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1. Introduction

Let £2 C R? be a rectangular domain or a union of rectangular domains. Assume that £2 is separated by a smooth curve

I' into two sub-domains 2~ and 2%, ie, 2 = 2~ U 2T U I, see the left plot in Fig. 1. Let [0, T] be a time interval. We
consider the linear parabolic interface problem

%—V~(ﬂVu):f(x,t), X=Xy eRTUR, te(,T], (1.1)
u=gix,t), xe€d2,te(0,T], (1.2)
u=uy(x), xe€2,t=0. (1.3)

Here, the diffusion coefficient 8 (x, t) is time independent and, without loss of generality, a piecewise constant function over
2,ie,

B = {’3_’ xea,

BT, xe™,
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Fig. 1. The simulation domain §2 (left) and an interface element (right).

and min{8~, BT} > 0. Across the interface curve I, we assume that the solution and the normal component of the flux are
continuous for any time t € [0, T], i.e.,

[ullr =0, (1.4)

ou
[[ﬂan}]r =0. (1.5)

Here [v ]|} = (v|o+)|r — (v|o-)|r denotes the jump across the interface I".

In science and engineering, many physical phenomenons can be described by interface problems such as (1.1)-(1.5).
Hence, solving interface problems accurately and efficiently is of great importance and has been studied for decades.
It is well-known that classic numerical methods, such as finite element methods, use body-fitting meshes to solve
interface problem to get optimal convergence [ 1-3]. The terminology body-fitting means a solution mesh has to be aligned
with interfaces. Such restriction on mesh can hinder the applicability of conventional finite element methods in certain
simulations. For example, it could prevent the use of structured meshes unless the interface geometry is trivial. In addition,
when dealing with a moving interface problem, i.e. 8 = (X, t), solution meshes have to be regenerated for each time step to
be considered, which inevitably increases its computational costs. In order to overcome this limitation from the conventional
finite element methods, the immersed finite element (IFE) methods have been developed and extensively studied in the
past two decades since the first article [4]. A prominent feature of IFE methods is that the solution mesh is independent of
interface because IFE methods allow an interface to cut through elements, see the right plot in Fig. 1. Consequently, one can
use structured or even Cartesian meshes to solve problems with nontrivial interface geometry. This renders IFE methods
great popularity in solving a variety of interface problems, such as elliptic interface problem [5-12], elasticity interface
problems [13-15], biharmonic interface problems [ 16], and Stokes interface problems [17], to name only a few.

So far, most IFE methods are developed for stationary interface problems. Recently, it starts to gain more attention
on developing IFE methods for time-dependent interface problems. For instance, in [18], transient advection-diffusion
equations with interfaces were treated by an immersed Eulerian-Lagrangian localized adjoint method. In [19], numerical
solution to parabolic interface problem was considered by applying IFE methods together with the Laplacian transform.
Crank-Nicolson-type fully discrete IFE methods and IFE method of lines were derived for parabolic problems with moving
interface in [20,21]. Error analysis for a parabolic interface problem was presented in [22].

Discontinuous Galerkin (DG) finite element methods were introduced in 1970s [23,24]. Because the discontinuous
approximation functions are employed, DG methods have many advantages such as high parallelizability, localizability,
and easy handling of complicated geometries; therefore, DG methods have been used widely in solving different types PDEs
[25-28]. The idea of combining IFE and DG methods together to solve elliptic interface problems was proposed in [29,30].
Numerical analysis for discontinuous Galerkin immersed finite element (DG-IFE) methods was studied in our recent
paper [31] for elliptic interface problem. The optimal convergence was obtained in a mesh-dependent energy norm. The
aim of this paper is to extend the DG-IFE methods and error analysis for parabolic interface problem. One motivation to
study the DG-IFE methods is that there is no continuity imposed on IFE space. Hence, it is more flexible to perform local
adaptive h and p-refinement, at the same time keeping solution meshes structured. This feature was demonstrated in [31]
by various examples.

The rest of this paper is organized as follows. In Section 2, we consider the semi-discrete method and two prototypical
fully discrete methods, i.e., backward Euler and Crank-Nicolson methods. In Sections 3 and 4, we derive the a priori error
estimates for semi-discrete and fully discrete methods, respectively. In Section 5, some numerical examples are reported to
verify our theoretical estimates. A few concluding remarks are presented in Section 6.

