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In this article, we analyze convergence and supercloseness
properties of a class of weak Galerkin (WG) finite element
methods for solving second-order elliptic problems. It is
shown that the WG solution is superclose to the Lagrange
interpolant using Lobatto points. This supercloseness behav-
ior is obtained through some newly designed stabilization
terms. A postprocessing technique using polynomial pre-
serving recovery (PPR) is introduced for the WG approx-
imation. Superconvergence analysis is performed for the
PPR recovered gradient. Numerical examples are provided

to illustrate our theoretical results.

KEYWORDS
second-order elliptic equation, polynomial preserving recovery, superclose-

ness, superconvergence, weak Galerkin method

Numer Methods Partial Differential Eq. 2018;34:317-335. wileyonlinelibrary.com/journal/num © 2017 Wiley Periodicals, Inc. 317


http://orcid.org/0000-0003-4179-9552

318 Wl LEY WANG ET AL.
1 | INTRODUCTION

Weak Galerkin (WG) finite element methods (FEM) refer to a new class of finite element dis-
cretizations for solving partial differential equations (PDE). In the WG method, classical differential
operators are replaced by generalized differential operators as distributions. Unlike the classical FEM
that impose continuity in the approximation space, WG methods enforce the continuity weakly in
the formulation using generalized weak derivatives and parameter-free stabilizers. WG methods
are naturally extended from the standard FEM, and are more advantageous over FEM in several
aspects. For instance, high-order WG spaces are usually constructed more conveniently than con-
forming FEM spaces, as there is no continuity requirement on the approximation spaces. Also, the
relaxation of the continuity requirement enables easy implementation of WG methods on polygonal
meshes.

The first WG method was introduced in [1] for the second-order elliptic equation, in which the
H(div) finite elements such as Raviart-Thomas elements are used to approximate weak gradients. Later
in [2, 3], WG methods following the stabilization approach were introduced, which can be applied on
polygonal meshes. This new stabilized WG discretization has been applied to many classical PDE
models, for example, the biharmonic equation [4, 5].

It is well known that superconvergence/supercloseness is an important and desirable mathemat-
ical property of numerical methods for solving PDE. Due to its wide application, superconvergence
for standard FEM has been extensively studied in the past decades, see for example [6—12]. The
goal of this article is to analyze the supercloseness property of a class of WG methods with gener-
alized stabilizers. Unlike the stabilizer introduced in [2], there is a fine-tune parameter in our new
stabilizer (2.4), and it reduces to the standard stabilizer when the parameter « = 1. We will show
that this new parameter plays a critical role in the analysis for supercloseness. To be more spe-
cific, we show that the new WG solutions are superclose to a Lagrange-type interpolant of the exact
solution.

Another focus of this article is to develop an efficient postprocessing technique for WG methods
which leads to a better approximation of the gradient of the solution. We adopt the polynomial pre-
serving recovery (PPR) technique [13—15] in our postprocessing. The main idea of PPR is to construct
a higher-order polynomial locally around each node based on the current numerical solution. Unlike
the standard FEM approximation which is a continuous function, the WG solution is discontinuous
across the boundary of elements; hence, there can be multiple values associated with a single node.
Consequently, we will need to introduce an appropriate weighted average to unify these values before
applying the standard PPR scheme. The analysis of superconvergence of PPR scheme relies heavily
on the aforementioned supercloseness property.

We note that there are some literature on supercloseness and superconvergence analysis of WG
methods. In [1], the supercloseness between the WG solution u;, and the L? projection Qyu is shown.
However, there is no discussion about superconvergence behavior between the WG solution u;, and
the exact solution u. In [16], superconvergence of the WG solution u, is shown using the L? projec-
tion of the WG solution on a coarser mesh but with a higher-order polynomials. In this article, we
use PPR recovery to obtain the superconvergence on the same mesh. We note that this is a theoret-
ical work where we show that the recovery techniques work for the WG just as for the standard
finite element method. Although our theoretical results are obtained for the Laplace equation on
rectangular meshes, the numerical method itself can be applied to other equations and triangular
meshes.

The rest of the article is organized as follows. In Section 2, we introduce the definition of weak
functions/derivatives, and present the WG method for the model second-order elliptic equation. In
Section 3, we describe a Lagrange type interpolation operator which is used in the supercloseness
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analysis. In Section 4, we present the error estimation for supercloseness. Section 5 is devoted to the
construction of the PPR operator for WG solutions. In Section 6, we present the superconvergence
analysis for PPR scheme. In Section 7, we provide some numerical experiments. Brief conclusions are
presented in Section 8.

2 | THE WEAK GALERKIN METHOD

In this article, we consider the following second-order elliptic problem with homogeneous Dirichlet
boundary condition as a model problem:

—Au=f, ing,
2.1
u=0, onads2, 2.1
where Q C IR? is an open rectangular domain or a finite union of rectangular domains.
The weak formulation for (2.1) can be written as: find u € Hg (€2) such that
(Vu, Vv) = (f,v), Vv € H,y(RQ), 2.2)

where (-, -) is the L?-inner product, and H} (2) is a subspace of Sobolev space H'(Q) = {v : v €
L*(R), Vv € [L*(22)]’} with vanishing boundary value.

