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A NEW FINITE VOLUME METHOD FOR THE STOKES
PROBLEMS
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Abstract. A new finite volume method for solving the Stokes equations is
developed in this paper. The finite volume method makes use of the BDM;
mixed element in approximating the velocity unknown, and consequently, the
finite volume solution features a full satisfaction of the divergence-free con-
straint as required for the exact solution. Optimal-order error estimates are
established for the corresponding finite volume solutions in various Sobolev
norms. Some preliminary numerical experiments are conducted and presented
in the paper. In particular, a post-processing procedure was numerically inves-
tigated for the pressure approximation. The result shows a superconvergence

for a local averaging post-processing method.

Key Words. finite volume methods, Stokes problems, discontinuous Galerkin
method

1. Introduction

In scientific computing for science and engineering problems, finite volume meth-
ods are widely used and appreciated by users due to their local conservative prop-
erties for quantities which are of practical interest (e.g., mass or energy). Among
many references, we would like to cite some which addresses theoretical issues such
as stability and convergence [5, 6, 10, 11, 15, 16, 20, 21, 22, 8, 9, 10, 28, 29]. The
goal of this paper is to investigate a finite volume method for the Stokes equations
by using the well-known BDM elements [3] originally designed for solving second
order elliptic problems. We intend to demonstrate how the BDM element can be
employed in constructing finite volume methods for the model Stokes equations.
The idea to be presented in the paper can be extended to problems of Stokes and
Navier-Stokes type without any difficulty.

Mass conservation is a property that numerical schemes should sustain in compu-
tational fluid dynamics. This property is often characterized as an incompressibility
constraint in the modeling equations. To sustain the mass conservation property
for the Stokes equations, several finite element schemes have been developed to
generate locally divergence-free solutions [12, 23]. In particular, a recent approach
by using H (div) conforming finite elements has been proposed and studied for a nu-
merical approximation of incompressible fluid flow problems [13, 25, 26]. The main
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advantage of using H (div) conforming elements is that the discrete velocity field is
exactly divergence-free. Another advantage of using H(div) conforming elements
is that the resulting linear or nonlinear algebraic systems can be easily decoupled
between the velocity and the pressure unknowns, largely due to the availability of
a computationally feasible divergence-free subspace for the velocity field. The pur-
pose of this paper is to further explore the H(div) conforming elements in a finite
volume context.

Our model Stokes equations are defined on a two-dimensional domain €2. The
standard Dirichlet boundary condition is imposed on the velocity field. The Stokes
problem seeks a velocity u and a pressure p such that

(1) ~Au+Vp = f inQ,
(2) V-u = 0 inQ,
(3) u = g ondf,

where the symbols A, V, and V- denote the Laplacian, gradient, and divergence
operators, respectively. f is the external volumetric force, and g is the velocity
field on the boundary. For simplicity, we shall assume g = 0 in the algorithmic
description of the finite volume method. But the numerical experiments of Section
6 will be conducted for non-homogeneous data.

This paper is organized as follows. In Section 2, we introduce some notations
that help us to give a technical presentation. In Section 3, a weak formulation
is presented for the Stokes problem. Section 4 is dedicated to a presentation of
a finite volume scheme by using the BDM element. In Section 5, we provide a
theoretical justification for the finite volume scheme by establishing some error es-
timates in various norms. In addition to the standard H' and L? error estimates,
we shall include an estimate for the pressure error in a negative norm, which en-
sures a certain superconvergence for the pressure when appropriate postprocessing
methods are applied. In Section 6, a divergence-free finite volume formulation is
discussed. Finally in Section 7, we present some numerical results that demonstrate
the efficiency and accuracy of the new scheme.

2. Preliminaries and notations

We use standard notations for the Sobolev spaces H*(K) and their associated
inner products (-, -)s,x, norms ||-|s &, and semi-norms |-|s x, s > 0 on a domain K.
The space H°(K) coincides with L?(K), in which case the norm and inner product
are denoted by || - ||k and (-,-)k, respectively. The subscript K is suppressed
when K = Q. Denote by LZ(2) the subspace of L?(2) consisting of functions with
mean value zero. Let H(div, Q) be the space of all vector functions in (L?(£2))?
whose divergence is also in L?(Q), and Hg(div,)) be the space of all functions
v € H(div,Q) such that v-n = 0 on 9f, where n is the unit outward normal
vector.

Throughout the paper, we adopt the convention that a bold character in lower
case stands for a vector. For simplicity, the Stokes problem (1)—(3) is assumed to
have a full regularity of u € (H%(Q))? and p € HY(Q). In addition, we use < (2)
to denote less than (greater than) or equal to up to a constant independence of the
mesh size or other variables appeared in the inequality.

Let 73 be a quasi-uniform triangulation of 2 with characteristic mesh size h.
Denote &, to be the set of all edges in 7 and S}OL = EL\ON to be the set of all
interior edges. Each triangle T' € 7}, is further divided into three subtriangles by
connecting the barycenter C' to the vertices Ay, k = 1,2, 3, as shown in Figure 1.
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Denote the subtriangles by Si, & = 1,2,3. Associated with each interior edge e,
the two subtriangles which share the edge e form a quadrilateral. Similarly, each
boundary edge is associated with one subtriangle. Define the dual partition 7, to
be the union of these interior quadrilaterals and the border triangles.

FI1GURE 1. Subtriangles in 7" and the dual volume associated with
interior edge e.

Let Py(T') be the set of all polynomials on T', with degree less than or equal to k.
We use the lowest order Brezzi-Douglas-Marini element (BDM;) to approximate
the velocity. This element consists of piecewise linears on each triangle and the
degrees of freedom are the zeroth and the first order momentum on each edge
[3, 4]. Define the trial space V}, and the test space W}, for the velocity, respectively,
by

Vi, = {V S HQ(dZU,Q) : V|T c BDMl(T), VT € %},

W, ={£e€L*(0)?: &k € Po(K)?, VK € T/}
Notice that W}, is defined on the dual partition 7;*, which is a common feature of
finite volume methods. Let the discrete space for pressure be defined by

Qn={q € L§(Q) : qlr € R(T), VT € Tp,}.

