2 x 2 identity matrix. It is not hard to see that [¢] = [¢I] for all
scalar function q. Let g, v and 7 be scalar-, vector-, and matrix-valued functions

that are regular enough to make all involving terms well-defined, then the following
identities are standard [2]:

Z /aTqv-ndSZ Z/[[q]]-{v}ds—i— Z {q}[v] ds, (2.4)

TET ecg) " © e€Ey V¢
Z / n-7-vds= Z/[[T]]-{V}dS—FZ {7} : [v]ds. (2.5)
TEThH or e€£2 € e€&, V¢

We shall also need the well-know trace theorem: for any polygon K with an edge
e and any function g € H'(K),

lgll2 < kit llalli + hxc I Vgll%- (2.6)

3. Finite volume formulation. We start from defining the discrete spaces for a
general finite volume approximation. It is a framework with the flexibility of choosing
conforming, non-conforming or discontinuous Galerkin approximations to the velocity.
To this end, denote V' to be either [H}(Q)]? or [L?(Q)]?. Let P,(D) be the space of
all polynomials, with degree less than or equal to [, on a given polygon D. The finite
dimensional trial function space V}, for the velocity is a subspace of piecewise linears,
ie.,

ViC{veV:v|re Pl(T)Q, VT € Th}

Certain continuity conditions may be imposed on V},, depending on the type of meth-
ods. For example, V), can be the continuous P; conforming space, the Crouzeix-
Raviart P; nonconforming space [18] (continuous at midpoints of edges), or the to-
tally discontinuous P; space to be used in conjunction with the discontinuous finite
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volume method [39]. More details of these spaces will be given in Section 5. To ensure
that the analysis of a posteriori error estimation works, we also need the space V}, to
satisfy

{(ve [H3 ()P : vlr € PI(T)*, VT € T} C V. (3.1)

Note that all three examples of V}, listed above have this property.
The test function space W, for the velocity is defined on the dual mesh 7",

Wi ={w € L*(Q)?*: w|x € Py(K)?, VK € T;/}. (3.2)

Here, depending on the type of V},, appropriate dual partition 7," will be chosen.
Details will be presented in Section 5.
Define )y, by

Qn=1{q€Li): q|r € P(T), VT € T},

where ' = h or h’ = 2h. When h’ = 2h, it actually means that 7, must be derived by
dividing each triangle in 73 into four subtriangles, through connecting the midpoint
of its three edges. Whether to use ' = h or b’ = 2h depends on the choice of V},.
For different V},, different @} shall be chosen to guarantee the discrete formulation is
well-posed. Again, details will be given in Section 5. The space @)} serves as both the
trial and the test spaces for the pressure.

We assume the existence of a transfer operator v which maps V(h) := V +
[H2(2) N H(2)]? onto the test space W),. In particular, v connects the trial space
V;, with the test space Wj. Throughout the paper, operator =y is required to satisfy
the following assumption:

Assumption Al. For T € Tp,,

/(v—vv)dx:O VveV, Te&T,
T
/(V—’YV)CZSZO VveV, ek,

if [v] = 0, then [yv] =0, VveV(h), ecé,
lvv = vz < chr|viir VveV(h), TEeT,,

Ivvllle < Ilv]lle VveV(h), ecén,

where c is a general constant independent of the mesh size or the functions involved.

The purpose of introducing v is to substitute the test space Wj, by vV}, and a
unified framework of finite volume methods can then be defined. Such a technique
has been used in [11, 12, 16] for the finite volume analysis of second order elliptic
equations, and in [34] for Stokes equations. Of course, it remains a question whether
such an operator « exists or not. We will show in Section 5 that it does exist for some
choices of V}, and 7;*. For now, we would like to skip such details, and concentrate
on the a posteriori error analysis under a very general framework.

We are ready to derive the general finite volume formulation for problem (2.1)-
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(2.3). Denote

(v, w)p, = Z/v w dz, (v, W) = Z /V w dz,

TeTh KeTy
(v, w)g, = Z /v w ds, (v, W)go = Z /v w ds.
e€En ecg) " ©

Note that similar notations can also be defined for scalar functions. Testing the
momentum equation (2.1) by yv € W}, gives

—(Au, W)z + (Vp, )7 = (£, v), (3-3)
and testing the continuity equation (2.2) by ¢ € Q, gives
(V-u, ¢)7,, =0. (3.4)
Define bilinear forms a : V/(h) x V(h) — R and c¢: V(h) x L(Q) — R by
Z / n-Vu-yvds + Z / n-Vu-yvds
KeTy TeTh

and

Z / pyv - nds — Z/ pyv - nds.