Let 7, be a shape-regular rectangular mesh of domain 2. For each element T € 7, denote by Ay
the diameter of 7. The mesh size of 7}, is defined as 1 = maxye7, hr. Denote by &, the set of all edges
in7, and £ = &, \ 9 the set of all interior edges in 7,. Let Ox(T) be a set of polynomials that the
degrees of x and y are no more than &, and let

O ={v:vir € Q(I),VT € T,}.
Define the space of weak functions on every element 7 by
V(T) = {v = {vo, v} : vo € LX(T), v, € L*(3T)}.
Note that vy and v, are completely independent.

Definition 2.1 ([1]) Denote by V,,v the weak gradient of v € V(T) as a linear functional
of the Sobolev space H(div;T) = {q € [L*(T)]’ : V - q € L*(T)}. That is the action on
any function q € H(div; T) is given by
(va7 q)T = —(Vo, V. q)T + (vh’ q : n>3T7
where n is the unit outward normal vector on 97 .
Next, we define the space W,.(T) to be

Wr(T) = [Qrfl,rv Qr,r—l]ts

where Q;; is a set of polynomials whose degrees of x and y are no more than i and j, respectively.



ﬂLWl L EY WANG ET AL

Definition 2.2 The discrete weak gradient operator of v € V(T), denoted by V,,.7v €
W,(T), is the unique function in W,(T), satisfying

(Vw,r,TV’ q)T = _(V(), V. q)T + (Vb’ q : n)f)Ts Vq S WV(T)7 (23)
where n is the unit outward normal vector on o7.

Let V), and W), be the global WG spaces of weak functions and weak gradients as follows

Vi ={v={vo,vs} : volr € Qu(T), vpl. € Pr(e),e C T, T € T,},
Wiy =1{q:qlr € W (T), T €T}

Note that any weak function v in V), has a single-valued component v, on each edge e € &,. Let V) be
the subspace of V), with vanishing boundary value on 9€2.

For each v € V,, the discrete weak gradient V,,;,v € W, is computed piecewisely using (2.3) on
each element T € 7, i.e.,

(Vw,kv)IT = vw,k,T(v|T)7 VV € Vh~

For simplicity, we drop the subscript k from the notation V,,, in the rest of the article.
Define the following bilinear forms

S, v) = D B (W — Whovo — Wby, @ = LYw,v €V, (2.4)
TeT),
a;(w,v) = (V,w, V,v), +s(w,v), VYw,v eV, 2.5)

where (,), = 3 rer ()7

Lemma 2.3 The functional ||| - ||| : Vi, = R defined by
VIl = as(v,v), Vv eV, 2.6)

is a norm on the space V,?. Moreover,

> IVwllz < ClIIE, ¥ e Vi, 2.7)
TeTy,
> " hrtlve = veli3y < CIIVIE. Wy € V. 2.8)
TeTy,
Proof Tt is easy to see that ||| - || is a semi-norm in V. Hence, it suffices to show that

v =0 whenever |||v|| = 0. Using (2.4) and (2.5), we have

0= [IVII* = ay(v,v) = (Vo Vvl + D B (Vo = v, Vo = Vi)

TeTy,
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That is V,,v = 0 on each T € 7, and vy|, = v, on each e € &,. It follows from vy|, = v,
that
0= (VWV, q)T = _(VO’ V. q)T + <Vb’q : n)BT
= (Vvo,qQ)r — (vo — Vb, q - )57 = (Vvo,qQ)7, Vq € Wi (D), (2.9)

where n is the outward normal of d7. Thus Vv, = 0 on each T € 7},, and v, is a constant
on each T. Together with vy|. = v;, we conclude that v is a constant on the global domain
Q2. The fact v € V,? implies v=0. As aresult, ||| - ||| is a norm in space V{l’.

For any v = {vg,v,} € V,, it follows from the definition of weak gradient, the trace
inequality, the inverse inequality, and the assumption o > 1 that

DIVl =D (Vv Vior

TeTy, TeTy,
= Z Vv, Vig)r + Z (Vo — vp, Vvg - m) 5y
TeTy, TeTy,
1 1
2 2
2 2
< DoVl ] | D0 1Vvl;
TeT, TeT;,

1 1

2
+ D B = vslizy | D 1ol

TeT;, TeT;,

2

1

2

< Clvil D 1vwoll3

TeT)

We obtain (2.7). The inequality (2.8) follows from that % is small and o > 1. .

We consider the following weak Galerkin method: find u;, € V}) such that
a,(up,v) = (f,vo), WYveVy, (2.10)

where (f,v0) = rc (f,vo)r-

Remark 2.1 The difference between the WG method (2.10) and the classical WG method
in [2] is that the stabilizer contains a fine-tune parameter ««. Later on, it will be shown
that the parameter « plays an important role in the supercloseness analysis in Section 4.
Numerical experiments in Section 7 also demonstrate this feature.

3 | INTERPOLATION OPERATOR

This section introduces an interpolation operator that will be used later in the superconvergence analysis.