For vectors v and n, let v ® n denote the matrix whose ijth component is v;n;
as in [13]. For two matrix valued variables o and 7, we define o : 7 = Z?,j:l 0ijTij-
Let e be an interior edge shared by two elements K; and Ko in 75, and let n;
and ny be unit normal vectors on e pointing exterior to K; and Ks, respectively.
We define the average {-} and jump [-] on e for scalar ¢, vector w and matrix T,
respectively, by

1
{q}1: 5(Q|8K1 +4qlok,), 4] = qdlox,n1 + qlox,n2,

{w} = §(W|aK1 +wlor,), [W]=wlak, -1+ Wlak, - na,
and .
{r} = 5(7\8K1 +Tlor,), [T] =Tlok, - m1 + Tlok, - na.

We also define a matrix valued jump [ -] for a vector w as [w] = w|sx, ® ny +
Wl|ar, ® ng on e. If e is an edge on the boundary of €2, define

{¢} =¢, [w]=w-n, {r}=7, [w]=wen.
Let V(h) = Vi + (H*(Q) N H}(Q))? and Q(h) = Qn + (H* () N L3(Q2)). Define a
mapping v : V(h) — W), by
YWk = hi /{v}ds for all K € 7,7,

where e € &, is the edge associated with the dual volume K and h. is the length
of e.
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Finally, we introduce three bilinear forms which will be used to describe a finite
volume scheme in the coming section.

Ao(v,w) = — Z / g—z-('yw)ds, B(v,q) = Z /TV~qux,

KeT; /0K TET,

(4)

3. A weak formulation

The objective of this section is to derive a discrete weak formulation that will
lead to a finite volume scheme for the Stokes problem. The main idea is to apply
the conservative principle on each dual element K € 7, and then seek for an
approximate solution from the regular trial finite element space V}, x Q. To this
end, we multiply (1) and (2) by & € Wy and ¢ € @y, respectively, and using
integration by parts to obtain

(5) =Y [ Gaetse Y [ penas —(g)

KeT; KeT;
(6) Z / V - ugqdx =0,
TeTy T

where n is the unit outward normal vector on 9K. With the help of notation (4),
it is easily seen that the solution (u,p) of (1)-(3) satisfies
(7) Ao(u,v) +C(v,p) = (f, yv) for all v € V(h),
(8) B(u,q) =0 for all ¢ € Q.

When restricting all the functions in (7) and (8) into appropriate finite element
spaces, the bilinear forms Ag(-,-) and C(-,-) can be represented in a way that
resembles those from the standard finite element methods. Such a representation

can shed light on a finite volume scheme that is stable and accurate. The rest of
this section shall discuss various representations for the bilinear forms Ay (-, ) and
c(- ).

Denote by (-,-)7, the discrete L? inner-product as the summation of L? inner-
products over all element T' € 7j,. The following two lemmas give equivalent repre-
sentations for Ag(-,-) and C(-,-). Their proof will be given in Appendix A.

Lemma 1. For v,w € V(h), we have

Ap(v,w) =(Vv,Vw)g, — Z {Vv}:[w]ds

ec&, V€

+ Z [Vv] - {yw —w}ds + (Av,w —ywW)7, .

ec0”®

9)

Furthermore, if v € Vi and w € Vj,, then

(10) Ap(v,w) = (Vv,Vw)g, — > [{Vv}: [w]ds.
ec&p V€
Lemma 2. For (v,q) € V(h) x Q(h), we have

(1) O =~(Vovias+ 3 [ (v=av) ngds + (Va9 = vz,
TET, oT
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Furthermore, if ¢ € Qy, then
(12) C(v,q) =—(V-v,q)1, = —B(v,q).

4. Numerical schemes

In this section, we propose and study three discrete numerical schemes based on
a stabilization of the weak formulation (7)—(8). To this end, we introduce a bilinear
form as follows:

Ai(v,w) = Ap(v,w) +aZ/ : [w]ds,

ecéy,

where o > 0 is a parameter to be determined later. Note that the bilinear form
Ap(+,-) has the representation (10) when the arguments fall into the finite element
space Vj,. Thus, a skew-symmetric and a symmetric variation of A;(-,-) can be
defined as follows:

(skew-symmetric)  As(v,w) = A;(v,w) + Z {VW}
ecé),

(symmetric) Az(v,w) = A;(v,w) — Z {Vw} : [v]ds

ec&, V€
Notice that if u is smooth enough (e.g., u € (H3/22(Q))? for £ > 0), then
Ai(u,v) = Ap(u,v) forall veV, andi=1,2,3.

Define a bilinear form D(r, q) as

D(r,q) 52/

ec&d

where 3 > 0.

The finite volume scheme seeks (up,pr) € Vi, X @, such that
(13) A(up,v)+ C(v,pp) = (f, vv) for all v e V,,
(14) B(uy,q) + D(pn,q) =0 for all ¢ € Qp,
where A(-,-) is one of A;(-,-), i =1,2,3.

This finite volume method is consistent, i.e. the solution (u,p) of the Stokes
equations (1)—(3) also satisfies the system:
(15) A(u,v)+ C(v,p) = (f, yv) for all v € V},,
(16) B(u,q) + D(p,q) =0 for all ¢ € Q.
It can be shown that the discrete system (13)—(14) is well-posed. In fact, it follows
from Lemma 2 that C(v,py) = —B(v,pp). In addition, it is well known that for
BDM elements, the divergence operator from V}, to Qp, is onto. Hence by the mixed

finite element theory [4, 24], one only needs to verify that A(-,-) and B(-,-) are
continuous and A(-, -) is coercive with respect to a suitably defined norm. Speaking



6 J. WANG, Y. WANG, AND X. YE

of norms, let us introduce the following norms and semi-norms on V' (h):

|V|ih = Z ‘VE,Tv ||VH§ :/v~vds,
€

TeT,
_ 2 2
IV, Ivl® = IVl + > heivis e
ecéyp TETh

gl = 8 helllalliZ,

ec&p

2
Ivily =

where hp is the maximum edge length of T'. The standard inverse inequality implies
that

(A7) VIS vl W € Vi

Let e be an edge of any triangle T. It is well known [1] that for any function
g € HY(T),

(18) gz < (hz'llgll + hrlglir) -

The coercivity of the bilinear form A(-,-) is given in two coming lemmas. The
proof of these lemmas requires the following inequalities on the approximability of
v, whose proof will be given in Appendix B:

(19) v —vllz, < Rlvl for all v € V(h),

(20) > / (v —v) -n[>ds < h||v]? for all v € V(h).