KeTy TETh

Since for the continuous solution u and p, both [Vu] and [p] vanish on e € £7. Thus,
by using integrating by parts, equations (2.4)-(2.5), and the fact that yv is piecewise
constant, we have

—(Au, yV) 71 Z / n-Vu- yvds
KeTy oK
a(u,v) Z/ n-Vu- yvds
TETh or

= a(u,v) — ({Vu}, [yv])e,
Similarly,

(Vp, vv) Z / pyV - nds

KeTy

c(v,p) Z/ pyv - nds

TeTh

= c¢(v,p) + ([vv], {p}e,

Combining the above, Equation (3.3) becomes

a(u,v) — ({Vu}, [yw])e, +c(v,p) + (Iv], {phe, = (£,7v).
6



We also notice that for the exact velocity u, by Assumption A1, the jump [yu] and
hence also [yu] vanish on all e € &,. Therefore Equation (3.4) can be written as

(V-u, )7, — ([vu], {a})e, =0.
Now define
A(u,v) == a(u,v) — ({Vu}, [w))e,
+0({Vv}, [yu)e, +a(h ' [u], V)e,
C(v,p) = c(v,p) + ([7]. {p})e.,
B(u, q) = (V-u, ¢)7,, — (Ivu], {a})e,,

where a > 0 and § = 1, —1 or 0 are parameters.
Consider the following framework of finite volume methods: find (up,prn) € Vi x
@4, such that

A(up,v) +C(v,pr) = (f,7v) Vv eV,

B(uy, q) =0 Vq € Q. (3.6)

Notice that the formulation (3.6) is consistent, i.e., the true solution (u,p) satisfies

Awv) +Clwp) = (Ev)  Yvelh, o
Subtracting (3.6) from (3.7) gives the orthogonality property of the error
Alu—up,v)+C(v,p—pn) =0 Vv eV, (3.8)
Bu—uy, ¢) =0 Yq € Qp. '

In order to perform a priori or a posteriori error estimations, certain conditions
need to be imposed on V;, Qp and «. For now we only give an abstract theory built
on several assumptions. Proof of these assumptions, together with suitable choices
for V},, Qp and v will be given in Section 5.

Define a norm || - || on V(h) as

VI = VI3 a4+ > IV, (3.9)

ecéy,

where [v[7 ), =Y rcr V7. We will make the following assumptions:

Assumption A2. For v,w € V(h) and ¢ € L3(f),

a(v,w) = (Vv,Vw)p, + Z (yw —w, Vv -n)sr
TETh

+ (Av, w —ywW)T;,,
c(v,q) ==(V-v, ), + Y (v=7v)-n, qor
TETh

+(Vg, v = V)7,
7



Assumption A3. For v,w € V(h) and ¢ € L3(Q2),

A(v,v) > d|v]?, for all v € Vj,

1/2
Alv,w) <cllv]l { lIwll + (Z h?erI%,T> ,
T

1/2
C(v,q) < cIvil { llall + < > h?rlQlf,cr) if g|r € H'(T) for T € Ty,
T€7-h

C(v,q) = —B(v,q), forall qe Qy,
where c is a general constant independent of the mesh size or the functions involved.
Assumption A4. There exists an operator II; : V/(h) — V}, such that
B(v —1IIv, q) =0, VqeQn.
In addition, the operator II; is assumed to satisfy
v —ILv|sr < ch'5|v|yr, VT E€Th s=0,1,t=1,2,

where the constant ¢ depends only on the shape of T' and parameters s and .