Let—1=1¢y < ¢ < -+ < & = 1 be k+ 1 Lobatto points on the reference interval e = [—1, 1],
which are k + 1 zeros of the Lobatto polynomial w,,;. We define a Lagrange interpolation operator
7 : C°e&) — P.(é) such that



ﬂwl L EY WANG ET AL

k

Tu(x) = Y u(@hLx), ueC'@), 3.1

i=0

wherel;,i = 0,1, - - - , k, are the Lagrange interpolation associated with Lobatto points ¢;. The following
properties of /; can be easily verified:

(&) =8, i,j=0,1,...,k, (3.2)
k

YL =1, Vxee (3.3)
k

DG =0 =0, 1<m=<k (3:4)

i=0
We recall an interpolation error representation in [17].
Lemma 3.1 Let u € H*"2(¢). Then we have the following error equation
u(x) — Zu(x) = Caony (u" (x) + R(u, x),
where C is a constant, wy, is the Lobatto polynomial with order k + 1, and

k+1
2]

R(u,x) = Zl() TG

u* 2 (1)dr.
G (k + 1!

As shown in Lemma 3.1, the interpolation operator Z preserves polynomials of degree up to k. We
composite the interpolation operators (3.1) in x- and y-directions to obtain an interpolation operator in
the two-dimensional domain Z, : C%(Q) — S, := 0 N C°(R) such that

k k k
Ty = TiToulr = T, (Z u(x, §,-2)li(y)> =YY ul@, L), (3.5)

i=0 j=0 i=0

where 7,7, are the interpolation operators in x-, y-directions, respectively. From (3.5), it is easy to
prove Z,u € C°(R2). By Lemma 3.1, we have the following estimates.

Lemma 3.2 ((17]) There exists a constant C such that for any u € H***(T), the
following inequality holds true

(V(u = Tyw), Vv)p < CH Nuleyor vz, Vv € Qu(T). (3.6)
The definition of V,, in (2.3) and the fact that Z,v € C° yield the following lemma.
Lemma 3.3 The interpolation operator defined in (3.5) satisfies
VuZiv, @), = (VIiv,q),, Vv e CY(RQ),q e W), 3.7

where (" ')h = ZTeTh ('7 ')T'
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4 | ANALYSIS OF SUPERCLOSENESS

In this section, we derive an error estimate for ||| Z,u — uy |||, where u, is the solution of the WG method
(2.10) and Z,u is the interpolation of the exact solution of problem (2.1).

Theorem 4.1 Let u € H*2(Q) be the solution of (2.1), and u;, € V), be the solution of
WG method (2.10). The following error estimate holds

Tt — il < G 122 g, @.1)

Proof As Q, C V,, then ||Z,u — u,||| is well-defined. Multiplying both sides of (2.1) by
Vo, and using integration by parts, we have

(f.vo) = Z (—Au,vp)r = Z Vu, Vvo)r — Z (Vu-m,v),7

TeTy TeTy, TeTy,
=Y (Vu, Vvo)r — Y (Vi m,vg = V) 42)
TeTy TeTy

Here, we use the facts that the normal component Vu - n of the flux is continuous on all

interior edges and v; |3 = 0.
From (2.10), (3.7), (4.2), the Cauchy-Schwarz inequality, (3.6), (2.7), the property of
interpolation operator Z;, and & > 1 we obtain

2
N Zwu — uplll” = as(Lyu — up, Lyu — uy,)

as(Tyu, Tyu — up) — as(uy, Znu — uy)

> (VT Voo Tyt — w))r — (F Tyt — )

TeTy,
=Y (VITu, Vi (Tt — w))r — Y (Vt, V(T — g))7
TeTy, TeTy,
+ Z (Vu-n,Zyu —uy — (Zpu — up))yr
TeTy,
=Y (V(@u—u), V(T — ug))y
TeTy,
= > V(@ = u) -, Ty — g — (Tt — uy)) 7
TeTy,
< > (V@ — ), V(Tyu — up))g
TeTy,
1 1
2 2
+ Do mIv@u—wii, | | D A 1T — wo — T — wy) 13,
TeTy, TeTy,

in § k+14k+2=L
< o B T — .

Here, we have used the fact that V(Z,u) € W,,. .
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(a) Vertex (b) Edge node (c) Internal node

FIGURE 1 Three types of nodes. (a) Vertex. (b) Edge node. (c) Internal node

Remark 4.1 The estimate (4.1) shows that the WG solution u;, is superclose to the
interpolation Z,u when « > 1. It reaches the maximum rate of convergence when o = 3.
Further increasing the value of o will not improve the rate of convergence.

S | PPR FOR WG SOLUTIONS

In this section, we introduce a gradient recovery operator G, onto space S, x S, with S, := {v €
C%Q) : vlr € P(T), T € 7T}, on the rectangular mesh 7;. For a WG solution u;, in (2.10), we
define Gj,u;, on the following three types of mesh nodes [15]: vertex, edge node, and internal node, see
Figure 1.

