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ABSTRACT. An H(div) conforming mixed finite element method has been pro-
posed for the coupled Darcy-Stokes flow in [30], which imposes normal con-
tinuity on the velocity field strongly across the Darcy-Stokes interface. Here,
we develop an a posteriori error estimator for this H(div) conforming mixed
method, and prove its global reliability and efficiency. Due to the strong cou-
pling on the interface, special techniques need to be employed in the proof.
This is the main difference between this paper and Babuska and Gatica’s work
[5], in which they analyzed an a posteriori error estimator for the mixed for-
mulation using weakly coupled interface conditions.

1. INTRODUCTION

The coupled Darcy-Stokes problem is a well-known and well-studied problem,
which has many important applications. We refer to the nice overview [19] and
references therein for its physical background, modeling, and common numerical
methods. One important issue in the modeling of the coupled Darcy-Stokes flow is
the treatment of the interface condition, where the Stokes fluid meets the porous
medium. In this paper, we only consider the so called Beavers-Joseph-Saffman
condition, which was experimentally derived by Beavers and Joseph in [7], modified
by Saffman in [40], and later mathematically verified in [27, 28, 29, 36].

Depending on whether to use the primal formulation or the mixed formulation in
the Darcy region, there are two popular ways to formulate the weak problem of the
coupled Darcy-Stokes flow. Here we concentrate on the mixed formulation, which
has been studied in [3, 21, 22, 23, 30, 31, 32, 38, 39]. In [32], rigorous analysis of the
mixed formulation and its weak existence have been presented. The authors studied
two different mixed formulations. The first one imposes the normal continuity of
the velocity field on the interface weakly, by using a Lagrange multiplier; while
the second one imposes the normal continuity strongly in the functional space.
Later we shall call these two mixed formulations, respectively, the weakly coupled
formulation and the strongly coupled formulation.
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The weakly coupled formulation gives more freedom in choosing the discretiza-
tions for the Stokes side and the Darcy side separately. The work in [21, 22, 23, 32]
are based on the weakly coupled formulation. Research on the strongly coupled
formulation has been focused on developing unified discretization for the coupled
problem. That is, the Stokes side and the Darcy side are discretized using the same
finite element. This approach can simplify the numerical implementation, of course
only if the unified discretization is not significantly more complicated than com-
monly used discretizations for the Darcy and the Stokes problems. One essential
difficulty in choosing the unified discretization is that, the Stokes side velocity is in
H' while the Darcy side velocity is only in H(div). Commonly used stable finite el-
ements for the Stokes equation do not work for the Darcy equation, and vice versa.
Special techniques usually need to be employed. In [3], a conforming, unified finite
element has been proposed for the strongly coupled mixed formulation. However,
it is constructed only on rectangular grids, and requires special treatment of the
nodal degrees of freedom along the interface. According to the authors knowledge,
the element proposed in [3] is probably the only existing conforming and unified
element. Other researchers have resorted to less restrictive discretizations such
as the non-conforming unified approach [31] or the discontinuous Galerkin (DG)
approach [30, 38, 39]. Due to its discontinuous nature, some DG discretizations
for the coupled Darcy-Stokes problem may break the strong coupling in the dis-
crete level [38, 39|, as they impose the normal continuity across the interface via
interior penalties. We are interested in the H(div) conforming DG approach [30]
which preserves the strong coupling even in the discrete level. The idea of the
H(div) conforming DG approach is to use H(div) conforming elements, such as
the Raviart-Thomas [37] elements and the Brezzi-Douglas-Marini [9] elements, to
discretize the entire coupled problem. Such elements have normal continuity but
not tangential continuity on mesh edges/faces, and thus is not conforming for the
Stokes side. The solution is to use the interior penalty methods and impose the
tangential continuity on the Stokes side weakly, via edge/face integrals. We point
out that the H(div) conforming interior penalty method for the Stokes equation has
been well-studied in [15, 16, 47]. In [30], the authors used this approach to develop
a discretization for the coupled Darcy-Stokes problem, which strongly satisfies the
normal continuity condition on the interface. Energy norm a priori error estimates
is also proved. Later, an L? a priori error estimation for this approach is given [24].

The purpose of this paper is to develop an a posteriori error estimator for the
H(div) conforming method proposed in [30]. A posteriori error estimations have
been well-established for both the mixed formulation of the Darcy flow [2, 8, 11, 34],
etc., and the Stokes flow [1, 6, 13, 18, 20, 26, 35, 42, 43, 45, 46], etc, among which
[26, 45] covers a posteriori error estimation for H(div) conforming interior penalty
methods for Stokes equations. However, there are only a few works existing for
the coupled Darcy-Stokes problem [5, 17], where [5] concerns the weakly coupled
mixed formulation while [17] uses the primal formulation on the Darcy side. To our
knowledge, there is no a posteriori error estimation for the strongly coupled mixed
formulation yet for the coupled Darcy-Stokes flow.

One immediately wants to ask, how different can the a posteriori error estimation
for the strongly coupled mixed formulation be, comparing with estimations for the
weakly coupled formulation or even for the pure Darcy or pure Stokes equations?
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Here, the technical difficulty lies in the combination of a posteriori error estima-
tions and the strongly imposed interface condition. For the mixed formulation of
pure Darcy problem, the easiest way of performing a posteriori error estimation is
to use a Helmholtz decomposition [11], while for the interior penalty method for
the pure Stokes equation, one may want to define a continuous approximation to
the discontinuous velocity [26, 45]. When coupling these two completely different
techniques together, the normal continuity condition across the interface needs to
be satisfied all the time. Special interpolation operators need to be constructed to
fulfill this requirement, and there are many technical complexities that need to be
clarified.

The paper is organized as follows. For simplicity, only two-dimensional problems
are considered. In Section 2, the model problem for the coupled Darcy-Stokes flow
and its strongly coupled mixed formulation are introduced, together with several
notations. The H(div) conforming discretization for the strongly coupled formu-
lation will be presented in Section 3. Then, in Section 4, an a posteriori error
estimator is derived. The process of deriving actually also serves as the proof for
the global reliability of the estimator. The global efficiency of the estimator is ver-
ified in Section 5. Finally in Appendix A, we construct an important interpolation
operator which preserves the normal continuity on the interface while satisfying
certain properties.