Note that when v € [Hg(Q) N H2(Q)]?, we have B(v, q) = (V - v, q). Then by
Assumption A4, the continuous inf-sup condition, and inequality (2.6), we have the
following discrete inf-sup condition, or the so-called LBB condition (see [4]):

B(v,q)
sup > Bllall, Vg€ Qn,
vevi VIl
where f3 is a positive constant independent of the mesh size h. Define II5 to be the L?
orthogonal projection from L3() to the finite dimensional space Q5. Then we have
the following a priori error estimations [17]:

THEOREM 3.1. Let (up,pn) € Vi, x Qp be the solution of (3.6) and (u,p) €
[H2(Q)NHL(Q)]? x [LE(Q)NH(Q)] be the solution of (2.1)—(2.3). Under the assump-
tions A1-A4, there exists a constant ¢ independent of h such that

%
la —upl +[lp = prll < c | [l —Hiul| + [|p — Hap|| + ( > hPu- H111|§,T>
TETh
1

1
+ ( > Pilp- H2P|?,T>
TETh
THEOREM 3.2. Let (u,p) € [H*(Q) N H(Q))? x [LE(Q) N HY(Q)] and (up,pn) €
Vi, x Qp be the solutions of (2.1)-(2.3) and (3.6) respectively with § = —1. Then
3
lu—upf| < ch | flu—Thul| + [[p - ap|| + ( > hWlu- H111|§,T>

TEThH
1

2
+ (Z hQIp—HzpliT> + hl|f]lx

TeThH



4. A posteriori error estimates. In this section, we will derive an a posteriori
error estimator for the finite volume formulation (3.6). Currently, the analysis only
works when the bilinear form A(-,-) is symmetric, i.e. § = —1. Hence we will set
0 = —1 throughout this section. For simplicity of the notation, we shall use “<” to
denote “less than or equal to up to a constant independent of the mesh size, variables,
or other parameters appearing in the inequality”.

Define
Vuy, —ppl] if e €&
J1(Vuy, —prl) = { g " ] otherwi:e
and
_ [uh] if ee 5]?
Ja(up) = { 2u, ®n  otherwise.

Define a global error estimator as
=
TEThH
with
1 _
B = B EIR 19 willd+ 5 3 [ (hedi(Van — puD)? + by Mz (un)?) ds,
ec&, V€

where h. denotes the length of edge e. Our ultimate goal is to establish the following
result:
THEOREM 4.1. Let (u,p) and (un,pr) be the solutions of (2.1)-(2.2) and (3.6),

and A(-,-) be symmetric, i.e. § = —1. Then, one has
o= unll + llp = pull < n (4.1)
and
1/2
n S =l + [lp — pall + (Z hQTIIf—fTI?r> : (42)
TETh

where fr is the average of £ on T and (3 ey W7 |If — £r(|2)/2 is the data oscillation
term. For convenience, the relation (4.1) is referred to as a reliability estimate and
(4.2) as an efficiency estimate.

We will need a technical lemma in the proof of the above theorem. Define
H (Th) = [Ipeq, H(T) and Vi = [[1¢r, Pi(T). For any triangle T € Ty, denote by
T(T) the set of all triangles in 7, having a nonempty intersection with 7', including
T itself. Denote by £(T) the set of all edges in &, having a nonempty intersection
with T', including all three edges of T.. Then following lemma has been proved in [36]:

LEMMA 4.2. For any v € H(Ty), there exists a vy € Vi, N H(Q), k > 1,
satisfying

lo = vrllF + A2V —o)lz S D hplVold + Y hellll2 VT € T

T'eT(T) ec&(T)
(4.3)
Furthermore, if v € Vy,, then there exists a vy € Vi N HY (), k > 1, satisfying
lv=orll3 + B2V —vD)lF S Y hellllZ VT € Ta, (4.4)

ec&(T)



4.1. Proof of reliability. In this section, we will prove the reliability estimate
(4.1). Let e =u —u;, and € = p — p,,. To streamline the proof, we first state several
technical inequalities as the following lemmas.