Lemma 3. Forv,w € V(h) and r, ¢ € Q(h), we have

(21) Ai(v,w) SIvilllwll fori=1,2,3,
1/2
(22) Clv,q) S Ivll <||Q|2+ > hZTquT> :
TeT,

1/2
(23) D(r,q) S rlllolialllo < Mirllo (IQI|2+ > hilal} T) :

TeTy

Furthermore, if (v,q) € Vi, X Qp, then
(24) Cv,q) < lIvilllall-
Proof. It follows from the Cauchy-Schwarz inequality and inequality (18) that

1/2 1/2
> /{Vv} < (Z he II{VV}|2> <Z helll[[W]]§>

el el ecl

1/2 1/2
(25) <|V1h + > hlvl T) (Z helll[[W]]Hﬁ) S vl

TeT, e€&y

Similarly, by using the Cauchy-Schwarz inequality and inequalities (18), (19), it
can be shown that

Y Vv {yw = whds| S |Ivilliwl].

e€&y ¢
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Therefore, by using the representation (9) of Lemma 1, inequalities (18), (19), and
the Cauchy-Schwarz inequality, we obtain

Avow)l S Vialwlos + VI [[AVI2 Al wl

~ 1/2 1/2
+a (Z helll[[V]]Hi) (Z hJIIHW]]H?)

ecEp e€ly
S vl

~

The same argument can be applied to handle the boundedness of As(+,-) and As(-, ).
As to the boundedness of the bilinear form C(-,-), by using the representation
(11) of Lemma 2, inequalities (18), (19) and (20), we have

1/2
IC(v, @)l < [vIvnllal + (hllqllz + Y h|q%,T> RY2|v]| + |Vl kv ]
TeT),

1/2
Sl <Ilq2+ > h%ql%’;) :
TeT,

This completes the proof of the boundedness estimate (22). (23) can be obtained
similarly. The required inequality (24) follows immediately from the standard in-
verse inequality for finite element functions. O

Lemma 4. For all v € V}, we have the following coercivity results:
(26) Av,v) Z VP fori=1,2,3,
provided that o > 0 for i = 2 and sufficiently large values of a for v =1, 3.

Proof. Using the representation (10) of Lemma 1, the inequality (25), and the
standard inverse inequality for finite element functions, we obtain

Ai(v,v) = (Vv,Vv)p, — Z /{Vv} [v]ds + « Z h; V] ds

ecE V€ ey V€

v

1/2
vin+a D B HIVIIE = Colviin (Z he‘lll[[V]]Hi)

ec&y ecép
2 2
Z VIR Z VI,

where Cj is a positive constant related to the inverse inequality. Here, the last line
is obtained by using the arithmetic-geometric mean inequality and by choosing «
large enough.
The coercivity of As(-,-) can be established in a similar manner. For As(-,-), we
have
As(v,v) = (Vv,Vv)7, +« Z h V] ds

ec&p ¢

. 2 . 2
> min(L a)|[vlly Z min(1, a)|lv]".

~

O

The proof of Lemma 4 indicates that, for ¢ = 1,3, the value of o depends upon
the constant in the inverse inequality. Therefore, the minimum value of « for which
Aq(-,-) is coercive is mesh dependent. Although this dependence is theoretically
weak, it may still impose some inconvenience in practical computation because
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the value of the parameter o has to be accurately estimated in order to have a
mathematically well justified numerical scheme for the Stokes problem. To avoid
the difficulty of selecting parameters, one is recommended to use the bilinear form
As(-,-) which is parameter insensitive.

5. Error estimates

In this section, we assume that « is properly selected so that A(-,-) is coercive.
To establish error estimates, we first need to verify the discrete inf-sup condition
[4].

Lemma 5. The bilinear form B(-,-) satisfies the discrete inf-sup condition

B
(27) sup (
vEVR H\

v,q
VD 2 el for allg € Qu

Proof. Let 11, : (H}())? — Vj, be the local interpolation with respect to the
degrees of freedom of the BDM; element. It has the following properties [4]:

B(v —TI1v,q) =0, for all ¢ € Qp,
v —ILiv]sr S ht*S\v|t7T, forall T €7y, s=0,1, and 1 <t < 2.
Hence it is not hard to see that
v =Thvll, Slivlli  forall v e (Hg(2))%.

Then, it follows from [|v||; = [v|1 < ||v|: and the triangle inequality that

(28) vl < (vl
To verify (27), we first use the operator II; to obtain
B B(1l B
(29) sup (Vv Q) > sup ( 1V, Q) _ sup (Vv q) )
vevi IVl veri(@)? v veri @) vl

Observe that by using (28), and (17), we have for all v € (H}(Q))?
(30) vl < vl < (vl
Thus, substituting (30) into inequality (29) gives

B B
p B0 5 (v.q)
vev, vl vE(HE(2))2 [v]l1

2 llall,

where we have used the inf-sup condition for the continuous case [4, 19]. O

5.1. Error estimate in H' x L?. We first establish an optimal-order error esti-
mate for the velocity in || - [|-norm and for the pressure in the L?-norm. Observe
that the solution of the Stokes problem (1)—(3) satisfies equations (15)—(16) and
the discrete solution satisfies (13)—(14). Thus, the error estimate in H! x L? can
be derived by following a routine procedure in the theory for mixed finite element
methods [4].

Theorem 1. Let (up,pn) € Vi x Qp be the solution of (13)—(14) and (u,p) €
(H?(Q) N HF(2))? x (LE(Q) N H(2)) be the solution of (1)—(3). Then, one has

(31) la = wnll + llp = prll < llu = Tyull + [lp = Tapl| + Alpl):.-
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Proof. Let II; be defined as in the proof of Lemma 5, and II, be the L? projection
from L3(€) to the finite element space Q. Let

(32) ep, = up, — Iu, Ny = pyn — ap

be the error between the finite volume solution (uy, pr) and the projection (II;u, IIap)
of the exact solution. Denote by

(33) e=u-Iu, n=p-—1Ilp

the error between the exact solution (u,p) and its projection. Subtracting (13) and
(14) from (15) and (16), respectively, we have

(34) A(€h7 V) + C(V, Uh) = A(€7 V) + C(V, 77),
(35) Bl(en,q) + D(mn,q) = Ble,q) +D(n,q),

for all v € V}, and q € Q.
By setting v = ¢ in (34) and ¢ = 73, in (35), and using Lemma 2 and the fact
B(e,nn) = 0, the sum of (34) and (35) gives

(36) Alen, €n) + D(nnymn) = Ale, en) + Clen,n) + D(n,1n)-

Thus, it follows from the coercivity (26) and the boundedness (21), (22), (23)
that

1/2
2 2
llen ™ + Wnslllo < Nellllenll + <||77||2+ > hiln ?,T> (lenll + M mn]llo),

TeT),

which implies that

1/2
Nenll + Mmnlllo < el + linll + (Z h%lnlh) :

TeT)

The above estimate, combined with the triangle inequality and the well-known H*
stability of the L? projection Ils, gives

(37) la = wanll + lllp = pallly < llw = yull + [lp — apl| + Allpl,

which completes the estimate for the velocity approximation.