5.1 | Vertex patch

We define a patch K, for every vertex z by
K.={TeT,:TN{z} # 0}

be the union of the elements in the first layer around z. There can be two types of vertices. The first
type is the interior vertex z € €2, and the other one is the boundary vertex z € 9€2, see Figure 2 for an
illustration.

Before we introduce the PPR scheme, we need to clarify some notations.

e N : All nodes in €. They could be vertices, edge nodes, or internal nodes.
e N(T) : All mesh nodes in T.

e Ni: N, = {z J}fjl is the set of all mesh nodes in K_z, Here, n, is the number of the
nodes. For the bilinear element, all nodes are vertices. For quadratic and higher-order
elements, there are vertices, edge nodes, and internal nodes.

e MO : All interior vertices in .

(a) Interior vertex (b) Boundary vertex

FIGURE 2 Two kinds of vertices. (a) Interior vertex. (b) Boundary vertex
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(a) Interior vertex (b) Edge node

FIGURE 3 The distribution of u; on a mesh node z;. (a) Interior vertex. (b) Edge node

o MO(T) : All interior vertices in T N .

o MV MY = {z; };n:z’l is the set of all interior vertices in K_z, Denoted by m., the number
of nodes in M?.

5.2 | The reformulated value u,

To obtain the recovered gradient G,uy,(z;), we need to use the values of u;, at mesh nodes in N to get
an approximation py,; € Pi41(K;,) in the least-square sense. However, on a vertex or an edge node,
the WG solution u;, may have more than one value, as illustrated in Figure 3. As a result, we must
redefine the value of u, at those nodes.

For any node z; € \V, denote by {u’,'l(z,-)};zl the possible values for u;, at z; where [, is the number
of these values. Note that uﬁ,(z,v) might be the value of the interior part u, or the boundary part u,, of
the weak function u;, = {ug, u,} at point z;. We define a function u, such that the value of u, at z; is
given by

I

I;
(z) =Y o (z), =0, Y o=1 (5.1)
j=1

j=1

Moreover, we require i, € S, to be a function satisfying

iy =Yy ity (2l (5.2)

zieN

where /; is the Lagrange basis associated with z;. It can be proved that the function u, satisfies the
following lemma.

Lemma 5.1 Given u, = {uy,u,} € Vj, let u,, be defined as (5.1)—(5.2). Assume that
z € MO is an interior vertex, K., is the patch for z;, and N; = {ziJ}jr-li"l is the set of the
nodes in K_z, where n,, is the number of the elements in N. Then for T C K., z;; € T,
the following properties hold.

(i) (up — up)|r(zij) can be written as the jump of u, at z;j, if z;j € N, is a vertex or an
edge node on oT,

(ii) (i, — uo)|r(zij) = O, if zi; € N; is an internal mesh node in T.
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Proof Without loss of generality, we consider an interior vertex z;;. Assume that
up, ... ug, uy, ... us are the values of u, at z;;, see the left plot in Figure 3. Let
_ 4 8

w(zin) = Yo oul + Y s oqul and upl7(zi1) = uj. Then, we have

4 8
iy — uo)|r (i) = Y ety — ug) + Y o, (1t — ).

s=1 t=5

This shows that (i, — uo)|7(zi.1) consists of the jump of u, at z; ;. Furthermore, it can be
written as ). (z;1) — 4p|.(zi1), where ug and u,, share the edge e and z;; lies on the edge e.

For boundary vertices and edge nodes, the proof is similar. For internal nodes, the
property (ii) follows directly from the definition of u,. .

5.3 | The PPR operator G,

Recall that the function u, is defined to have a unique value at each node. Therefore, we can apply
PPR scheme to construct the gradient recovery operator G,. We consider the following four cases.

Case 1 Foreachinterior vertex z; € M?, we fita polynomialin Py (K,) to the redefined
WG solution u,(z;;),j = 1,...,n; by the least-square method. Let (x, y) be the local
coordinates with respect to the origin z;. The fitting polynomial is defined as

Pen (6, y;7) = Pa = Pa, (5.3)

where

P=(,x,y,... ,xk+1,xky, ... ,yk+l),

JERPTRPNIIN skl ska ak+1
P=(,xy,....x7",Xxy,....,y"),

A k41 t
a=(a17a29"'7am)la a=(a17ha2""9h+am)7

with x = x/hand y = y/h, and m = (k + 2)(k 4+ 3)/2 is the number of the basis of
Pi11(K,)). By the least-square method, the vector & can be solved from

A'Ad = A'by, (5.4)
- — - t
where b, = (u;(zi1), U (2i2), - - - » Uy (Zin,, )" and
A A Ak+1 Ak sk+1
I X y ... X B S T, Vi
A ~ ~k+1 Sk Skl
4 I % y ... X XY ... Y,
2 5 Skl 2k S et
L Xy, Yuy, - Yo X Y oo Yl

where (59—, j)j) is the coordinates of z;; in the reference domain. Define G;u;, at the point z;
as

Grup(zi) = Vpii1(0,0; z;).
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%2 Zi4 Zi,3
Sz S
[ Yy T
Ss Sy
Zi1 Zi,1 2,2
(a) Edge node (b) Internal node

FIGURE 4 The lengths/areas that distributed by node z;. (a) Edge node. (b) Internal node

Case 2 For a boundary vertex z; € 952, we define

2 ien® VPrr1 (5, 75 2i))
Gy (z) = At ,

m,

where m, is the number of interior vertices in M? and (x;, y;) is the local coordinates of
z; with z;; be the origin.