LEMMA 4.3. For w € V},, we have

({fyw — w}, [Vel)g =0, (4.5)
(frw — w}, [el)e = 0. 16

Proof. (4.5) and (4.6) follow directly from Assumption A1, by noticing that
[Ve] = —[Vu,] and [e] = —[px] are both constants on edges. O

LEMMA 4.4. For w € V}, and A(-,-) be symmetric, i.e. 6 = —1, we have
({Ve}, [W])gh, - ({e}a [[W]])gh,
—(Ve, Vw)7, + (Au - Vp, w—yw)r; (47)

- (v "W, E)Th - ({VW}, h/e])gh + a(he_l[w]7 [e])gh'

Furthermore, when w is also continuous,

(V-w, )7, = (Ve, VW)7, + (Au—Vp, w —yw)7, — {Vw}, [ve])e,. (4.8)

Proof. Using the definition of A(:,-), Assumption A2, Equation (2.5), Lemma
4.3, and the fact that Aup|r = 0, we have,

A(e,w) = (Ve, Vw), + Z (Ve -n, yw — w)ar + (Au, w —yw)p;,
TEThH

~({Vw}, [ve]e, — ({Ve}, [ywl)e, + a(h; ' [W], [e])e,
= (Ve, VW), + ({Ve}, [yw — w])g, + (Au, w —yw)7,
—({Vw}, vel)e, — ({Ve}, [yw))e, + a(h, W], [e])s,
= (Ve, vw)Th + (A u, w— VW)Th ({ve}v [W])Eh
—({VW}, [Fye])&z +a( 1[W]a [ ])Sh' (49)

Similarly,

Cw, e)=—(V-w, e, + Z ((w—=~w)-n, €)or
TETh

—(VE, w = wa)ﬂl + ({6}, H’YW]])gh,
—(V-w, 7, + ({e}, [w—rywle,
_(va w - wa)ﬂl + ({6}, [[’YW]])&L
=(V-w, o7, = (Vp, w —yw)7, + ({€}, [W])e, (4.10)

Combining equations (3.8), (4.9) and (4.10) gives Equation (4.7).
If w € V}, is also continuous, then [w] = 0 and [w] = 0. In this case, (4.7)
becomes (4.8). O
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LEMMA 4.5. Let (u,p) and (up,pp) be the solutions of (2.1)-(2.2) and (3.6),
respectively, and A(-,-) be symmetric, i.e. § = —1. Then

lp = pull* S0+ > [IVel7. (4.11)
TETh

Proof. Let v € [H3(Q)]? and v; € V}, be an interpolation of v such that both
components satisfy (4.3). Observe that such an interpolation v; is possible if Vj,
satisfies the assumption (3.1). Using the integration by parts, equations (4.8), (2.4),
(2.5), (2.6), Assumption A1, the Schwartz inequality, the inverse inequality, and the
fact that both v and v are continuous across each interior edge, we have

(Vev,e)=(V-(v—=vy), )+ (V- vy, €)

~(v=vr, Vp)7 + Y (v =vi)n, € )or
TeTh

+(Ve, Vvi)7, + (Au—Vp, vi —vi)7, — ({Vvr}, [ve])e,

(Ve

—(v—=v, Vp)7, = ({v = v1}, [pnl)eg
—(Ve, V(v —vi))7, + (Ve, Vv)7,

+(Au —Vp, vi — FYVI) ({va}v [Fye])&z

=(v—=vr, Au—=Vp)7, + ({v - v}, [Vup —prl])eo
+(Au—Vp, vi = ywi)7, = ({Vvi}, [vel)e, + (Ve, V)7,

S IVlll(hllfll + (Y hell[Vun = pal]|2)'?

ec&y,”
O R Y2+ (X Vel 1/2)
eeé‘h TGTh

Combining the above and the inf-sup condition

V.- _
p=pul S sup VPR
vEHL ()2 vl

gives Inequality (4.11). This completes the proof of the lemma. O

Now we are able to prove the main theorem on the reliability of the a posteriori
error estimator. For simplicity of the notation, denote Vj to be the element-wise
gradient associated with the mesh 7.