2. MODEL PROBLEM AND NOTATION

We follow the model developed in [24, 30]. Contents of sections 2 and 3 can be
found in [24, 30] and other references as will be stated. For reader’s convenience,
we present some details here. The notations used in this paper are slightly different
from those in [24, 30], hence sections 2 and 3 also serve the purpose of introducing
the notations.

Consider the coupled Darcy-Stokes system in a polygon €2 divided into two non-
overlapping subdomains Qg and p, which are occupied by the Stokes fluid and
porous medium, respectively. For simplicity, assume both 25 and ) are polygonal.
Denote the interface between these two subdomains by I'gp. Define I's = 0Q¢s\I'sp
and I'p = 9Qp\I'sp. When the associated domain is clear from the context, use n
to represent the unit outward normal vector and t the unit tangential vector such
that (n,t) forms a right-hand coordinate system. On I'sp, denote 7 to be the unit
normal vector pointing from Qg towards Qp, and ¢ accordingly, as shown in Figure
1.

FIGURE 1. Domain of the coupled Darcy-Stokes problem.
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Consider the following coupled Darcy-Stokes problem, where the flow is governed
by the Stokes equation in 2g and the Darcy’s law in Qp:

V- T(u, p) = f in g,
(2.1) Klu+Vp=f in Qp,
V-u=g in Q.

Here u is the velocity, p is the pressure, f and g are given vector-valued and scalar-
valued functions, respectively, in Q. The stress tensor is defined by T(u, p) =
2vD(u) — pI, where v > 0 is the fluid viscosity, D(u) = 3(Vu + Vu”) is the
strain tensor, and [ is the identity matrix. Finally, K is a symmetric and uniformly
positive tensor denoting the permeability tensor divided by the fluid viscosity. For
simplicity, assume K has smooth components and is also uniformly bounded from
above.

To distinguish between the Darcy and the Stokes sides when necessary, we some-
times denote us = ulq,, up = ulag, and pg, pp in the same fashion. The bound-
ary condition is set to be:

ug =0 on I'g,
(2.2)
up -n=>0 on I'p.
For simplicity, we assume that I's # 0. On the interface I'sp, we impose the
conservation of mass, the balance of normal forces, and the Beavers-Joseph-Saffman
condition [7, 40]

(2.3) us - N =up-n,
(24) - T(“’Sv Ps)ﬁ ‘N = PD,
(2.5) —T(us, ps)n -t = uK 2 ug -,

where g > 0 is a variable related to the friction and shall be determined experimen-
tally, K—1/2 is defined using the standard eigenvalue decomposition. We assume
that p is smooth and uniformly bounded both above and away from zero. It is not
hard to see that conditions (2.4) and (2.5) are equivalent to

(2.6) T(us, ps)n + ppi + pK V2 (ug - £)t =0  on Igp.

Due to the boundary condition (2.2), we clearly need to assume the compatibility
condition fQ gdx = 0. In addition, the pressure is unique only up to a constant.
Thus it is convenient to assume that

/pdm:O.
Q

The mixed weak formulation and the existence of the weak solution of problem
(2.1) has been thoroughly discussed in [24, 32]. Below we briefly state these results.

First, we introduce several notations. For a one- or two-dimensional polygonal
domain K, denote H*(K), where s € R, to be the usual Sobolev space, with the
norm || - ||s,x. When s = 0, it coincides with the square integrable space L?(K) and
we usually suppress 0 in the subscript of the norm, that is, ||- ||k = || - ||lo,x. Denote
(-, )k and < -,- >k to be the L? inner-product and duality form, respectively, in
K. When K is one-dimensional, the convention is to use < -,- > for both the L?
inner-product and duality form. When K = ), we usually suppress the subscript
K in (-, ) k. Finally, all these notations can be easily extended to vector and tensor
spaces.
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We follow the convection that a bold character denotes a vector or vector-valued
function. Define

H(div, K) = {v € (L*(K))? V-v € L*(K)},

with the norm
vl (v, 1) = (Il + 1V - v||%)2.

Let I' C OK. Define
Hor(div, K) ={v € H(div, K),v-n=0o0nTI},

and
Hyp(K)={ve H (K),v=0o0nT}.
If ' = 0K, simply denote Hy ok (div, K) = Hy(div, K) and H&,8K<K) = H}{K).
We are interested in the trace of functions in Ho r(div, K) and Hj(K) on I =
OK\T. Tt is well-known that for all v € Hg(K), we have v|x € H(%Q(f‘) and for
all v € Hyr(div, K), we have v - n|p € (Hé()/Q(f))* [32] (readers may refer to [33]
for the definition and norm of H30/2(1:‘)) An important property of HééQ(f‘), is
that, for any function in Héé ?(I"), it can be extended by zero on dK\I" and yields
a function in H'/?(9K).
Define
V = {v € Hy(div,Q) |vs € H'(2s)? and v|p, = 0}.

The space V is a Hilbert space under the norm (||v]|7 o, + HU”?I(div QD))I/Q. Later
we will also introduce an equivalent energy norm on V. For convenience, denote
Vs and V p to be the confinements of V' on Qg and Qp respectively. It is clear
that functions in V satisfy the strong coupling condition (2.3) on the interface I'gp.

Furthermore, vg|ry, € H&éZ(FSD)Q forallveV.
Define a bilinear form a(-,-): V x V — R by

a(u,v) = ag(u,v) + ap(u,v) + ar(u,v),

where
as(u,v) = 2v(D(u), D(v))ag,

ap(u,v) = (]K_lu7 v)ap,

1/2

ar(u,v) =< pKY2u, -t v, -t >r., .

Denote Q = L2(9), the mean-value free subspace of L?(f2), and define a bilinear
form b(-,-): V x Q — R by

b('vaq) = _(v : ’U,(])Q.