Case 3 For an edge node z; which lies on an edge between vertices z;; and z; 5, we define
Grup(zi) = aVp (x1,y152i1) + (1 — ) Vp (0, y2;2i2), 0 <a <1,

where (x1, y;) and (x,, ¥,) are the coordinates of z; with respect to the origins z;; and z;»,
respectively. The weight « is determined by the ratio of the distances of z; to z;; and z;»,
thatis @ = |z; — zi2|/Izi1 — zi2l, see Figure 4a.

Case 4 For an internal node z; which lies in an element formed by vertices
Zi1s Zi2s Zi3» Zid, W define

4 4
Gy (i) = Zajvpkﬂ(xj,}’j;zi,j), Z%‘ =10, >0,
=1

Jj=1

where (x;, y;) is the local coordinates of z; with respect to the origin z;;. The weight «;
is determined by the space ratio of the opposite patch to z;;, that is o; = |S;|/S, and
S =371, see Figure 4b.

Remark 5.1 For any u;, € V,,, Gyuy, is defined as the linear combination of the values of
Guy, at the interior vertex. For u € C°(Q2), we define G, by

G;,u = GhIhu, (55)

where 7, : C°(Q2) — S, C Vj, is the interpolation operator given in (3.5).
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6 | SUPERCONVERGENCE ESTIMATES

In this section, we report several properties of the operator Gj,, and analyze the superconvergence
between Vu and Guy,.
The following lemma can be directly verified along the same procedure as Lemma 3.10in [14].
Lemma 6.1 Let z; € MO be an interior vertex with the patch K., and let pyy (-, 2)

be the least square polynomial of the function v € S, in the patch K.,. Then there is a
constant C such that

VD1 G 32 ook, < Ch71|v|1,1<zi~

By the definition given in Subsection 5.3, G, is a polynomial-preserving operator which satisfies
the following lemma.

Lemma 6.2 The gradient recovery operator G, satisfies

Guuy, = Guuy,  Vuy, € Vi, (6.1)
IVu — Guull < CH*"M|ulyya, Yu € H(Q), (6.2)

where C is a constant and w;, € S, satisfying (5.1)—(5.2) is the redefined function of uy,.
The next lemma provides an important tool in establishing our main result.
Lemma 6.3 For u, € V,, we have the property that
Nealll® = 11Guiaa |1, (6.3)
where u;, € Sy satisfying (5.1)—(5.2) is the redefined function of u,,.
Proof We will prove (6.3) in three steps.

Step 1. Forany T € 7Ty, recall that M°(T) denotes the set of the interior vertices in TN.
Then, from the definition of G,,, we have

_ 1 _ 1
Ghitallor < CIT|2[Gpitnlloor < CIT12 max {|Vperi (32 looks, -
z;eMO(T)
Using Lemma 6.1, we have

- 1 - -
IGhitallor < CIT12 max {h™ |upl1k,} < C max {luyik, }-
z;eMO(T) ziemO(T)

It follows that

1Ghinl* = Y NGuillsy < € Y il - (6.4)

TeT, ziemO
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Step 2. Define the auxiliary function u;, as
l}h = lj{h — Up.

For any interior vertex z; € MY, it follows from the definition of i, and uy that @, is a
piecewise polynomial on K. Then from the triangle inequality we have

=2 ~ 2 ~ 0 2
|“h|1,1<zl, = |uy + u0|1,1(zl, = |uh|1J<z,~ + |u0|1,Kz,-'
It follows from (2.7) that
= 2 ~ 2 2 ~ 2 2
ol = D Uilix, +luolie) < C D7 lal e, + Ml |- (6.5)
Z,‘GMO ziGMO Z,‘EMO
Step 3. We shall prove
|7, <C X 6.6
il < Cllunll, (6.6)
First, we consider an element Ty C K. Let it |7, = ZlijEN(Tl) it (zij)lij, where [ (zy)) =

8,18, are the Lagrange bases. Let 2,- ; be the affine function for /;; on the reference domain.
As |V is uniformly bounded, we obtain

2
~ 2 ~ 2 ~
|Mh|1,T1 :/ |VMh| dx:/ \Y Z Mh(Zi‘j)liJ dx
n N zi ;€N (Ty)
~ 2 7128 ~ 2
<C Y i)l f IVIPdi <C > i)l
2 j€N(T1) Ty i j€EN(T1)

Let E(Ty) = {e € &, : e N N(T)) # @} and [u,], be the jump of u;, over e. From Lemma
5.1, we know that the values of &, on the mesh nodes on 97 is the combination of the
jump of u;, on edges e € £(T)), the values of i, on the internal mesh nodes in 7' are
zeros. Using the inverse inequality ||v|| e, < Ch1 [IV]lo. and (2.8), we obtain

> @ <C Y M, <€ Y R w3,

zjj€N(Ty) ec&(T) ec&(Ty)
—1 2
<C Y g — g —uphyr <C D llunllFs
TeT;,(Ty) TeT;,(T))

where 7,(T\) :={T € 7T, : T Ne # ¥,e € £(T,)}. For other three elements T € K_,, the
proof can be finished similarly. Finally, combining (6.4), (6.5), and (6.6), we have

=2 =2 ~ 12 2 2
1G> < C Y lwlix, <C | D lilix, + luwll* | < Cllull. .

zjemMO zie MO
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Now we are ready to state our main result for superconvergence.