2. Discontinuous Galerkin immersed finite element methods

In this section, we introduce the discontinuous Galerkin immersed finite element methods for solving the parabolic
interface problem (1.1)-(1.5).
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2.1. Notations and preliminaries

Throughout this paper, we use standard notations for Sobolev spaces and their norms. In addition, we need to define
piecewise Sobolev spaces which depend on the location of interface. Let D be a subset of §2 that is cut through by the
interface I'. For r > 1, we define

H (D) = {v € [*(D) : v|pnes € H' (DN £°),s = + or —}
equipped with the norm

2 . 2 2
”U”fIr(D) = ”v”HT(DﬂQ—) + ”U”Hr(Dﬁ(Z"')'

For a function u(x, t), we consider it as mapping from the time interval [0, T] to a normed space V equipped with the norm

Il - |lv. Furthermore, for any nonnegative number k > 1, we define

T
¥, T; v) = {u : [0, T] — V measurable : / lu(-, O))kdt < oo} ,
0

T 1/k
K
lull ko r.vy = (/ luc, t)”\{/dt> .
0

Similarly, we can define the standard space HP(0, T; V) for any integer p > 0. Throughout this paper, we will use the letter
C to denote a generic positive constant which may take different values in different places. We usually use u;, u, etc. to
denote the partial derivatives of u with respect to the time variable t.

Let 7, = {K} be a Cartesian triangular or rectangular mesh of £2 with mesh size h. An element K is called an interface
element if it is cut through by the interface I". Otherwise, we name it a non-interface element. The set of interface elements
and non-interface elements of 73 is denoted by T,j and 7;", respectively.

Let & = {e} be the set of all edges in the mesh 7;. Let &, and 8}1’ be the set of interior edges and boundary edges,
respectively. Clearly, &, = &, U 8,’1’ .An edge e is called an interface edge if it intersects with I", otherwise it is a noninterface
edge. The set of interface edges and non-interface edges is denoted by 8,’1 and &', respectively. Moreover, 8}1 and 8,’1" denote
the set of interior interface edges and interior non-interface edges, respectively.

Without loss of generality, we assume that the following hypotheses of mesh [31] hold:

and

(H1) If one edge of an element meets the interface I" at more than one point, this edge is part of I".
(H2) If the interface I" meets the boundary of an element at two points, these two points are on different edges of this
element.

According to conditions (H1) and (H2), each interface element intersects with the interface I" at two points, located on
different edges. The intersectiin points are denoted by D and E, and the line segment DE divides K ~into two parts K™ and
K~ such that K = K™ UK~ UDE, see the right plot of Fig. 1. We introduce the broken Sobolev space H?(7}) on the mesh 7y;:

H*(Th) = (v € [2(2) : VK € 7", v|x € H*(K);
VK € 7;, v|x € H'(K), v|gs € H(K®),s = +, —}.
For each edge e € &, we assign a unit normal vector n, according to the following rules: ife € 8,’1’ then n, is taken to be
the unit outward normal vector of 382; if e € &, shared by two elements K. 1 and K. », the normal vector n, is oriented from

K.,1 to K, ». For a function u defined on K, ; U K, », which may be discontinuous across e, we define its average and jump as
follows

1 . o . .
{{u}}e = 5 [(u|K€,1)|e + (u|Kg.2)|E] ) lfe S 6"]’I [[u ]]e — {(ulKe,1)|€ - (u|1(e_2)|6a lfe S 8}; (2‘1)
ule, ife € &, Ule, ife € &.

For simplicity, we often drop the subscript e from these notations as long as there is no danger to cause any confusions.

2.2. DG-IFE methods

In this subsection, we derive the DG-IFE methods for the parabolic interface problem (1.1)-(1.5). First, we multiply
Eq. (1.1) by a test function v € H?(73,) and then integrate both sides on each element K e ;. For a non-interface element,
a direct application of Green’s formula gives

/ uvdx+ | BVu- Vudx —
K K

BVu-ngvds = | fvdx. (2.2)
aK K
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For an interface element, (2.2) holds true as we perform Green’s formula piecewisely on each sub-element separated by the
interface. For more details of this procedure, we refer readers to [31]. Then we summarize (2.2) over all elements to obtain