As to the error for the pressure approximation, it follows from the discrete inf-
sup condition (27), the representation (12) of Lemma 2, inequalities (21), (22), and
(37) that

B —1I C(v,Top —
pn —Tlapl] < sup B(v,pn —Tlop) _ sup C(v,Map — pn)
VEVS Il VeV (vl
A(uy —u,v) + C(v,p — Tlyp)
= sup
VeV, vl

1/2
S e =l + [lp — apl + ( > hilp - HzPI?,T)
TeTy

S lla=Thul| + [[p = Hopl| + Allpll:-

Then the desired estimate (31) follows by using the standard triangle inequality. O
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5.2. An L? error estimate for the velocity approximation. We first intro-
duce a dual problem: find (w,\) € H}(Q)? x L3(Q2) satisfying

(38) —AwW+VAi=u-—u, in Q,
(39) V-w=0 in Q,
(40) w=0 on 9.

As assumed earlier, this Stokes problem also has H?(Q2) x H!({2)-regularity and the
following a priori estimate holds true:

(41) [wlla + Al S la = ag].

Let w; € V}, be the continuous piecewise linear interpolation of w, then the jump
term [w — wy] is zero and it is not hard to see that

(42) Iw = wrll + [|A = T2A} S Alu =y .
For convenience, denote
(v,w)g, = Z v-wds.
ecéy €
We have the following optimal order L? estimate for the velocity.
Theorem 2. Let (u,p) € (H*(Q) N HF(Q))? x (LE(Q) N HY(Q)) and (up,pn) €
Vi, x Qp, be the solutions of (1)-(3) and (13)-(14), respectively, with A(-,-) = As(-,-).
Assuming the body force f is in (H*(Q))2, then
la— s S 2lla = anll + llp = pall + Al£]]1)-

Proof. Testing (38) by u — uy, then using equation (59) and the fact that V - (u —
up) = 0 and (u — uy) - n is continuous across internal edges of 7, we have

|lu — uhH2 =—(u—uy, Aw) + (u—up, V)

(43) =(Vu—up), Vw)g, — Z (Vw -n, u—uy)sr
TeT)

= (V(u—up), Vw)z, — {Vw}, [u—us])e,.

Meanwhile, subtracting (13)—(14) from (15)—(16), and setting the test function
to be (wy, I )\), yields
(44) A(u_ uh7WI) +C(W17p_ph) = 07
(45) B(u—uy, II\) =
Using Lemma 1, the definition of =, and the fact that w; is continuous, we have

A(u —up,wy)
=(Vu—up), Vwi)z, + (A(u—w), wy —ywr)z, — {Vwi}, [u—up])e,.

Similarly, using Lemma 2, the facts that ) ,cr ((Wr —ywr)-n, p—ps)or = 0 and
Jr(wr —~ywr)dz = 0, we have

C(wr, p—pn) =—(V-wr, p—pn)z, + Z ((Wr —ywr)-n, p—ppor
TeT),
—(V(p —pn), wi —ywr)T;
=—(V-wr, p=pn)7 — (Vp, W —yW[)7T,.
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Substituting the above two equations into (44), subtracting (44) from (43), and
using V - w = 0, we have

la—w|? = (V(u—w), Vw)z, — ({Vw}, [u—wl])e,
—(V(u—up), Vwy)z,, — (Au, wy —ywy)7,
+({Vwr}, [u—un])e, +(V-wi, p—pn)7, +(Vp, Wi —ywr)7,
=(V(u—-w,), V(W —wj))7, + (-Au+ Vp, w; —ywy)7,
= (V-(w=wi), p=pn)n, — (VW =wp)}, [u—u])e,
Eh+ L+ L+ 1L

We estimate I;, i = 1,...,4, one by one. Using the Schwarz inequality and
inequality (42), we have

L] =(Vu—-w), V(w—wi))7, S [u—wflw—wrli S hllu—uplflflu—um].
An elementary calculation shows that fT w; —ywy)dx = 0 for all T € 7;,. By
inequalities (19), (42), we have

|| = (—Au+ Vp, w; —ywr)7, = (f —f, w; —ywr)7,
S PRl lw ]l = B2 €ll2 Wiy
S R2IE] la = g,

where f is the piecewise constant average of f over each triangle. It is clear that

[Is| = (V- (W —=w5), p—pn)7, S hllu—upllllp—prll
Finally, using the Schwartz inequality and 1nequahty (18), we have

[1a] S (Z he|[{V(w = wr) }Il2> (Z he 1II[[u—uh]]2>

eely e€&y
S hllu =y [lu — ay .

Combining all the above gives
o —upl| S A(fla —upll + llp — pall + AlE]L).
This completes the proof. ([

5.3. An error estimate for the pressure in negative norms. Error esti-
mates in negative norms often reveal important approximation properties that the
standard, and commonly used L? or H! norms are built to ignore. For exam-
ple, superconvergence is one such property that can be identified through an error
analysis with negative norms. The goal of this subsection is to establish some er-
ror estimate for the pressure approximation in the H~! norm. The result to be
presented here suggests a superconvergence for the pressure approximation when
correct postprocessing techniques are applied.
Consider the following dual problem: find (w, ) € Hg(2)? x L(Q) such that

(46) “Aw £ VE=0 in Q,
(47) Vow=¢ inQ,
(48) w=0 on 0%,

where ¢ € H() is a given function with the correct compatibility condition. We
assume the H?(2) x H'(Q)-regularity for the solution of the problem (46)-(48):

(49) [wll2 + €]l < [0l
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Let wy € V}, be the continuous piecewise linear interpolation of w, then the jump
term [w — wy] is zero and

(50) llw = wrll + 11§ = Tag ]| < Rllll2-

Theorem 3. Let (u,p) € (H2(2) N HE(Q))? x (LE(Q) N HY(Q)) and (un,pp) €
Vi X Qp, be the solutions of (1)-(3) and (13)-(14), respectively, with A(-,-) = As(-,-)
and 3 = 0. Assuming the body force £ is in (H*(Q))?, then

1P = prll-1 S h(llw = unll + llp = pal| + Rl£]]1).