Now we can introduce the weak formulation of the Darcy-Stokes coupled problem:
Find (u, p) € V x @Q such that

(2.7) {a(u,'u) +b(v,p) = (f,v) forallveV,

b(u7Q) = _(gaQ) for all qc< Q
Clearly, Equation (2.7) can be written into
A((u,p), (v.q)) = F((v,q)),
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where
(2.8) A((w,p), (v,q)) = a(u,v)+b(v,p) + b(u,q),
(2.9) F((v,q)) = (f.v)—(9,9).

It has been shown [32] that the weak formulation (2.7) is equivalent to the
boundary value problem (2.1)-(2.5). Readers may also refer to [25] for a detailed
discussion on the interface conditions on I'sp. To state the weak existence results
for problem (2.7), we first need to introduce several norms. Define an energy norm
on V by

1/2
|Mv=(Wﬂ&+MWK”%yWﬂgHK”%%fWVw%>-
It is not hard to see that

1/2
awwz<wM%+w@@mm) < Cyllvlly,

where Cq and C5 depend only on the shape of domain, y, and K. Denote || - ||g to
be the L? norm on €2 and

I, )l = (v, ))llvxa = /lIvIE + llal3-

Then, it is not hard to establish the following Ladyzhenskaya-Babuska-Brezzi con-
dition [24, 32]:

(2.10) a(v,v) > alv|}, forallve Z,
b
(2.11) sup (v,q) > Bllgllq forall g €@,
vev [vlv
where

Z={veV |V -v=0}
These guarantee that Equation (2.7) admits a unique solution in V' x Q. Further-

more, it is well-known that conditions (2.10)-(2.11) are equivalent to the following
Babuska’s form: [10]

(2.12)  sup Al(w, §), (v,9))

C(a, , for all (w, V x Q.
(v,q)EVXQ |||(’U,q)|” Z (Oé 6)H|(w 5)“' or a (w f) € X Q

Here C(«, ) is a constant depending on « and §.

Equation (2.7) is the strongly coupled formulation studied in [32]. An alter-
native weak formulation for problem (2.1), the weakly coupled formulation, has
also been presented in [32]. The weakly coupled formulation is defined on the space
(Hgp.(9s)? x Hor, (div,Qp)) x @, and the interface condition (2.3) is then weakly
imposed by using a Lagrange multiplier. In [32], Layton, Schieweck and Yotov have
proved that when the porous medium is entirely enclosed in the fluid region, the
weakly coupled formulation and the strongly coupled formulation are equivalent,
and both are well-posed. However, for general domains, it can only be proved that
the strongly coupled formulation (2.7) is well-posed, while the well-posedness of the
weakly coupled formulation is unknown due to a technical difficulty of restricting
H='2(Qp) on Tgp [32]. Interested readers may refer to [32] for the details. Mixed
finite element methods introduced in [21, 22, 23, 32] are all based on the weakly
coupled formulation. The a posteriori error estimation given in [5] is also based on
the weakly coupled formulation. Different from the work in [5], here we propose
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an a posteriori error estimation for the strongly coupled formulation (2.7) and its
H(div) conforming finite element discretization introduced in [24, 30].

3. MIXED FINITE ELEMENT DISCRETIZATION

Recently, an H(div) conforming, unified mixed method for (2.7), in which both
the Stokes part and the Darcy part are approximated by the Raviart-Thomas (RT)
elements, has been proposed [30]. Later, optimal error in L? norm for the velocity
of the H(div) conforming formulation has been proved in [24]. Of course, the RT
elements are not H' conforming on the Stokes side. The idea is to use the interior
penalty discontinuous Galerkin H (div) approach for the Stokes equation [15, 16, 47]
in the Stokes region, while using a usual mixed finite element discretization in
the Darcy region. There are three main advantages of this approach. First, the
unified finite element space may simplify the numerical simulation. Second, the
normal continuity condition (2.3) on the interface is strongly imposed on the discrete
level. Third, the discretization is strongly conservative [30, 47]. For example, when
g =0in Qg, then the discrete velocity is exactly divergence free, instead of weakly
divergence free. Next, we briefly present this method.

Let T; be a geometrically conformal, shape-regular mesh on 2. We require that
Trn be aligned with I'sp. For each triangle T € Ty, denote by hp its diameter. Let
h be the maximum of all h7. Denote 7;;9 and 77LD to be the meshes in g and Qp,
respectively.

Denote by &, the set of all edges in T,. For each edge e € &, denote by h. its
length. Let 7P be the set of all edges in 7, NTsp, and let £, EP be the set of
all edges in 7, N (Qs UT'g), T, N (2p UT' p), respectively. We also denote E(fh and
S(fh to be the set of edges interior to 2g and Qp, respectively.

Let O, P be operators defined on each T € 7715 or 7,2, but may not be well-
defined on the entire €2. For example, the gradient operator on the space of dis-
continuous piecewise polynomials on 7;,. We introduce the notation for discrete L?
inner-products as following

(00, PO)rs = 3 (OC), P())r,

TeT,?
(OC), P()gp = > (00), P(-))r
TeT,P
Similarly, define < -, - >es, < gy <y >ep, <oy D and < -,- >gsp
in the same fashion. With the aid of these notations, we can also denote mesh-

dependent "broken” L? norms in a straight-forward manner. For example, |- l7s =
(-, )}/32 and || - ||gsp L >i,éQD We especially remark that the ”broken” norm
h h

may even contain hr or h. in it. For example
b

1/2
1/2
Ihavlle = (oo = (3 w1l
TeT?

1/2
Iz 2 olgo =< b Voo, 0 o= (X ol2)

spD=
&y
ecESP

Such notations shall greatly clean up the style of this paper.
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Let Vi, C Hp(div,Q2) and Qp C Q be a pair of the Raviart-Thomas [37] finite
element spaces, except for the lowest-order one, defined on 7;. That is, V', is the
RTy. space, with k > 1, and @}, is the discontinuous P space. Notice here we
exclude the RTj element, since otherwise V', NV will be empty. Readers may refer
to [10, 14] for more details and properties of the RT elements.