THEOREM 4.6. Let (u,p) and (un,pn) be the solutions of (2.1)-(2.2) and (3.6),
and A(-,-) be symmetric, i.e. 6 = —1. Then we have the following global reliability
bounds:

e = unll+ llp = prll < n- (4.12)

Proof. Let er € Vj be an interpolation of e such that both components satisfy
(4.3). Using integration by parts, equation (4.8), (2.4), (2.5), and the facts that
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ul=[e;]=0onalle €&, [Vul=[p]=0onall e € £, we have
[u] = [e] h

(Ve, Ve)Th
=(Ve, Ve —Ves)7, + (Ve, Ver)7,

=(Ve, Ve —Vey)7, +(V-er, €)
— (Au—Vp, ef —ver)7, + {Ver}, [ve])e,
=(Ve, Ve —Ver)7, —(V-(e—eq), )7, +(V-e, €7,

— (Au—Vp, e; —ver)7, + ({Ver}, [ve]e, (4.13)

=(-Au+Vp, e—ej)7, + Z (Ve-n, e —eg)or — Z ((e—ef) m, €)ar
TETh TETh

+(V-e, 6)5, — (Au—Vp, er —yer)7, + ({Ver}, [ve])s,
=(-Au+Vp, e—ej)7, — ({e —er}, [Vu, —ppl])g,o

—({Ve}, [un = x])e, + (e}, [un —xDe,

+ (V e, e)Th - (Au — Vp, er — FYeI)Th, + ({Ve[}, ["ye])gh’,

where y € V}, is the continuous interpolation of u, such that both components satisfy
(4.4). Note that [x] = 0 and [x] = 0 on all e € &,. By equations (4.7), (4.4), (2.6),
Assumption A1, and the Schwartz inequality,

({Ve}, [un —xen + ({e}, [un = xD)e,

=(Ve, V(uy — x))7, + (Au— Vp, (wn — x) —v(un — X)),
— (V- (up = x), 7, — {V(un = x)}, [vele, + ah; un — x|, [e])e,

Sn(llell +llel) + > I|Au— Vo (hrfup = x|1,7)

TETh
1/2

LD DN L DI /(PR I [T [P W |8 O

e€Eh T'e{TE, TS} e€Eh '

1/2 1/2
S (lell + llell) + <Z h2T||f||2T> <Z he‘ll[uh]Hi)
TET, e€ly
1/2

+ Yo IV =l | Rl + oY bt ]2

e€&n \T'e{Ty, T5} e€ly

<n(lell + llell) +n*.

Here Ty, T are the two triangles in 7}, sharing the edge e. For boundary edges, we
simply set both of them be equal to the only triangle associated with that edge. Since
V -u =0, we have

(V-e, &), = =(V-up, )75, S lelln. (4.15)

Other terms in Equation (4.13) can be similarly estimated. Combining (4.13)-(4.15)
and using equations (2.6), (4.3), Assumption A1, Lemma 4.5, the Schwartz inequality,
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and the inverse inequality, we have

la — wpll* =(Ve, Ve)r, + > hot|[un]||?
ec&y

S (llell + llelh n + n*.
By Lemma 4.5 and the Young’s inequality, we have
2
o —wnl” < 7.

Combining this with Lemma 4.5 gives (4.12). O

4.2. Proof of efficiency. In this section, we will prove the efficiency estimate
(4.2). We first define two bubble functions, which are widely used in a posteriori error
estimations [33].

For each triangle T' € T, denote by ¢r the following bubble function

27 )\1)\2)\3 in T,
or = .
0 in O\T,

where \;, ¢ = 1,2,3 are barycentric coordinates on T'. It is clear that ¢ € H& (Q)
and satisfies the following properties [33]:

e For any polynomial ¢ with degree at most m, there exist positive constants
¢m and Cyy,, depending only on m, such that

cMM@S/q%whémﬁ, (4.16)
T
I (gér)lr < Crhizlallr- (4.17)

For each e € &), we can analogously define an edge bubble function ¢.. Let T}
and T, be two triangles sharing the edge e. To this end, denote by w. = T7 U T5
the union of the elements 77 and T5. Assume that in T3, ¢ = 1,2, the barycentric
coordinates associated with the two ends of e are /\1T" and )\QTi, respectively. The edge
bubble function can be defined as follows

AN T,
Ge = ANPA? in Ty,
0 in Q\we.

Then ¢. € Hg () and satisfies the following properties [33]:

e For any polynomial ¢ with degree at most m, there exist positive constants
dm, Dy, and E,,, depending only on m, such that

dunllal? < / Poeds < all% (4.18)
1V(@0) . < Dok (gl (4.19)
l6ellon < Emhi/2[q]l. (4.20)
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Then we have the following efficiency bound.