Proof. Subtracting (13)—(14) from (15)—(16), and setting the test function to be
(wr,5¢), yields

(51) Alu—up,wp) + Clwr,p—pr) = 0,

(52) Bu—uy, II¢) =

First, testing (47) by p — pn gives

53)  (p—pn @) = Blw,p —pn) = Blw —wr,p—pn) + B(wr,p — pn).

Using Lemma 2 and the fact that Y- ,cr ((wr —ywr) -0, p—ps)or and [1(wr —
~ywr)dx are both zero, we have

(54) B(wr,p—pn) = —Clwr,p — pn) — (Vp, w —yw)7,.

Using (51) and (54), (53) becomes

(55)  (p—pn, ) = B(w—wr,p—pn) + Aa —wp,wp) — (Vp, w = yw)7,.

Testing (46) by u— uy, then using equation (59) and the fact that V- (u—up) =0
and (u — uy) - n is continuous across internal edges of 7, we have

0=—(u—up, Aw)+ (u—uy, V§)

(56) = (V(u—-u), V), = > (Ve n, u—up)or
TeT),

= (V(u—up), Vw)z, — {Vw}, [u—u])e, .
Using Lemma 1, the definition of v, and the fact that w; is continuous, we have
A(u — up,wy)
=(V(u—up), Vwi)7, + (A(u—up), w;y —ywr)7, — {Vwr}, [u—un))e,-
Substituting the above equation into (55), then subtracting (56) from (55), we have
(p—pn¢) = Bw—wrp—pn)+(Va—u), Vwr)z, + (Au, wr —ywr)7,
({Vwr}, [w—up])e, = (V(a—w), V)7, + {Vw}, [u—up])e,
(Vp, w — ),
= Blw-wrp—pn)— (Va—up), V(w —wi))7,
+ (Au—Vp, w; —qwi)7, + {V(w —wi)}, [u—up])e,
= h+L+I3+ 14
Using the Schwarz inequality and inequality (50), we have
[Ii| = B(w —wr,p—pr) S lp—prlllw —wil S RlSl1llp — pall-
and

[I2| = (V(u—w), V(e —wi))7, S lo—wllw —wrly S Aol — -
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Using the fact [.(w; —ywy)de = 0 for all T € 7;, and the inequalities (19), (50),
we have B
[I3] = (Au— Vp, w; —ywi)g, = (f — £, ywr —wi)7,
S W2|If [l flwrll = R2(1£]]]ws ]y
S B2IIEll I,

where f is the piecewise constant average of f over each triangle.
Using the Schwartz inequality and inequality (18), we have

JAPS (Z hel{V(w — wr }II2> (Z he Hlfu - Uh]]||2>

e€&p e€€y
S Rl ol fla — ugll.

Combining all the above gives

1P = pall-1 < h(llw = upll + [[p — pall + RlIf]1).
This completes the proof. ([l

6. A divergence-free finite volume formulation

Observe that the velocity field in discrete equations (13)—(14) is exactly divergence-
free. Thus, it is natural to solve for the velocity from a divergence free subspace
Dh:

h:{VEVh; V'VZO}.
In particular, by restricting the test function to the subspace Dy, the discrete
formulation (13)-(14) can be reduced into the following divergence-free finite volume
scheme: find u;, € Dj, such that

(57) A(up,v) = (£,9v) for all v € Dy,

The above formulation has several advantages in practical computation. First, it
eliminates the pressure from a coupled system and therefore avoids the solution of
a saddle point problem of very large scale. Secondly, the problem (57) is symmetric
and positive definite if the form A(v,w) = Az(v,w) was used. Consequently, the
resulting matrix problem can be solved by some existing conjugate gradient meth-
ods. In addition, there are methods available for developing efficient preconditioners
for symmetric and positive definite problems. The formulation (57) is particularly
attractive in cases where the velocity is the primary variable of interest, such as
the application of groundwater flow simulation.

In the computational implementation for (57), one needs to know the structure
of the subspace Djy. In fact, a computable basis for the divergence-free subspace
Dy, can be derived by using the potential from the Helmholtz decomposition. For
problems with two spacial variables, a divergence-free vector v admits a potential

function ¢ and
— — _ay¢
v = curlg := (&E(b).
For the Brezzi-Douglas-Marini (BDM) elements, the following result is well-known
[4, 17, 18]:

Theorem 4. There exists a one-to-one map curl : S, — Dy, where the stream-
function space Sy, is defined as following:

(58) S ={¢ € Hy(Q); ¢|r € Po(T), T € T}
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According to this theorem, one can derive a computable basis for D} by simply
taking curl of the nodal basis of Py conforming elements.

7. Numerical examples

In this section, we present some numerical results for the new discretization
scheme. All the numerical experiments are conducted on the Stokes equation de-
fined on the unit square domain = (0,1) x (0,1) with uniform triangulations.
The triangulations are constructed as follows: (1) partition the domain into an
n x n rectangular mesh, and (2) divide each square element into two triangles by
the diagonal line with a negative slope. We use 75, to denote the uniform triangular
mesh with mesh size h = 1/n. Here we only report results for 3 = 0. The results
for B > 0 are similar.

The test problem 1 assumes the Stokes problem has an exact solution of u =
(u1,usz) and p where

uy = —20%(z —1)%y(y — )2y — 1), ug =2y (y — 1)%x(z — 1)(2z — 1)
and
p=a>+y?—2/3.