For convenience, denote V' g and Vj p to be the confinement of V in Qg
and Qp, respectively. Similarly, for any v € V', it can be split into vy g € Vi g
and vy, p € Vi, p. Denote P, the space of H' conforming Lagrange finite element
space on Ty consisting of piecewise polynomials with degree less than or equal to
k, and let Py, s, P, p be the confinements of P, on Qg and {p, respectively. By
the definition, we have

(Prs)’NVsCVys.

Finally, we point out that all functions in V', satisfy the strong coupling condition
(2.3) on the interface I'gp.
Define a discrete bilinear form

s (1.0) =20 (D). D))~ < (D)), o] > — < ul, (D)) >

o
< bl e )
where {-} and [-] denote the average and the jump on edges, respectively, and o > 0
is a parameter of O(1). On the boundary edge e C I'g, {-} and [-] are just the one-
sided values. On each edge, the direction n is taken to be the same as the direction
in [-], that is, if [v]|c £ v|7, —v|7, where T and T} share the edge e, then n points
from T7 to T>. The notations in the definition of bilinear form ag ), are standard in
the discontinuous Galerkin literature and readers may refer to [15, 16, 30, 47| for
more details.
Now, define

ap(uw,v) = agp(u,v) + ap(u,v) + ar(u, v).
We have the discrete problem [24, 30]: Find (up, pr) € Vi X Qp, such that

{ah(uh,v) +b(v,pr) = (f,v) forallve Vy,

3.1
3.1) b(un,q) = —(9,9) for all ¢ € Qp.

Since Vj, g is not in H&,FS(QS)27 the discrete space Vj, is not a subspace of V.
Therefore it does not inherit the norm of V. Here we shall define a discrete norm
on Vi, by

lollv, = (nw%; 1A o] s + luM K s - E2on

1/2
IR, + (V- v||?z) .

Although the norm || - ||y is not well-defined on V,, we point out that the discrete
norm || - ||y, is well-defined on V. Indeed, it is clear that ||v||v, = |v|v for all
v € V, since the jump term ||hg1/2[v] [|es vanishes. Later we shall use this property
and build certain discrete functions in V.. Then for these functions, one can easily
shift from the discrete | - ||y, norm to the continuous || - ||y norm.
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The space Q3 is a subspace of @ and inherits its norm, which is just the L?
norm. Define the norm in (V + V) x Q by

1/2
1wl = (ol + 1)
Again, we have
I, @l = (v, q)ll  forallv €V and g € Q.
Well-posedness and a priori error estimates for (3.1) have been given in [24, 30]:

Theorem 3.1. FEquation (3.1) has a unique solution (uy,pp) for o large enough,
but not depending on h. Assume the solution (u,p) of (2.7) is in H*(Q)? x H*()
with 3/2 < s < k + 1,then

ll(w = wn,p = pu)lly < Ch*~H(Juls.o + [pls.0),

where C' is a positive constant independent of the mesh size.

4. RESIDUAL BASED A POSTERIORI ESTIMATION

The goal of this section is to derive an a posteriori error estimator for the problem
(3.1). For simplicity of notation, we shall use “<” to denote “less than or equal
to up to a constant independent of the mesh size, variables, or other parameters
appearing in the inequality”. In this section, we will also frequently use the following
well-known inequality: for any function £ € H(T) where T is a triangle with an
edge e, the following estimate holds:

(4.1) hell€lZ < €N + hEIIVENIF
To derive an a posteriori error estimator, we first denote
Eu = U — Up, E€p =D — DPh,
where (u,p) is the solution to (2.7) and (wp, pp) is the solution to (3.1). The idea
of deriving a reliable a posteriori error estimator is to find an upper bound for
(& w, ep)l,-
As pointed out in the previous section, the norms |- ||, and || - || are identical on

V x @Q. Thus we introduce a new discrete function w, € V', which is defined from
the discrete solution u; and satisfy

(4.2) [ = @nllv, < Ihe P lun]lles-

€

The definition of @y, and the proof of Equation (4.2) will be given in Appendix A.
Note that @, is not necessarily in V,. The term ||up — @y ||y, is usually called the
nonconformity estimator in the a posteriori error estimation literature.
Denote
Eu=u—u CV,
then

l(ew; el < llun —anllv, + [1(Eu, €p)ll, = llun — @nllv, + [[(Eu, €p)ll-

Since ||up—up||v, is bounded in Equation (4.2), we only need to estimate || (€4, €p)||-
By the Babuska’s condition (2.12),
A((Eu €p), (v,9))

l(Ew,ep)ll S sup
o (v,9)EV XQ (v, )]l
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Note that
M(Euep), (0:0) = (alEucv) + 00,6, ) + 1Ews)

= ((f»v) —a(up,v) — b(%Ph)) + <— (g.9)+ (V- ﬂh,Q))
— Resy(v) + Resa(q).

Here

Resa(q) < llg -V - anllall < (|g— V- un + s —mnvh)mn
(4.3)

< (|g SV + ||h;1/2[uh]||g,;) lall

Next, we concentrate on estimating Res;(v). Let v, € V), be any function, by
(3.1), we have

Resi p(vn) = (f,vn) — an(wn, vi) — b(vp, pp) = 0.
Thus
Res1(v) = Resi(v) — Resy p(vn)

= (f,v — ’Uh) — (a('&h,v) — ah(uh, ’U}J) — b('v — vh,ph)
— (.0 = o)y — (ap(@v) ~ ap(unon)) + (V- (0~ )l
+ (f, v — ’Uh)QS — (as(fth, ’U) — ag,h(uh,vh)) + (V . (U — ’Uh)7ph)QS

- (af(ﬂh,v) - aI(uha'vh))
= Rp + Rs + Ry,

Next, we shall derive upper bounds for Rp, Rg and R; one by one. Clearly, the
choice of vy, is essential to the estimation. We would like v}, to satisfy the following
conditions:

(1) vpisin VNV,

(2) vy, is a good approximation of v;

(3) v, should lead to a straight-forward a posteriori error estimation, which
allows us to follow well-known techniques from the a posteriori error esti-
mations of pure Darcy and pure Stokes problems.