THEOREM 4.7. Let (u,p) and (up,pn) be the solutions of (2.1)-(2.2) and (3.6),
and A(-,-) be symmetric, i.e. § = —1. Then

hrllfllr SV —up)lr + llp = pullr + hr|f - frlr, (4.21)

he2NIVun = pud]lle S hellf = Erllw, + I Va(a = un)lw, + P = palle,,  (4.22)
where fr is the average of f on T, and

IV-unlr < Vellr. (4.23)

Proof. Let T € T, and wp = fr¢r. Testing equation (2.1) with wp gives
(f, wr)r = (Vu, Vwr)r — (V- wr, p)r.
Notice that (Vup, Vwr)r =0 and (V- wr, pp)r = 0, we obviously have
(f —fr, wr)r + (fr, wr)r = (Ve, Vwr)r — (V- wr, €)r.
Then, by inequalities (4.16)-(4.17),

2l S(Er, wr)r
(f fr, WT)T — (Ve VWT)T + (V W, € )T

hr' (IVellr + llel o) Ifrllz + 11f — £ll2]1fr]1 7.

This completes the proof of (4.21).
Next we shall prove (4.22). Let e € &) and w, = [Vuy, — ppI]¢e. Testing (2.1)
with w. gives

(f, We)w. = (Vu, Vwe )y, — (V- we, plo,. (4.24)

Using integration by parts and the fact that w, = 0 on dw., we have

(Vup, Vwe),, = Z (Vup -n, we)or = /[[Vuh]] - weds, (4.25)
TEwe €
and
(V- We, Ph)w. = Y (1, We)or = /[[phf]] " Weds. (4.26)
TEwe €

Subtracting (4.25) and (4.26) from (4.24), and then using the properties of ¢,
we have
I[Vuy — pr ]2
S(Hvuh —phI]L We)e
= > ((F —fr. wo)r + (fr, we)r — (Ve, Vwo)r + (e, V- we)r)
TEwe
SIVun = palllle(he2I1E = £rlw, + he'?||fr]|,

+he 2Vhelw, + b2 ellw,)
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Combining the above with (4.21), this completes the proof of (4.22).
Finally, the estimate (4.23) holds true as V - u = 0 and clearly

IV-upllr = [[V-up = V-ullp = |V -eflr < [[Vellr.

This completes the proof of the theorem. O
Inequality (4.2) follows immediately from the above theorem.

5. Choices of 7;", Vi, @Qn and ~. In this section, we will illustrate how our
general theory can be applied to analyze different type of finite volume schemes. That
is, we will give several choices for 7;*, V4, Qn and v, and then prove that Assumptions
A1-A4 hold for them.

5.1. Finite volume method with conforming trial functions. For a given
geometrically conformal triangular mesh 7, let 7,* be the vertex-based dual partition
as shown in Figure 2.1.

The trial function space for velocity associated with 7 for the traditional finite
volume method is defined as

Vi ={veH}Q)?: v|r € P(T)* VT € Tp},

with V' = Hg(2)2. The test function space W), for velocity is defined as in (3.2), on
the dual partition 7,*. Let Q) be the finite dimensional space for pressure associated
with the triangulation 7y, = Tap, that is

Qn={q€ L{(): q|r € Po(T), VT € Ton}.

Denote NV to be the set containing all interior nodes in 7. The operator v : V(h) —
W, is defined by

yv(z) = Z v(P)xp(z), VzeQ, (5.1)
PeN

where x p is the characteristic function of the dual element associated with the node P.
It can be easily verified that v defined in (5.1) satisfies Assumption A1 (see [16, 21]),
while the proof of Assumption A2 can be found in [21, 37].

By assumptions A1, A2 and the facts that V}, contains piecewise linear functions,
@), contains piecewise constant functions, it is easy to see that for v,w € V, and

qc Qha
a(v,w) = (Vv,Vw), c(v,q)=—(V- v, q).

Now let us consider Assumption A3. For v € Vi, C H}(Q)?, clearly [yv]e =
[vVle = 0 on all e € &,. The bilinear forms A(w,v) and C(v,q) reduce to a(w,v)
and c(v, q) respectively, and C(v,q) = —B(v,q) = —(V - v, ¢). Then the conforming
finite volume method can be written as: find (up,pn) € Vi X @, such that for any
(V7Q) € Vh X Qha

a(uhv V) - (V "V, ph) = (fv FYV)v
(V-up, q) =0.