It can be seen that the exact solution satisfies the following conditions:
ulpn =0, /pda::O.
Q

The tested numerical scheme uses the form A(-,-) = Ajs(-,-) with a parameter
value of @ = 10. The resulting linear system, which is symmetric but indefinite,
was solved by using the MINRES (minimum residual) method. The iteration was
stopped when the relative residual reaches le — 12. The error on different meshes
are reported in Table 1, in which

1/2
Ju— s, = (Z Bt - uh|§> -

e€ly

The numerical result indicates a convergence of order O(h?) for the velocity in the
standard L? norm, O(h) for the velocity in an equivalent H' norm, and O(h) for
the pressure in the standard L? norm. The numerical results are in accordance
with the theoretical prediction as established in previous sections.

It was observed that the numerical approximation for the pressure unknown
sometimes possesses a certain oscillation around the exact solution (see Figure 2
for the pressure plot and the left one in Figure 3). To obtain a pressure approxi-
mation with better accuracy, we investigated a simple postprocessing method for
the pressure approximation by using a local averaging method. More precisely,
the postprocessing method allows us to construct a new pressure approximation at
each interior nodal point by taking the average of the pressure approximations at
six triangles that share the node as a vertex point. This post-processed pressure
approximation is denoted by pj, and an error in a discrete maximum norm (at all
interior nodal points) was computed and reported in the table. This error is de-
noted as ||p — Pr|lmaz in all the tables. It is clear that the post-processed pressure
has smaller errors with a much faster convergence. The numerical plot (see the
right plot in Figure 3) shows a much improved pressure approximation.

The numerical algorithm presented in this paper can be extended to problems
with nonhomogeneous Dirichlet boundary conditions without any difficulty. For
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TABLE 1. Numerical results for test problem 1: u-n=0,u-t =
0, = 10, with form A3 and exact solution uy = —2z%y(z—1)2(2y—
D(y—1), ug =22y?Qz —1)(z - 1)(y— 1%, p=2+y>—-2/3

mesh size b | lu—wup| | ju—wap|y | [u—uplle, | [[p = pall | P = Pnllmax
1/16 3.53e-04 | 1.57e-02 3.01e-03 4.10e-02 6.60e-03
1/20 2.33e-04 | 1.25e-02 2.45e-03 3.29e-02 4.58e-03
1/24 1.64e-04 | 1.04e-02 2.06e-03 2.75e-02 3.41e-03
1/28 1.22e-04 | 8.94e-03 1.78e-03 2.36e-02 2.64e-03
1/32 9.38e-05 | 7.82e-03 1.56e-03 2.07e-02 2.14e-03
1/36 7.50e-05 | 6.94e-03 1.39e-03 1.84e-02 1.82e-03
1/40 6.09e-05 | 6.25e-03 1.25e-03 1.66e-02 1.66e-03
1/44 5.05e-05 | 5.68e-03 1.14e-03 1.51e-02 1.42e-03
1/48 4.25e-05 | 5.20e-03 1.05e-03 1.38e-02 1.01e-03
1/52 3.62e-05 | 4.80e-03 9.69e-04 1.28e-02 8.77e-04
1/56 3.12e-05 | 4.46e-03 9.00e-04 1.19e-02 7.70e-04
1/60 2.72e-05 | 4.16e-03 8.41e-04 1.11e-02 6.81e-04
1/64 2.39e-05 | 3.90e-03 7.88e-04 1.04e-02 6.08e-04

Asym. Rate | 1.9479 1.0047 0.9711 0.9892 1.7153

example, the standard Dirichlet boundary condition of
u=g on 0.

can be implemented by imposing both u-n=g-n and u-t = g -t as boundary
conditions, where n is the normal direction and t is the tangential direction of 9f2.
It should be pointed out that such an implementation should treat u-n =g-n as
an essential boundary condition and u-t = g -t as a natural boundary condition.
The part of the natural boundary condition corresponds to a modification of the
original right-hand side, which is (f,yv},), as follows:

Al('a') : (faW’Vh)‘FCVZe fe h‘;l(g't)[[vh]]dsa
As(-): (B,yva) +ad, [LhM (g t)[valds + >, [AVvr}(g - t)ds,
Az(y) s (B yvae) +ads, [Lhat (g t)[valds — 32, [AVvr}(g - t)ds.

The numerical scheme was tested on several other examples. The second test
problem assumes the following exact solution for the Stokes problem:

u— ( sin(27z) cos(2my)

22
— cos(2mx) sin(Qﬂ-y)) , p=a°+y" —2/3.

It is not hard to see that for test problem 2, the boundary condition is homogeneous
for u-n, but non-homogeneous for u-t. The third test problem assumes the following

exact solution

[ cos(2mx) sin(2my) —0

— \—sin(27x) cos(2my) )’ =
for which one has u-n # 0 and u-t = 0 on 9. Again, the test problems 2 and
3 were approximated by using the form As(-,-) with « = 10 and the linear solver

assumed a stopping criterion with relative residual 1e —12. The results are reported
in Tables 2 and 3.
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TABLE 2. Numerical results for test problem 2: u-n = 0,u-
t # 0,a = 10, with form As and exact solution of u; =
sin(27z) cos(27y), ug = — cos(2mx) sin(27y), p = 2% +y? — 2/3

mesh size b | lu—wuu| | [u—wuph | [u—uwnlle, | [[p=pnll | [P = Pnllmax
1/16 5.67e-02 | 1.79e4+00 | 4.60e-01 | 2.46e+00 9.63e-01
1/20 3.77e-02 | 1.43e+00 | 3.79e-01 | 2.04e+00 6.96e-01
1/24 2.67e-02 | 1.19e4+00 | 3.21e-01 1.73e+4-00 5.17e-01
1/28 1.99e-02 | 1.02e4-00 | 2.78e-01 1.51e+4-00 4.02e-01
1/32 1.53e-02 | 8.94e-01 2.45e-01 1.33e+00 3.19e-01
1/36 1.22e-02 | 7.94e-01 2.19e-01 1.19e+-00 2.61e-01
1/40 9.96e-03 | 7.14e-01 1.98e-01 1.07e4-00 2.16e-01
1/44 8.26e-03 | 6.49e-01 1.80e-01 9.84e-01 1.83e-01
1/48 6.96e-03 | 5.94e-01 1.66e-01 9.04e-01 1.56e-01
1/52 9.94e-03 | 5.49e-01 1.53e-01 8.36e-01 1.36e-01
1/56 5.13e-03 | 5.09e-01 1.42e-01 7.78e-01 1.18e-01
1/60 4.47e-03 | 4.75e-01 1.33e-01 7.27e-01 1.04e-01
1/64 3.93e-03 | 4.45e-01 1.25e-01 6.83e-01 9.33e-02
Asym. Order | 1.9330 1.0056 0.9470 0.9343 1.7034