To satisfy the third condition, we must first investigate a posteriori error estimators
for the pure Darcy and the pure Stokes equations. For the Stokes equations, we
follow the proof in [26] where vy, is chosen to be the Clément interpolation of v.
For the Darcy equation, we follow the proof in [11] where v, needs to be defined
using a Helmholtz decomposition. Now the difficulty is, how to couple these two
different type of definitions while ensuring that v, € V, N V7 Note that v, must
satisfy the strong coupling condition (2.3) across the interface I'sp.
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4.1. Defining v;,. Given v € V, we define the Stokes side approximation v g and
the Darcy side approximation vy, p separately. Then v, will be the combination of
vp,s and vy, p as long as they satisfy

(44) Vp,s * n = Vh,D * n on FSD~

On the Stokes side, the approximation can be done directly by a Clément type
interpolation onto (P, s)*NV s C V', s. Here we pick the Scott-Zhang interpolation
[41], since it also preserves the non-homogeneous boundary condition. The idea of
the Scott-Zhang interpolation is to first assign, for each Lagrange interpolation
point used as degrees of freedom for Py g, an associated integration region (see
Figure 2). Then, define the interpolated value at each Lagrange point by testing
the function with the dual basis in the associated integration region. For Lagrange
points interior to a triangle T € 7,7, the associate integration region is the triangle
T. For Lagrange points lying on edges, the associate integration region is chosen
to be an edge. Note for points where several edges meet, the choice may not be
unique. In order to preserve the boundary condition, the associated integration
region for Lagrange points lying on 0€2g need to be chosen as a boundary edge
on 0f2s. We especially note that, at the end points I's N I'sp, the associated
integration region needs to be chosen on I'g, in order to ensure the interpolated
value at these points are equal to zero (see Figure 2). Denote I} to be the Scott-
Zhang interpolation mentioned above that maps H'(Qg) to P, s, preserving the
homogeneous boundary condition on I's. On I'sp, I, maps the value at the end
points of I'gp into zero, while produces the interpolated value on I'gp using only the
function value on I'sp. Indeed, I1|r,, can be viewed as a well-defined interpolation
from Héf (Tsp) to Pu|rsy,, by simply setting the interpolation at end-points of I'sp

to be zero. Notice that Héf (I'sp) can be extended by zero on either I's or I'p, we
are able to easily make transition from Qg to Qp. That is, for £ € H&FD (Qp) and

consequently &|r,,, € H&éQ(FSD), the interpolation Ip|r,,& is also well-defined on

Isp. Furthermore, similar to the proof in [41], one can show that for any e € £,

(45) heH(I - Ih|1“sn)f||§ 5 Z h%vaH%v
TESD(e)

where Sp(e) is the set of triangles in TP that have a non-empty intersection with
e. In the rest of the paper, when there is no ambiguity, we will just denote Ip|rq,,
by Ih.

Clearly I, = (I,)? will map Vg into (P, 5)?NV s C V. s. It is also known [41]
that Iy is a projection. In other words, Iy = ¢g for all ¢g in (P s)> N Vg.
Define v, g = Ip,vg. Since I, is a linear operator, we have v, s - = (Ivg) - N =
Ij(vs-n) on I'gp.

On the Darcy side, the interpolation will be defined using a Helmholtz decom-
position. That is, we first split

vp = w + curln,

_on
curly = 88;'2 ,
8w1

where
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FIGURE 2. Associated integration region for different type of La-
grange points. Each Lagrange point is denoted by a black dot, and
the associated integration region is denoted by either a (shaded)
triangle or a (bold) edge. For Lagrange points on I's, I'sp, or the
intersection of I's and I'gp, there are special rules for choosing the
associated integration region.

Lagrange pointsinQgs

2 <>

Lagrange pointsonls

Lagrange points on I'sp

Qs Qs Qs
RSP I
lso . lsp

and w satisfies
(4.6) V-w = V-.vp,
(4.7) 'w|FD = 0, w|Fsp = 'US‘FSD‘
Here, condition (4.7) is imposed to ensure w-n|r,, = 0 and w-n|r,,, = vg-n. Then
w-n|oq, = vp-nlsq, and consequently the compatibility condition fQD Vawdr =
fQD V.-vpdr = faQD vp -nds= faﬂo w - nds is satisfied.

Of course one needs to make sure such a decomposition is well-defined and w, i
have certain regularity results. Indeed, since vg|ry, € HééQ(FS p)?, according to

[4], there exists such a w € H'(Qp)? satisfying (4.6) and (4.7). Furthermore, we
have

(4.8) lwllop < l[vflv

Now (vp — w)|q, € Ho(div,Qp) is divergence-free. Thus there exists a potential
function n € H}(Qp) such that curln = vp — w, and

(4.9) InllLep < llcurly

Now we can start to define v, p. First, we need an interpolation operator from
HY(Qp)? to V}, p, which must map w -7 to I(w - n) on I'sp . Recall that a
usual nodal value interpolation II, : H'(Qp)? — V', p associated with the degrees
of freedom of the RT} elements [10] will map w - 7o to Pp(w - 1) on I'gp, where
P, is the L? projection onto (V. p - f)|rs, = Phulrsp. Hence, we define a new
interpolation I, : H'(Qp)? — V. p such that it is the same as II;, on all other
degrees of freedom except for those associated with w - 7|p,,,. On these degrees of
freedom, define II;, by

0.9p = [vp —wloap S Vv

(4.10) /(ﬁ,,,w “n)s"ds = /Ih(w -n)s"ds forall e € &P and 0 <7 < k.