Theorem 6.4 Let u € H***(Q) be the solution of (2.1) and u;, € V,, be the solution of
(2.10). Let Gyuy, be the recovered gradient by PPR introduced in Section 5.3. Then we
have the following error estimate

1Guten — Vull < o 1825 gy ©.7)
Proof 1t follows from (6.1), (5.5), (6.2), (6.3), and (4.1) that

1Ghun — Vuul® < |Gy — G Zyul* + |GuZyu — Vul|*
< GGy = Ty + C** P uli,
< lllun — Zyuell* + CR**Vul?,,
i a=1
S ChZ(mn {k+1,k+ 5 }) ||u||]%+2’
which completes the proof. .
Remark 6.1 Theestimate (6.7) shows that the gradient recovery G, u, is superconvergent

to Vu when o > 1. As the value of « increases, the convergence rate will also increase,
and it reach the maximum rate of convergence k + 1 when o = 3.

7 | NUMERICAL EXPERIMENTS
In this section, we present some numerical examples to demonstrate the convergence of WG methods
and the PPR recovery. We test our algorithm for the Q; and Q, elements, and choose different stabilizing
parameters in our numerical algorithms for comparison. We focus on |||u;, —Z,,u||, the error between the
WG solution and its Lagrange interpolation in the energy norm, and ||G,u, — Vu||, the error between
the PPR recovered gradient and the true gradient in the L? norm.

Example 7.1 (Convergence for k =1 on uniform meshes) In this example, we con-

sider the problem (2.1) in the unit square (0,1) x (0, 1), and use a family of uniform
Cartesian meshes. The weak Galerkin space is given by

Vi ={v={vo, v} : volr € Qi(T), vlc € Pi(e),e C T, T € T} (1.1
The discrete weak gradient V,,v on each element 7 € 7, is defined as
Vv, @ = =00, V- @7 + (v, q M)y, Vg € [Qo1, Qiol" (1.2)
The right-hand side function f is chosen such that the exact solution is
u = sin(rx) sin(wy). (7.3)

Tables 1 and 2 report the convergence rates of |||u, —Z,ul|| and ||G,u, — Vu||, respectively.
Different values of the stabilizing parameter o have been tested. Here, the parameter
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TABLE 1 Example 7.1. convergence of ||u;, — Zyu|| for k =1 on uniform meshes.
a=1 o=2 a=3
N Nun — Zyull| Order Nun — Zpulll Order Nun — Zyulll Order
8 7.3081 e —01 - 3.0840 e —01 - 1.3216 e —01 -
16 3.6645 ¢ —01 0.9959 1.0916 e —01 1.4983 33156 e —02 1.9949
32 1.8335e —01 0.9990 3.8584 ¢ —02 1.5004 8.2964 ¢ —03 1.9987
64 9.1690 e —02 0.9998 1.3637 ¢ —02 1.5005 2.0746 e —03 1.9997
128 4.5847 e —02 0.9999 4.8204 ¢ —03 1.5003 5.1867 e —04 1.9999
TABLE 2 Example 7.1. convergence of ||Gu, — Vul| for k=1 on uniform meshes.
a=1 o=2 a=3
N |Gruy — Vull Order IGrup — Vull Order IGrup — Vu|| Order
8 1.0250 e —01 - 1.4942 ¢ —01 - 1.5950 e —01 -
16 2.1339 e —02 2.2641 4.2838 ¢ —02 1.8024 4.4857 e —02 1.8302
32 5.1285 e —03 2.0569 1.1614 e —02 1.8831 1.1909 e —02 1.9133
64 1.2692 e —03 2.0146 3.0197 e —03 1.9433 3.0591 e —03 1.9608
128 3.1624 e —04 2.0049 7.6942 ¢ —04 1.9726 7.7448 ¢ —04 1.9818

N = 1/hdenotes the number of rectangles in each direction. Table 1 clearly demonstrates
that the convergence rate is min{k+1, k+ "‘T_l }, which is consistent with the error estimates
(4.1). Table 2 indicates the superconvergence behavior of the PPR recovery. We note that
fora = 1,2, the numerical results seem to be even better than our theoretical analysis (6.7).