The boundedness of A(v,w) and C(v, q) follows directly from the above analysis,
Assumption A2, and the Schwartz inequality. The coercivity of A(v,w) on V}, is a
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direct consequence of A(v,v) = a(v,v) = (Vv, Vv) and ||v|| = |v]1, for all v € V},.
This completes the proof of Assumption A3.

Assumption A4 follows from the analysis of the stable P; — Py macro-element
[23, 37]. We also note that the same conclusions hold for the conforming bilinear trial
function case [14].

5.2. Finite volume method with nonconforming trial functions. For a
given geometrically conformal triangulation 7, let 7" be its edge-based dual parti-
tion, as shown in Figure 2.1.

The nonconforming trial function space for the velocity is defined as

Vi ={veL*(Q)?: v|lr € P(T)? VT €T,
v is continuous at the midpoint of all e € &
and v is zero at the midpoint of all boundary edges}.

The test function space W}, for velocity is defined as in (3.2), on the dual partition
T.5. Define T, = Tj, and hence the finite dimensional space @, for the pressure is

Qn=1{qeLiQ): qlr € Py(T), YT € Tp}.

Let M be a set containing all the midpoints of interior edges in 7;,. The operator
v : V(h) — Wy, is defined by

yv(z) = Z v(P)xp(z), VzeQ, (5.2)
PeM
where xp is the characteristic function of dual element associated with the node P.

Finite volume methods using the above nonconforming trial functions were con-
sidered in [10, 11]. In [16], it has been verified that the mapping v defined in (5.2)
satisfies Assumption A1l. The proof of Assumption A2 can be found in [37].

By assumptions A1 and A2 and the facts that V}, contains piecewise linear func-
tions, @ contains piecewise constant functions, it is easy to see that for v,w € Vj
and ¢ € Qp,

a(v,w) = (Vv,VW)1., c(v,q)=—=(V-v, ¢,

Now let us consider Assumption A3. By the definition of v, we have [yv]. = 0

on all e € &,. The bilinear forms become

A(Wv V) = a(w,v) + a(he_l[w]v [V])Ehv

C(v,q) = c(v,q),

C(Va q) = _B(Va q) = _(V v, q)Th'
The nonconforming finite volume method is to find (up,pr) € Vi x @Qp such that for
any (v,q) € Vi, X Qn

a(uhv V) =+ o‘(hgl[uh]a [V])5h, - (V "V, ph)Th = (f7 ’}/V),
(V * Up, q)Th =0.

The boundedness of a(v,w), ¢(v,q) and the coercivity of A(v,w) on V}, both
follow directly from the above analysis, Assumption A2, and the Schwartz inequality.
This completes the proof of Assumption A3.

Finally, Assumption A4 is the well-known stability of the lowest order Crouzeix-
Raviart element [18]. The same conclusions hold for the finite volume method using

the rotated bilinear trial functions [30], i.e., the nonconforming Q1 elements on rect-
angular grids. Details of such a finite volume method can be found in [13].
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5.3. Finite volume method with totally discontinuous trial functions.
The finite volume method using totally discontinuous trial functions was first proposed
in [38]. For a given geometrically conformal triangulation 7y, let 7,* be its triangle-
based dual partition, as shown in Figure 2.1. Define Ty, = Tp,.

The discontinuous trial function space for the velocity is defined as

Vi ={veL*(Q)?*: vir € P(T)* VT € Tp}.

The test function space W}, for velocity is defined as in (3.2), on the dual partition
T, and the finite dimensional space (), for the pressure is

Qn={qeLi): qlr € Po(T), YT € Tr}.
Define 7 : V(h) — W}, by.

1
Wik = h—/v|de VK eT,.

The operator v defined above satisfies the first four conditions in Assumption A1
(see [38]). The last one follows from the Schwartz inequality:

mmm@=%e(£wuﬁgg%e(£wﬁ%)(Adg

:/M%ﬁwMM

€

Proof for assumptions A2-A4 can be found in [39].
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