In all three test cases, we examined the error for the post-processed pressure
Pr, whose value at each interior node is calculated by taking average of neighbor-
ing triangles. The numerical results demonstrate a convergence of order between
O(h'5) and O(h?) for the post-processed pressure approximation. The pressure
approximation p, was theoretically and numerically known to be of order O(h)
accurate. Therefore, the post-processed pressure approximation py, is very likely of
superconvergent. The error analysis for the pressure shows an accuracy of O(h?)
in the H~! norm, which is believed to indicate a superconvergence for the pressure
approximation with order of O(h?) at some spacial locations yet to be determined.
Interested readers are encouraged to investigate this superconvergence from a the-
oretical point of view. We emphasize that this possible superconvergence should be
dependent of the mesh uniformity.

We also explored the effect of different values of o on the errors for a test problem
with exact solution given by

(e~ 1)(2y 1) oy
“:(yml)(yyl))’ g=Tty 23

Observe that this test problem has non-homogeneous boundary conditions for both
the essential and the natural data. Again, the numerical test results were computed
by using the form As(-,-) with mesh size h = 1/16. The MINRES iteration stops at
a relative residual of le — 12. The errors at various norms for both the velocity and
the pressure approximation are reported in Table 4. Since As(-,-) is only coercive
for « large enough, the extremely large iteration number (which is not reported
in this table) for the case of @ = 1 might indicate that Asz(-,-) is not coercive. It
can be seen that the error in L? and H' norm for the velocity approximation is
not effected much by varying «. However, the error quantity ||[u — uy||g,, which
measures the jump of the velocity along edges, is supposed to get smaller as «
increases. This theoretical prediction is clearly demonstrated by the numerical
experiments as shown in Table 4. It is also interesting to note that the pressure
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TABLE 3. Numerical results for test problem 3: u-n # 0,u -
t = 0,aa = 10, with form Az and exact solution of u; =
cos(2mx) sin(2my), ug = — sin(27x) cos(2my), p =0

mesh size h

Tu—wall [ Ju—unls [ Tu—unlle, | Tp—pull | 1P — pllas
1/16 6.69e-02 | 1.79e+400 4.57e-01 2.47e+00 9.24e-01
1/20 4.41e-02 | 1.43e+00 3.77e-01 2.04e+-00 6.77e-01
1/24 3.12e-02 | 1.19e+00 3.20e-01 1.74e+00 5.09e-01
1/28 2.32e-02 | 1.02e+00 2.78e-01 1.51e+00 3.97e-01
1/32 1.78e-02 | 8.94e-01 2.45e-01 1.33e+00 3.18e-01
1/36 1.42e-02 | 7.94e-01 2.19e-01 1.19e+00 2.60e-01
1/40 1.15e-02 | 7.14e-01 1.97e-01 1.07e+00 2.17e-01
1/44 9.57e-03 | 6.49e-01 1.80e-01 9.84e-01 1.84e-01
1/48 8.06e-03 | 5.95e-01 1.65e-01 9.04e-01 1.57e-01
1/52 6.87e-03 | 5.49e-01 1.53e-01 8.37e-01 1.36e-01
1/56 5.93e-03 | 5.09e-01 1.42¢-01 7.78e-01 1.20e-01
1/60 5.17e-03 | 4.75e-01 1.33e-01 7.27e-01 1.06e-01
1/64 4.55e-03 | 4.45e-01 1.24e-01 6.83e-01 9.44e-02

Asym. Order 1.9461 1.0067 0.9434 0.9348 1.6679

TABLE 4. Numerical results for test problem 4: u-n # 0,u-t # 0,
mesh size 16216, with form Az and exact solution of uy = —z(x —
D2y —1),up =y(2z - 1)(y - 1), p = 2* +y* - 2/3.

17

[[u — |

lu —uply

[u—ulg,

Ip — Pl

1P = Prllmax

1.354931e-02

5.034632e-01

4.586401e-01

8.594745e-02

2.144773e-01

3.026899e-03

1.480872e-01

8.044606e-02

4.250402e-02

1.731431e-02

1.421309e-03

9.584819e-02

3.667362e-02

4.963551e-02

6.597814e-03

1.250238e-03

9.116745e-02

3.048267e-02

6.186949e-02

7.295428e-03

1.240441e-03

9.087715e-02

2.979724e-02

7.563794e-02

7.926560e-03

1.239846¢-03

9.082193e-02

2.956330e-02

9.030884e-02

8.534093e-03

1.240552e-03

9.081191e-02

2.944909e-02

1.054993e-01

9.109844e-03

1.241371e-03

9.081424e-02

2.938203e-02

1.210116e-01

9.653780e-03

1.242123e-03

9.082025e-02

2.933951e-02

1.367445e-01

1.017644e-02

1.242826e-03

9.082717e-02

2.931257e-02

1.526427e-01

1.068873e-02

DN —
OOCDOO\]@U‘%OJ[\D)-‘Q

1.244702e-03

9.087593e-02

2.924709e-02

3.150176e-01

1.582171e-02

w
(e}

1.243157e-03

9.089947e-02

2.923661e-02

4.790511e-01

2.141916e-02

B
o

1.241231e-03

9.091501e-02

2.923345e-02

6.434840e-01

2.677698e-02

approximation is somewhat sensitive to the values of «. For example, ||p — ppl|
seems to first decrease and then increase as the value of « increases. The numerical
results shown in Table 4 suggest that the best result allowed for a given mesh
may have already been reached at o = 4. Table 5 shows the performance of the
numerical scheme with o = 3.5. The results in Table 5 should be compared with
those in Table 3.
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TABLE 5. Numerical results for test problem 3: u-n # 0,u -
t = 0, = 3.5, with form A3 and exact solution of uw; =
cos(2mx) sin(2my), ug = — sin(27x) cos(2my), p =0