€ €
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Of course, on other degrees of freedom, ITj, inherits the properties of I, especially
the following ones

/('w—ﬁhw)-nqhds:O for alleeé}? and gp, € Qh,p,

(4.11) ¢
/(w—th)-thdsz for all T € T;” and g, € Qp.p-

T

Combine Proposition II1.3.6 in [10] and approximation property of the Scott-Zhang
interpolation in [41], then use the scaling argument, Inequality (4.5), and the prop-
erty of the L? projection, we have for all T € 771D ,

Jw - Mwlor S lw— Mywllor + | Tpw — Mywlfor

< her||Vwllr + hi (I — o) (w - A)l|lrorss

1/2
< ( 3 h%w%)

TeSp(T)

(4.12)

where Sp(T) is the set of all triangles in 7,” that has a non-empty intersection
with TNTgp.

Different from IIj, which satisfies V - (IIyw) = Qp(V - w) (see [10]), where Qp,
is the L? projection onto Q. p, II;, does not satisfy the same relation. Instead, for
all g5, € @Qn,p, by the definition of II;, and its properties (4.10)-(4.11), we have

(V- (w —hw), gn)ap
= Z ( < (w-— ﬁhw) “n,qn >or —(W — ﬁhwanh)T>
(413) TeThD
=— < (w—yw) - A, qp >gsp
=< (I—Ih)vs~'fl,qh >£S‘D .
Finally, define
VD = I, w + curlyy,,

where 7y, is the Clément interpolation of 7 into the continuous piecewise Py1 poly-
nomials on 7,” that preserves the homogeneous boundary condition on 9Qp. Of
course one can also chose 7, to be the Scott-Zhang interpolation. By the prop-
erties of the Raviart-Thomas elements [10], it is easy to see that v, p € Vi p.
Furthermore, vy g and vy, p satisfy the interface coupling condition (4.4) and hence
vy € VN V. By the approximation properties of the Scott-Zhang interpolation
I, and the Clément interpolation, we have

3 (nvs—vh,s||%+h%|vs—vh,s|iT> <Y Wl

(4.14) TeT? TeT?
3 <||n—nh||%+h%|n—nh|iT> <Y Wik
TeTP TeTP

Now we are ready to derive upper bounds, or equivalently the a posteriori error
estimators, for Rp, Rg and Rj.
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4.2. Deriving the Darcy estimator. By the definition of ap(-,-), Equation
(4.13), and the Schwarz inequality,

Rp = (f,v—vn)ap, — (aD(ﬁmv) —ap(up, Uh)) + (V- (v —=wvu),pn)ap
K 1

= (fa’U - ’Uh)QD - (Kil(ﬁh - uh)/U)QD - ( U, v — vh)QD

+ (V- (v —vn),pn)ap

= (f =K tup,v —wp)a, — (K H(@n —un),v)a,
— < (I —1Ip)vs-n,prp >gsp

S (F =K tup, v —wn)a, + lun — @l |[v]la,

— < (I —1Ip)vs n,prp >gsp
Next, notice that
(f =K 'up,v—vp)o, = (F K up, w—Tw)a, + (f K upy, curl (n—m1))a,,
where by (4.11), (4.12) and (4.8),

(f =K 'up,w —Thw)o, S inf |he(f =K 'y — Vi) |70 w0,
PhEQR,D h

S _wf [hr(f =K un — Vi)l zp lvllv,
Ph€QR,D h
and by (4.1), (4.9), integration by parts, the boundary condition of n, and (4.14)
(f =K 'y, curl (n — 1))

§<|hT curl (f =K up)[l70 + |h2/?[f — K™ ] 't||£é?h> nl,05

S (I cunt (£~ K )l + 87217 ~ K] tlep, ol

Here curl is defined for any vector-valued function & = (£, &) by

081 0&
81'2 + 8:51'

curl§ = —
Combining the above and using (4.2), we have

Ro s (it | he(f =K s = Vi)l + [y cul (F = K- un) o

Prh€EQR,D
HIRE — K ] tlep, + I sl ) ol

—< (I— Ih)'vs ~fl,ph7D >g§D .
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4.3. Deriving the Stokes estimator. Note that [v;] =0onalle € £;. By using
the definition of ag(-,-), ap,s(:,-), and T, we have

Rg = (f,v—vn)as — <as(ﬁh,v) - as,h(uh,vh)> + (V- (v —v1),pn)0s
= (f,v —wvn)as + 2vD(up — 4y), D(v))7s

- ((ZVD(uh), D(v))7s — asn(un,vi) — (pnd, V(v - vh))ns)
= (f,v —wvn)as + 2vD(up — ws), D(v))7s

— (T(un, prn), D(v — vp))7s —2v < [Uh] {D(vn)}n >¢s
< (v —vn)as — (T(un.pn). V(v - V)78

+ l[un = @nllv, [[ollv = 2v < [up], {D(vp)}n >¢s .

In the above we have used the algebraic relation that for any symmetric tensor 7
and domain K, (7,V(v —vp,))x = (1, D(v — vp))k
Using integration by parts and (4.1), (4.14),

(f,’U - vh)Qs - (T(uhaph)a V(’U - vh))ThS

=(f + V- T(wn, pn),v —vn)rs — > < T(un,pn)n,v —vp >or
TeT?

§<||hT(f + V- T(up, pn))ll7s + ||hé/2[T(uh,ph)]n||£ih) [vllv

- < T(uh,ph) (I Ih)’vs >5SD .

Combine all the above and using (4.2), we have

s 5 (Ie(f + 9 Tl )l + 10 Twn )l

e 1/2[uh1||gs>||v||v < T(un5,pns)0, (I~ Tn)os Sesp

4.4. Deriving the interface estimator. By the definition of a;(-,-) and using
the Schwarz inequality, inequalities (4.1), (4.2), we have

RI = —a[(fl/h, ) + a[(uhavh)

— <,uK l/z(uhsfuhs) i,’US'i>5}SD

1/2

— < pK™ uy, 5 -t, ('US — thg) -t >ghSD

—1/2

IN

litn = wnllv, vlv,— < pK?up g &, (I = I)vs - & >gon

S ne P lunlllesllvllv— < wK P s 8, (I = In)vg - >gsm -
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4.5. Estimator for the coupled problem. Finally, by adding Rp, Rs and Ry
together, we have

Resl('v) ,S ( inf ||hT(f — Kiluh — Vﬁh)HThD + ||hT curl (f — Kiluh)”ThD

PhEQR,D
IRLE — K] llep, + g 2l

1/2

+ 1 (f + V- T(wn, pr))ll7s + ||h2/2[T(UmPh)]n||55h) / [v]lv

— < (I —1Ip)vs -n,pnp >gsp — < T(un,s,pn,s)1, (I — Ip)vg >gsp
— < uK Y2y, -, (I — Ip)vg -t >esp .