/ uvdx + Z/ﬂVu Vvdx — Z/ BVu - ngvds = / fudx.
KeTy Key 2
Rewriting the third term as the summation over all edges in &, and using the notations in (2.1) we have

/u[vdx—f—Z/.,BVu Vvdx—

KeTy ecéy

/{{,BVu n,j} [[v]]ds_/fvdx (2.3)

Let H, = H2(£2) + H2(73), then we can define a bilinear form a.: H, x H, — R:

ac(u, v) = ZfﬂVu-Vvdx—

/ (BVu - n.) [v]ds

KeTy VK ecéy
e X [Upvo-ntunds+ Y- [ 2 punonas, (2.4)
ecéy ecéy

where o, > 0 is the penalty parameter and |e| stands for the length of e. The parameter € in a. (-, -) may take the value —1,
0, or 1. Note that a. (-, -) is symmetric if e = —1 and is nonsymmetric otherwise. The regularity of exact solutionu € H!(£2)
implies [u]] = 0 on every interior edge e € &,. Thus, for every € we have

eZ/{{ﬁvU n.}} [ullds =0, and Z/—[[u]][[v]]ds— 0.

ecéy ecéy

We define the linear form L: H, — R:

L(v) = /fudx+2/<e(ﬁw ne)+| | )gds.

ece}

Now, we obtain the weak form of the parabolic interface problem (1.1)-(1.5):

(U, v) + ac(u, v) = L(v), Vv € H (), (25)

Ule=0 = Uo. (2.6)

We now introduce finite-dimensional IFE subspaces of the broken Sobolev space H2(73,), which will be used to
approximate (2.5)-(2.6). For each element K € 7}, let dy = 3 for triangular elements and dx = 4 for rectangular elements.
IfK € 73, we choose ¢;(x), 1 < i < dk to be the standard linear or bilinear nodal functions. Otherwise, ¢;(x), 1 < i < di

are chosen to be the linear or bilinear IFE basis functions defined in [32,8] and [33,6], respectively. For each element K € 73,
we define the local FE/IFE space to be

Sn(K) = span{¢i, 1 < i < d}.
Then, the discontinuous IFE space over the mesh 7}, is defined as
Sh(T) = {v € [2(£2) : v|k € Su(K), VK € T1}.

For every noninterface element K € 7", Sy(K) is a subspace of H?(K). For interface element K € 'T,f, every function
v e Sp(K) is either a linear or a bilinear IFE function. It has been shown in [32,33,6] that such IFE function v € H'(K) and
vlgs € H2(K®), s = +, but v & H2(K). It can be easily shown that S, (7;) C H2(73,). We will use S (75) to discretize the weak
formulation (2.5) and (2.6) of the parabolic interface problem.

Semi-discrete DG-IFE scheme: Find u;, : [0, T] — S;(73) such that

(une. vh) + ae(up, vp) = L(vy), Yoy € Su(Th), (2.7)
up(X, 0) = ugn(x), X € £2, (2.8)
where ugy, is an approximation of ug in the space S, (73).
For a positive integer N;, let At = T/N; be the time step and t" = nAt (n = 0, 1, ..., N;). For any function ¢(t), we let
" =@(t"),n=0,1,..., N Forasequence {¢" }n o» we define
0 __ n n—1 n__ (pn - (pn—l _
=0¢"+(1—-0)¢p V0o<6 <1, o' = —, n=1,2,...,N;.

At
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Fully discrete DG-IFE scheme: Find a sequence {uh} of functions in S, (73) such that

(deup, vn) + ac(up”, vp) = L (vp), Yoy, € Su(Th). (2.9)
up(x) = ugp(x), X € L2, (2.10)
where
% (v) :/f”"’vdx+ Z/(e(ﬂVv ne)+|—|v> g™%ds.
2 eesfl’ €

Note that the fully discrete DG-IFE scheme is the backward Euler scheme when 6 = 1, and it is the Crank-Nicolson scheme
when 6 = 1/2.

3. Error estimation for semi-discrete schemes

In this section, we derive a priori error estimates for semi-discrete scheme (2.7)-(2.8). The error bounds are based on the
following mesh dependent energy norm:

/2
ol = (Z [ prveraxe 3 [ ds) ,
KeTy ecéy

forallv € 1:12(‘1‘,1). We will first recall some results from [31] for elliptic problem.