mesh size h

Tu—wall [ Ju—unl [ u—nlley |2 —pull | 1P — pnllmas
1/16 4.32e-02 | 1.81e+00 5.78e-01 8.19e-01 5.06e-01
1/20 2.82e-02 | 1.45e+00 4.57e-01 6.68e-01 3.79¢e-01
1/24 1.98e-02 | 1.20e+00 3.75e-01 5.63e-01 2.88e-01
1/28 1.47e-02 | 1.03e+00 3.16e-01 4.86e-01 2.25e-01
1/32 1.13e-02 9.01e-01 2.73e-01 4.27e-01 1.81e-01
1/36 8.97e-03 | 8.00e-01 2.40e-01 3.81e-01 1.48e-01
1/40 7.28e-03 7.19e-01 2.14e-01 3.44e-01 1.23e-01
1/44 6.03e-03 | 6.53e-01 1.94e-01 3.13e-01 1.04e-01
1/48 5.07e-03 | 5.98e-01 1.76e-01 2.87e-01 8.98e-02
1/52 4.32e-03 | 5.51e-01 1.62e-01 2.65e-01 7.79e-02
1/56 3.73e-03 | 5.11e-01 1.50e-01 2.47e-01 6.81e-02
1/60 3.25e-03 | 4.77e-01 1.39e-01 2.30e-01 6.01e-02
1/64 2.86e-03 | 4.47¢-01 1.30e-01 2.16e-01 5.35e-02

Asym. Order 1.9633 1.0116 1.0780 0.9643 1.6506

FIGURE 2. Numerical solution for w; (top-left), us (top-right),
and p (bottom-left) for test problem 3: « = 3.5, mesh=16 x 16
with form Az and exact solution of u; = cos(27mz) sin(27my), ug =
—sin(27x) cos(27y), p = 0.

Appendix A. Proof of Lemma 1 and 2

A straightforward computation gives

(59) Z /6Tv - (Tn)ds

TeT),

- 2; [l vpas+

3 /{T} : [v]ds.

ecé, €
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FIGURE 3. Numerical solution for the pressure (left) and its post-
processed version pj, (right) for test problem 3: o = 3.5, mesh=64x
64 with form As and exact solution of u; = cos(27z) sin(27y), ug =
—sin(27x) cos(27y), p = 0.

Pressure Post-processed Pressure

We first prove lemma, 1.

Proof. From Figure 1, it is not hard to see that for v, w € V(h),

(60) Ao Yy / wds = 3 / N . ws.

Tet, =17 Ait1CA; an
Here we denote vertex A4 = A; for convenience. The integral on A;;1CA; should
be understood as integration along the joint of line segments A;,,;C and CA;, and
the outward normal n is set with respect to each subtriangle S;, i = 1,2, 3.
Using the divergence theorem on each subtriangle S; shown in Figure 1, and
notice that yw is a constant on each S;, we have

- zz/ s

TeT, j=1 Ajr1CA;

YV R Y v

(61) TeT, j=1"4i AJ+1 T€ET, S;CT
Z/ YW — W) g—ds—i— Z w - g—nds—(Aw YW) T,
TeT, TeT;, /0T
0
=(Vv,Vw)g, + Z / YW — W) 3%d8 + (Av,w — yw)1,
TeT),

Using (59) and the definition of +, the second term becomes

Z/ (yw — w) aVds
oT on

TeT),

X[ i+ X [ o

eCON ecéy, eego



20 J. WANG, Y. WANG, AND X. YE

Combining (60), (61) and the above gives Equation (9). For v € V}, both 26652 LIVv]-
{yw — w}ds and (Av,w — yw)7, vanishes, by the properties of V}, and . This
completes the proof of Lemma 1. O

Next we prove Lemma 2.

Proof. Notice that all v € V(h) satisfy the boundary condition v-n = 0 on 9Q2. By
the definition of 7, we have yv -n = 0 on 0. Hence, using the divergence theorem
on each subtriangle S; for v € V(h),

3
C(v,q) = Z Z/A yv - nqds

TeT, j=17Ai+1CA;

3
_ Z Z/AA v - ngds + Z Z(Vq, W),
iAj1

TeT), j=1 TeT, S;CT
= Z / (v —v) ngds — Z / v -ngds + (Vq,vv)T,
Tz, /o Tz, 1o
=y / (v —1v)-ngds + (Vg, V)7, — (V¢, V)7, — (V- v,9)7,
TeT), or
=—(V-v, Q5 + Y / (v —9v) -ngds + (Vg,7v = v)7,.
TeT), T

If ¢ € Qp, the third term in the above expression obviously vanishes. The second
term also vanishes since (v —yv) - n is continuous across the edges of 7;, and hence
by definition we have

/(V—vv)-nds:O for all e € &;.
e
This completes the proof of Lemma 2. O

Appendix B. Proof of inequalities (19) and (20)

We first prove inequality (19). Since each T € 7}, is composed of three subtrian-
gles, we have

3
v =vlF = D2 > Iv =l

TeT), j=1

The proof will be done on each subtriangle.

Let S be a subtriangle and e, with length h., be the edge of S that belongs to
&n. By the Bramble-Hilbert lemma, it is easy to see that for all v € (H?(9))?, we
have

(62) v [ vslls S hivhs.
e Je
Therefore, on each subtriangle whose chosen edge e is on 0f2, the statement in
inequality (19) is automatically true. We only need to consider subtriangles asso-
ciated with internal edges.
Let Ty,Ty> € 75, be two triangles sharing edge e, with outward normal ni, no,
respectively. For v € V(h), denote its value on T7,T» by vq,ve. Now we examine
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FIGURE 4. Two triangles sharing edge e with subtriangle .S in T7.

the L2 norm of v — yv on a subtriangle S in T} that is associated with edge e, as
shown in Figure 4. By the definition of ~,

1 1 1 1
Wl = h—e/ei(vl +vo)ds = I /e(VI — §[v]]n1)ds.

Thus, by inequality (62), the triangle inequality and the Schwartz inequality,

1 1 1
v=vid <lvi— g [vidslg+ - [ Givim sl

S
S s+ s ([ Idmias) ([ as)

S R2VIE s + hlIIVIIE.

Taking summation over all subtriangles gives inequality (19).
Next, we prove inequality (20). Consider edge e on T} side only. Again, since v
has continuous normal component across e and by using inequality (18), we have

1
v =)ol = vy om = o [ veemds?
e Je
Shvimi,

N h|V1|is + h?’\"lg,s-

Sum up over all edges for all triangles in 7},, we have inequality (20).
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