Then, using (4.1) and (4.14),
< (I —1Ip)vs -n,phrp >gsp + < T(un,s,pn,5)7, (I —Ip)vs >gsp
+ < ,uK_l/Quh)s 1, (I - I)vg -t >gsp
= < T(un,s,pn,5)n + pr,pm + MK71/2(uh75 ‘)t (I — I)vg >gsp

S

hl/? (T(Uh,syph,s)fl + prpf + pK Y2 (w5 - iﬁ)

[vllv-
ggp
Combining the estimation for Res;(v) with the estimation (4.3) for Resz(q), and
setting pn, = pn. We can now construct an a posteriori error estimator for Problem
(3.1). Let f; and f, be the L? projection of f on a triangle 7' and an edge e,
respectively onto the space of kth order polynomials. We define the a posteriori
error estimator for the coupled Darcy-Stokes equation as following:

(1) for T € T,°

1
%5 =hill fr + V- T(un,pn)ll7 + 5 > hell[T(un, pn)In|?

e€&f ,,noT
1 _ -
t5 0 2 b MnslE YD A uns]I2 4 llg — V- ual
e€&y,NdT e€dTNl's

(2) for T € T,P
nr.p = hpllfr — K un = Vpi|7 + b llewrd (£ — K™ ) ||7
1 _
+3 Yo helllfe —K un] -2+ g = V-7,
ec€P,NOT
(3) for e € P
Nesp = hel T(un,s,ph,s)7 + prpf + pK™2(up s - D2
Then the global a posteriori error estimator is
n’ = Z Fs + Z m7p + Z 12 sp-
TEeT? TeTP ecEJP

In practice, one may distribute the value of 7. sp by certain formula on the two
triangles sharing edge e, where one triangle is in g and another in Qp. This shall
give a functioning adaptive refinement strategy. Of course one can also design more
specific refinement strategy that uses n. sp directly. Here we do not move further
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into the adaptive refinement strategies, since we are only interested in the global
upper and lower bounds for 7.

To conclude this section, in the above we have constructed and proved the reli-
ability of the a posterior estimator 7, that is

Theorem 4.1. Let €., €, and n be defined as in this section, then

lI(ew; €p)ll;, S m+ RS,

where R(f,g) is the higher order oscillation term

R(f) = Ihe(f = Fr)liz + Ihreurl(f = fr)llzo + [1he/>(f = £o) - tllep, -

5. EFFICIENCY OF THE A POSTERIORI ERROR ESTIMATOR

The a posteriori error estimator is consider efficient if it also satisfies

(5.1) 1S New ep)ll, + R(F)-

In this section, we shall prove this.

By examining nr ¢ and 97 p, we immediately realize that all terms are either
entirely interior to the Darcy side or to the Stokes side. In other words, when using
the standard technique of defining bubble functions, the support of each bubble
function is contained either in Qg or Qp. Thus, to prove

(5.2) Soonks+ Y b o Slieuw )l + R(F),

TeTy TET,

it suffices to use only the Darcy equation or only the Stokes equation. The proof
will be exactly the same as the proof for pure Darcy and pure Stokes equations.
Reader can refer to [11, 26, 45] for details.

Now we only need to prove the upper bound for Zeeng 775,5D~ The proof is
very similar to the proof of Lemma 4.5 in [5]. Below are given the details.

For each e € &P, define an edge bubble function ¢, which has support only
in the two triangles sharing e. Let 7 and T’ be the triangles in 7, and 7,7,
respectively, that contain edge e, and L : Py(e) — Pi(T7) be an extension such
that L(q)|e = ¢ for all ¢ € Py(e). One may refer to [44] for the definition of ¢., L
and the proof of the following properties:

e For any polynomial ¢ with degree at most m, there exist positive constants
dm, Dy, and E,,, depending only on m, such that

(5.3) %MMs/f@wSmea
(5.4) 1L(@ellrs < Enhllg].

Denote L = (L)? which maps Py (e)? to P(T7)2.
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Denote x. = T(un,s,pn.s)n +ph,Dﬂ+,uK_1/2(uhyg -i)i onee€ E;?D. Then using
(2.6) and (5.3),

Hhﬁﬁ/ﬁ%ﬁ
e

= /Xe¢e ((T(Ums,ph,s) — T(us,ps))n + (ph,p — Pp)N

+ uKY2 ((up s — ug) ~i)t> ds
S /Xeéi)e(T(uh,s,ph,s) — T(us,ps))nds

el (I = poll + 15 = ) - 1. ).
Then, using the support of ¢., the inverse inequality and Inequality (5.4),

/Xe@(']f(uh}s’ph,s) — T(us,ps))nds

e

= s V(L(xe)Pe)(T(un,s,pn,s) — T(us,ps)) dx

+ / L(x)8eV - (T(uns, pus) — T(us, ps)) d
7

Sl (R T 90.5) = sl + I T sn.) + Flrs )

sm*%MAEQVamgwwwp1;+mgﬁ+hnsf—fTuf)
Using (4.1), we have
lpp — pr.Dlle
S b 2lpp = puplizo + h?|V(pp — prp) 7o

= h. ' Pllepllp +he?f =K ' = Vpp,pllrp
Sh P lepline + b2 f =K un = Vpnpllzp + he/? (K™ (w = wp) |2

122 (gl + 0,0+ 1F = Frpliep +hleulzo )
Combining the above, using (5.2), the definition of || - ||, and R(f), we have
Theorem 5.1. The a posteriori error estimator n satisfies (5.1).

Remark 5.2. In both Theorem 4.1 and 5.1, the constant contained in “<” may
depend on o, the stabilization parameter in the definition of the bilinear form
as,h (-, ). However, since o is of O(1) and does not depend on h, its effect on the
stability and efficiency of the a posteriori error estimator 7 is restricted.