Lemma 3.1 (Trace Inequalities for IFE Functions). Let T, be a Cartesian triangular or rectangular mesh and let K € T, be an
interface triangle or rectangle with diameter hx and let e be an edge of K. There exists a constant C, independent of interface
location but depending on the jump of the coefficient 8, such that for every linear or bilinear IFE function v defined on K, the
following inequality holds:

—-1/2
1BV - Mell2e) < Chic IV BV VIl x)- (3.1)

Lemma 3.2 (Coercivity). There exists a constant k > 0 such that

ac (vn, vi) = kllvall®s Y vy € Sp(Th) (32)
holds for ¢ = 1 unconditionally and holds for ¢ = 0 or ¢ = —1 when the penalty parameter o, in a.(-, -) is large enough.

For every t € [0, T], we define the elliptic projection P,u of the exact solution u by
ac(u — Ppu, vp) =0, Yoy € Sp(Th). (3.3)

It is easy to know that the solution to (3.3) exists and is unique. Moreover, it has the following error estimates.

Lemma 3.3 (Estimate for Elliptic Projection). Assume that u € H*(0, T; 1:13(.(2)),f0r every t € [0, T], then the following error
estimates hold

”lu - Phum = Ch”u”ﬁﬁ(g)’ (34)
I — Pl < Chllull s o, (35)
Il — Prell < Chllte - (36)

Proof. The estimate (3.4) follows from the estimate derived for the DG-IFE methods for elliptic problems in [31]. Taking the
time derivative of (3.3) we have

d
0= aae(u — Ppu, vp) = a. (ue — (Po)e, vp), Yo € Sp(Tp),

which implies that (Pyu); = Ppu;. Thus, forany t € [0, T], us(-, t) € 1:13(.(2). Applying the estimate (3.4) to u;, we get
Il — Pau)ell = llue — Pauell < Chlluellgs go)-

This concludes the estimate (3.5). Following a similar argument, we can obtain (3.6). O
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Now we are ready to derive an a priori error estimate for the semi-discrete IFE scheme (2.7)-(2.8). First, we write

up —u = (up — Pu) + (Pru — u) £ £ +n, (3.7)

where Pyu is the elliptic projection of u defined by (3.3). From (3.4), we can bound ||7|| as follows

il < ChlluC Olliaga) = Ch(Itoliaa, + el 2.2y ) (38)
It suffices to bound ||&||. From (2.5), (2.7) and (3.2), we get the error equation for &

(&, vn) + ae(§, vr) = (e, vn) , Vou € Sp(Tn). (3.9)
Let v, = &, then (3.9) becomes

€ + ac(§, &) = (e, &) - (3.10)
To proceed the analysis, we discuss the symmetric and nonsymmetric cases separately.

(i) Ife = —1, then a.(-, -) is symmetric, and
612 + 2L ac 6. 6) < Il 180 < = el + 3 g 311)
2dt 2 2

Note that upg = Phug, thus £(-, 0) = 0. We integrate both sides of (3.11) from 0 to t to obtain

1 [t 1 1 [t T
ff I& 12 dT + —ac(E . 0, E(, 1) < —/ Inell? de < ChZ/ luellFs o, dt- (3.12)
2 Jo 2 2 Jo 0 (£2)

The second inequality in (3.12) can be obtained from (3.5). The coercivity of a. (-, -) leads to

18 200,202y + NEN < Chlltell 20 7,3 (3.13)

Dropping the first term in (3.13) leads to a bound for ||&]].
(ii) If e = 1 or O, then a.(-, -) is nonsymmetric. We have

1d 1 1d c ., C.
ac (§,6) = Eaae(é,é) + 5 @ (§.6) —ac (&.8)) = iaae(%‘,é) -3 g~ — EIIIEIII - (3.14)

Substituting (3.14) into (3.10) and integrating it from 0 to t, we have

t t
/ & N1°dT + IEN1° < C/ Umell? + &N + NEN>)dz. (3.15)
0 0

Taking derivative of (3.9) with respect to t leads to

(§tes vn) + ae (&, vn) = (e, vn) , Yon € Sp(Th)- (3.16)