Example 7.2 (Convergence for k =1 on heterogeneous meshes) In this example, we
investigate the superconvergence behavior on heterogeneous rectangular meshes. We
use the same function (7.3) in this test. The initial mesh is randomly perturbed from the
uniform mesh, and is given in Figure 5. The subsequent meshes are produced by uniform
refinement. Errors are reported in Tables 3 and 4, in which similar superconvergence
phenomenon is observed on these quasi-uniform rectangular meshes. Although the con-
vergence rate of PPR recovered gradient for @ = 1 is not as high as in the uniform mesh
in Example 7.1, but it is still higher than the analytical result (6.7).

(0,1)

(0,0.79)

(0,0.507)

(0,0.29)

(0,0) (0.254,0) (0.5,0) (0.746,0) (1,0)

FIGURE 5 The initial partition
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N

8
16
32
64
128

TABLE 4

16
32
64

WANG ET AL.
TABLE 3 Example 7.2. convergence of ||u, — Zyu||| for k =1 on heterogeneous meshes.
a=1 a=2 a=3
zn — Zyulll Order Mwen — Znulll Order zen — Zyulll Order
7.3711e —01 - 3.1389 ¢ —01 - 1.3595 e —01 -
3.6979 ¢ —01 0.9952 1.1114 e —01 1.4979 34117 e —02 1.9945
1.8504 ¢ —01 0.9988 3.9284 ¢ —02 1.5003 8.5374 ¢ —03 1.9986
9.2540 e —02 0.9997 1.3885e —02 1.5005 2.1349 e —03 1.9997
4.6272 e —02 0.9999 49079 ¢ —03 1.5003 5.3375e —04 1.9999
Example 7.2. convergence of ||Gju;, — Vul| for k =1 on heterogeneous meshes.
a=1 o=2 a=3
IGrup — Vu|| Order |Grun — Vull Order IGrup — Vul| Order
1.1753 e —01 - 1.5431 e —01 - 1.6310 e —01 -
2.8433 e —02 2.0474 4.4400 e —02 1.7972 4.6371 e —02 1.8145
8.2896 ¢ —03 1.7782 1.2080 e —02 1.8779 1.2381 e —02 1.9051
2.6255 e —03 1.6587 3.1488 e —03 1.9398 3.1897 e —03 1.9566
8.7219 ¢ —04 1.5899 8.0340 ¢ —04 1.9706 8.0870 ¢ —04 1.9797

128

Example 7.3 (Convergence for k =2) In this example, we test the superconvergence
properties for some higher order WG approximations. In particular, we choose k =2.
Tables 5 and 6 list errors and the convergence rates for u, — Z,u and G,u, — Vu,
respectively.

Data in Tables 6 demonstrate that the PPR gradient recovery is superconvergent to
Vu. Numerical experiments for all three choices of « are of higher order convergence than
our theoretical results. This surprising observation somehow indicates that there might be
a more subtle relationship between the PPR recovery for WG solution and exact solution.

TABLE 5 Example 7.3. convergence of ||u;, — Zul|| for k =2 on uniform meshes.

N

8
16
32
64
128

TABLE 6

oo

16
32
64
128

a=1 o=2 a=3
een — Zpulll Order Mern — Zyulll Order een — Zpulll Order
47148 e —02 - 2.0112e —02 - 8.4797 e —03 -
1.1947 e —02 1.9805 3.5666 ¢ —03 2.4954 1.0609 e —03 2.9987
2.9972 e —03 1.9950 6.3078 ¢ —04 2.4994 1.3263 e —04 2.9998
7.4996 e —04 1.9987 1.1151 e —04 2.4999 1.6580 e —05 3.0000
1.8753 e —04 1.9997 1.9713 e —05 2.5000 2.0725 e —06 3.0000
Example 7.3. convergence of ||G,u;, — Vul| for k =2 on uniform meshes.
a=1 o=2 =3
1Grup — Vul| Order |Grun — Vul| Order IGrup — Vul| Order
4.4523 ¢ —02 - 1.4339 ¢ —02 - 1.0521 e —02 -
7.4403 e —03 2.5811 1.2958 e —03 3.4680 9.8726 ¢ —04 3.4137
1.2791 e —03 2.5402 1.0979 e —04 3.5610 8.6269 e —05 3.5165
2.2415e —04 2.5126 9.4297 e —06 3.5414 7.6241 e —06 3.5002
3.9531 e —05 2.5034 8.3447 e —07 3.4983 6.9244 ¢ —07 3.4608
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TABLE 7 Example 7.4. convergence of ||u, — Zu|| for k =1 on uniform meshes.
1/h a=1 a=2 a=3
llen — Znull Order lzer — Zpulll Order ller — Zpulll Order
8 8.1780 e —02 - 3.5022 ¢ —02 - 1.4989 ¢ —02 -
16 4.1405 ¢ —02 0.9820 1.2408 ¢ —02 1.4970 3.7598 e —03 1.9952
32 2.0794 ¢ —02 0.9936 43854 ¢ —03 1.5005 9.4322 ¢ —04 1.9950
64 1.0412 ¢ —02 0.9979 1.5498 ¢ —03 1.5006 2.3720e —04 1.9915
128 5.2084 ¢ —03 0.9994 54783 ¢ —04 1.5003 5.9954 ¢ —05 1.9842

As for now, (6.7) is the best theoretical estimate we can achieve. Improving the theoretical
estimate will be an interesting future research project.