APPENDIX A. DEFINITION AND PROPERTIES OF up, € V, NV

Given uy, € Vi, here we define @), € V satisfying (4.2). Note that @ is not
necessarily in V. It is a commonly used technique to introduce such a u; in a
posteriori error estimations for nonconforming or discontinuous Galerkin methods.
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Readers may refer to [12] and reference therein for similar usage. In [12], @, is
constructed using the Helmholtz decomposition. Here we can not borrow their
results directly, for two reasons. First, we need an estimation of u; — uy in the
V', norm while the construction in [12] only provides a broken H' semi-norm
estimation. Second, special treatment needs to be taken in order to ensure that u,
satisfies the interface condition (2.3) strongly.

Noticing that in each T € Tj,, uy is a polynomial with degree less than or equal
to k + 1. Denote Py 1(Th,S) to be the H' conforming discrete functional space
which consists of piecewise polynomials of degree up to k+1 on each T' € T;, 5. We
define @y, as following (as partly illustrated in Figure 3):

(1) ans € Pr+1(Th,s)? is defined by setting its values on all (k + 1)st order
Lagrange interpolation points in T € T,°. At Lagrange points interior to
any T' € ’725 , its value is inherited from the value of uj 5. At Lagrange
points on I'g, including I's N T'gp, the value is set to be zero. At Lagrange
points located on edges in S(fh UE’;?D but not on I'g, define the value of @, g
to be the value of uy s from a prescribed triangle among all triangles in
725 sharing this Lagrange point. Note that by such a definition, the values
at Lagrange points on I'sp are set by using only the Stokes side solution
Up,S-

(2) Now @y, g has been defined. Next, define @y, p in the H(div) conforming
RT}11 space on Ti,p by copying the values of uj, p on all degrees of freedom
except for those associated with e € £, namely, the degrees of freedom
defined by

up.p-Nn)s ds or all e € an <r<k+1.
@, "d for all e € &P and 0 k+1

€
At these degrees of freedom, to make sure that @, g7 = up,p -7 on I'gp,
we define
(p,p -n)s"ds = /(fth’s -n)s" ds.
e e
Clearly, uy, defined as above is in V', but not V';,. We have the following lemma:

Lemma A.1. For all T € 7,7,

7+ 0 V(uns —wns)F S Y hellfuns]ll2,
e€EZ(T)

(A1) llwn,s — @n,s

where E;?(T) denotes the set of edges in 5;? who have non-empty intersections with
T. We especially point out that, benefited from the definition of an s, £ (T) does
not contain edges that lie on EP.

Proof. The proof follows from a routine scaling argument and the fact that all
norms on finite dimensional spaces are equivalent. To this end, we observe that

[n,s — @nsll7 + 3| V(uns — sz Sh: > [(uns — @ns) (@)
achGk(T)

where Gj(T) is the set of all (k + 1)st order Lagrange interpolation points in T
and | - | denotes the Euclidean norm of a vector. It follows from the definition of
up, that uy s — up,s vanishes at all internal Lagrange points in 7. We only need
to examine the value of up g — @y 5 at Lagrange points on J7. There are several
different cases as illustrated in Figure 3.
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FIGURE 3. Setting the values of u, s at different type of Lagrange
points on edges. For each Lagrange point, the shaded triangle
means it is the designated triangle that defines the value of uy_ s
on this Lagrange point. On Lagrange points on I'g, including the
intersection of I's and I'sp, the value of @y, g is simply set to be

zZero.
Qs Qs |Ils
QD l'sb
Qs s

At Lagrange points on edges in S(i B U EhSD but not on I'g, there are two possi-
bilities: (1) z; is in the interior of an edge e; (2) z; is a vertex of T'. In the first
case, we see that |(up,s — @p,g)(x;)| is either 0 or |[up, sle(x;)|, where [-]. denotes
the jump on edge e, on the two triangles sharing edge e. Furthermore, if z; lies in
the interior of an edge on I'sp, then |(up,s — @n,s)(x;)] = 0. In the second case,
we can use the triangle inequality to traverse through all edges e € 5037 5, that has

z; as one end point, which we shall denote as e € & (z;), and to obtain
(A.2) (uns —ans) (@) < D2 |lunsle(a;)].
e€$f(mj)

Notice that E,f (xj) does not contain edges in E;?D . Finally, consider Lagrange
points on I'g. Clearly for all z; in the interior of edge e C I'g,

[(wn,s = n,s) ()] = |un,s(z;)] = [[un,sle(z;)]-

For z; at the end of edge e C I'g, again by traversing through all edges e € SOS,h,
we have Inequality (A.2).
Combining the above analysis, we have for all T € 7,°

S Muns —uns)@)P S D0 Y unsle(z;)?
z;€GL(T) eGSS(T)IjEGk(e)

where Gy (e) denotes the corresponding Lagrange points on edge e. Then, using the
routine scaling argument on edges, inequality (A.1) follows immediately. ([l

Using Lemma A.1, inequalities (4.1) and (A.1), we have
It PK (s — ns) -l on

<y (hmuh,s i sl3+ bl V(s — ah,s>%)
TeT?

Shlunsllzs S 1he*lun.s]lzs-
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Next, consider the Darcy side. Clearly up p — 1w, p is only non-zero on triangles

who has at least an edge on I'sp. Using the definition of @y, the scaling argument,
the normal direction continuity on I'gp, inequalities (4.1) and (A.1), we have on
such triangles

lwn,p — @npll7 + h7|V - (wn,p — @)l 7

S Y. hell(unp —@np) A2

eCTNCsp

= Y hell(uns —ans) Rl
ECTQFSD

S D hell[unsll?

e€&P(T)

Here since T lies on the Darcy side, & (T') means the set of edges in & who has
non-empty intersection with all triangles in 7;;9 that shares an edge with 7.

Combining the above and using the fact that [@;] = 0 on all e € &, this

completes the proof of (4.2).
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