Choosing v, = &; in (3.16) and using the coercivity of a. (-, -), we get

Ul + 1€

N | —

L e 12 4 el <
2dt"t flisell” =

Integrating from O to t and using the Gronwall inequality, we have

t t
/ & NI2dT < C/ e l*dz + Cll&: -, 0)|1%. (3.17)
0 0

Sett = 0 and v, = & (-, 0) in (3.9), then we obtain

1E:C. O < lIne(-, 0)]. (3.18)
Substitute (3.17) and (3.18) into (3.15) and apply the Gronwall inequality, then

t t
/ & 1I1°dT + IEN* < C/ (Umell® + IneI?)dz + Cline -, 0) 1
0 0
Applying the estimates (3.5) and (3.6) to the right hand side of the above inequality gives

I5ell 20,0220 + NN < Ch(”ut('s O gy + luellzo. 130y + e ||L2(0,T;1§3(_Q)))- (3.19)

Again, dropping the first term leads to a bound for ||£]|. We summarize the above discussion in the following theorem.
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Theorem 3.1. Assume that the exact solution u of problem (1.1)-(1.5) satisfies u € H'(0, T; 1:13(.(2)) for e = —1and
u € H?(0,T; H3(R2)) for ¢ = 0,1, and uy € H3(£2). Let uy, be the DG-IFE solution of (2.7)-(2.8) and let ux(-,0) = Puug
be the elliptic projection of ug. Then there exists a constant C such that forall t € [0, T]

lun -, ©) = uC, O = Ch(ltolzaa, + el 2 0.2 ) ) (3:20)
fore = —1,and

|||uh('» t) - u(., t)||| =< Ch(””O”Fﬁ(_Q) + ”ut(o)”]:ﬁ(g) + ”ut”LZ(o,T;Fﬁ(())) + ||utt||[_2(o,'r;1f13(g))) (3-21)
fore =0or 1.

4. Error estimation for fully discrete schemes

Now we derive error estimates for the fully discrete DG-IFE schemes (2.9)-(2.10). We will consider two prototypical
cases.

4.1. Backward Euler scheme

The backward Euler scheme corresponds to (2.9) with & = 1. Subtracting (2.5) from (2.9), we can write the error equation
as follows

(3&", vh) + ac (", vn) = (30", va) + (", v),  You € Sp(Th), (4.1)
where r" = —(uf — 9;u"). Let v, = 9;£" in (4.1), we obtain
n2 n n n2 n2 1 n2
10:6%1° + ac (§™, 8:6™) < [19em™ 17 + I +5||3r$ . (4.2)

Again, the discussion for the second term is different for symmetric and nonsymmetric bilinear forms. We proceed in the
following two cases.
(i) e = —1.The bilinear ac (-, -) is symmetric.

1
0c(§", 08" = —ac(§"§" - g"

1
B Tm(“f(fn’ E") —ac (6" E") a6 - g g — gm))

v

(e e —ae eh).

Then we substitute it into (4.2) to get
1
2At
Multiplying (4.3) by 2At and then summing over n from 1 to any positive integer k, we have

1
S + o (0 (€7, 6 — ac€ ' 7)) < oI + "2 (43)

k k
AEY 10" + ac( £ = 286 Y (oI + 1)) (44)
n=1 n=1

Now we bound two terms on the right hand side of (4.4). By Hélder’s inequality and (3.5),

it = [ (3 /tn i) e = /tn I = / e s (45)
= — T X -— T —_— Ue || 5 T, .
tn 2 At tn—1 & - At tn—1 e - At tn—1 ‘ (@)

1 [ ?
— / (t — t" Hugdt
t 1

"= u"—8u"2dx:/
I fglt " 1 )

Hence, by the coercivity of a. (-, -), we obtain

At (" )
dx < — lug || “dT. (4.6)
3 Jm1

k
A 13"+ HER = C (Rl sy + BB 1200 ) (4.7)

n=1
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Substituting (3.8) and (4.7) to uf — uk = £ + »*, and applying the triangle inequality yields

K k
|||u}; —ul < C(h(”uonﬁﬁ(g)) + ||ut||1_2(0,T;FI3(Q))) + At||utt||l_2(o,r;l_2(9)))~

(ii) € = 0 or 1. The bilinear form is nonsymmetric.