Example 7.4 (Convergence for less smooth functions) In this example, we consider
the problem —Au = 1, on the unit square with the homogeneous Dirichlet boundary
condition. The exact solution can be written as

u(xy)_x(l—x)—i—y(l—y) g 1
V)= = TS —Qitn
4 T3 = (24 1) (1 + e~ @iFD)

. [(e—(2i+l)ny + e—(2i+l)n(l—y)) Sln(zl + I)JTX

+ (et o= QDT gin (2i + 1)my). (7.4)

The solution (7.4) is not as smooth as functions in previous examples. In fact, the function
is in H*~¢(Q) for any € > 0, but not in H>(R2), and it has a weak singularity 7> Inr at
the four corners of the domain. It is well-known that the nonsmoothness can affect the
convergence and superconvergence of numerical schemes (see [18, 19]).

In the numerical test below, we truncate first fifty terms of the infinite sum as an
approximation of the exact solution. We test both k=1 and k=2 cases on uniform
meshes. Tables 7 and 8 report the convergence for ||u, — Z,ul|| and ||G,u, — Vul| for
k=1. Tables 9 and 10 report the convergence for k =2.

We note that for k = 1, our superconvergence analysis requires the exact solution to
be in H?3. Data in Tables 7 8 demonstrate that the convergence orders perfectly match
or are even better than orders in our theoretical analysis. For higher order approximation
k =2, to get the analytical superconvergence order, we need the exact solution to be in
H*. However, the exact solution here is barely in H>. Hence, some superconvergence
behavior does not exist, which is reflected in Tables 9—10.

TABLE 8 Example 7.4. convergence of ||G,u;, — Vul| for k=1 on uniform meshes.

1/h a=1 a=2 a=3

IGrup — Vul| Order IGrup — Vul| Order |Grup — Vul| Order
8 1.5971 e —02 - 1.0089 e —02 - 9.1308 e —03 -
16 4.6605 e —03 1.7769 2.4973 e —03 2.0157 2.3884 ¢ —03 1.9347
32 1.4394 ¢ —03 1.6950 6.4013 e —04 1.9639 6.2871 e —04 1.9526
64 4.7289 ¢ —04 1.6059 1.6594 ¢ —04 1.9477 1.6476 e —04 1.9320

128 1.6182 e —04 1.5471 4.3901 e —05 1.9183 4.3783 e —05 1.9120



334 Wl L EY WANG ET AL.
TABLE 9 Example 7.4. convergence of ||u, — Z,u||| for k =2 on uniform meshes.
1/h a=1 o=2 o=3
Nun — Zyulll Order Nun — Zpulll Order Nun — Zyulll Order
8 5.0628 ¢ —03 - 2.3506 ¢ —03 - 1.0261 ¢ —03 -
16 1.4579 e —04 1.7961 47629 ¢ —04 2.3031 1.4729 ¢ —04 2.8004
32 4.0745 ¢ —04 1.8392 9.3998 ¢ —05 2.3411 2.3929 ¢ —05 2.6219
64 1.1214 e —04 1.8613 1.9466 e —05 2.2717 7.9370 ¢ —06 1.5921
128 2.9974 ¢ —05 1.9035 3.6114e —06 2.4303 1.4716 ¢ —06 2.4313
TABLE 10 Example 7.4. convergence of ||Gju;, — Vu|| for k =2 on uniform meshes.
1/h a=1 a=2 a=3
|Grun — Vul| order IGrup — Vul| order IGrup — Vu|| order
8 5.8500e —03 - 2.4904 e —03 - 2.1339e —03 -
16 1.5089 ¢ —03 1.9549 5.7978 e —04 2.1028 54716 e —04 1.9807
32 3.8325e —04 1.9771 1.4062 e —04 2.0437 1.3706 e —04 1.9905
64 9.7663 e —05 1.9724 3.5701 e —05 1.9777 3.5286 ¢ —05 1.9550
128 2.3997 e —05 2.0250 8.3963 ¢ —06 2.0881 8.3497 ¢ —06 2.0789
Remark 7.1 The condition regarding « is sharp in the supercloseness result (4.1). As

we can see from data in Tables 1, 3, 5, and 7, the convergent rate follows loyally to the
predicted k + (o — 1) /2. Conversely, the condition regarding & may not be necessary for
our superconvergence result in Theorem 6.4 as we can see from data in Tables 2, 4, 6,
and 8: when o = 1, 2, the supercloseness lost but the superconvergence still exists, since
the supercloseness result (4.1) is a sufficient condition for Theorem 6.4, not a necessary
condition.

8 | CONCLUSION

In this article, we analyze supercloseness of a class of WG methods for the elliptic equation. This
supercloseness behavior is analyzed through newly designed stabilization terms. Superconvergence
of the WG solution is obtained by a postprocessing using polynomial preserving recovery. Although
these theoretical results are obtained for the Poisson equation on rectangular meshes, the numerical

method itself can be readily applied to a wide variety of equations and triangular meshes.
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