1 1
0", 06" = (0 (E" 6N — a6 + oacE € — )

o n
2At 2At 2Ata€(E

! mEn n- n— 1 n oen n— n
= s (@@ 6 — a6 6" h) + (a0 6 — " ag")
1
> E(ag(s’i E") —a (5", E”’])) — C(Illaté”lll2 +IE™T? + |||g“|||2)_

Substituting it into (4.2) leads to

1 n2 1 n &n n—1 n—1 np2 ny2 ny 2 n—12 ny2
S0 + (0 €. 6 — a6 €77 < a2+ 112+ C (A& ™I + 6™ 1 + ")

Multiplying (4.9) by 2At and then summing over n, we obtain

_ gn—‘l, %.n—l)

k k k k
ALY 11BE P + clIEI < 248 18" 12 + IF1%) + CAE Y D&% + CAL Y | [IEI2.

n=1 n=1 n=1 n=1

From (4.1) we have
1 _
AL (0™ — 0E™ ", vn) + ac(vp, 9E™) = (dem™, vn) + (@™, v),  Vuu € S(Th).

Let v, = 0;£"in (4.11). Then

1 _

SAL (19:E™ 1 = 19:E™M1%) + kO:E™ P < Udeen™ | + N9 1) 119:E"™ .
Multiplying the equation by 2At, and taking summation over n, we obtain

k k
19:E51% + ALY 1812 < CAEY (™1 + 185" I1%) + Cllae& 1>

n=2 n=2

Setn=1land v, = &;£' = £'/At in (4.1), then we have

1
I3:£"1% + Eaf(él, ED < Uden' I+ Ir'DlIag -

Applying the coercivity of a(-, -) and Young’s inequality, we have
1
locs"|1> + A*tlllé“llll2 < C(loen 1> + I 1.
Note that At[|3;£']|? = [|1£"]|%/ At. Substituting the above inequality into (4.12) we have
k k
DO ALIE P < €Y ALUden™ I + 18 17) + Clden 1 + 17 1%).
n=1 n=2

Substituting (4.13) in (4.10), and applying the Gronwall inequality, we obtain

k k
HEMIZ < 7 AtClaen™ 12 + 112 +C Y AL(13en™ 12 + 18" 1% + C13en" 2 + 1%

n=1 n=2

Now we bound the last four right-hand side terms in (4.14). First

2
77" _ znn—l + nn—z
jour"” = | : dx
2 (At)

1 e 1 =1 2
= / @/ : Nee (t" — t)dt — B2 / i Urr(tn_l —tydt) dx
2 th— .
tn
- ||77tt||2dt.

3At tn—2

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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By (3.6), we have

At Z 186" 1> < CH* e W2y, 7.3 (4.15)
n=2

For the second term,

bt — Ul —up! Ut — 2un1 4 2
At (A)?2

-1

t" 1 " 1 tn
= Ugedt — —— U (8" — £)2dt + / Uge (t — t"2)2dt.
[n—] ttt (At)2 /,;n—l [t[( ) (At)2 2 t[t( )
Applying Hoélder’s inequality, we get

k tn =1

1
E At||ar"> < (Ab)? E (/ llugee 12dt + = f : llugee |1 dt + g/ , ||uttt||2df>
n:Z n— tn— tn—

IA

< C(ary? ||Um||L2(OTLz(Q)> (4.16)
As for the last two terms, we have
At At
1 2 2 1 2
9en'I” < = In:)I°dt < h at s lluellzs o, dt (4.17)
and
At 2 1 At
||r1||2=/ i — ' < A (E/ ||un||2dt). (4.18)
2 0

Now, substituting (4.5), (4.6) and (4.15)-(4.18) into (4.14), we obtain
; 1 At
2 2
IE*I* < cn (nutnlz(omgm)ﬁ||un||L2(OTH3(Q)>+E fo IIUcllHam)df)

1 At
2 2 2 2
+C(At) <||utt||L2(O,T:L2(.Q)) + ”uttt”LZ(ho;LZ(_Q)) + E/ ”ut[” dt ).
0

Now, we summarize all the analysis above for the backward Euler DG-IFE method in the following theorem.

Theorem 4.1. Assume the exact solution u of (1.1)-(1.5) satisfiesu € H2(0, T; H3(£2)) NH3(0, T; [*(£2)) and ug € H3(82). Let

the sequence {uﬁ }1:;0 be the solution of the backward Euler scheme (2.9)-(2.10). Then, we have the following estimates satisfied
forall0 <n < N;

(1) If e = —1, then there exists a positive constant C independent of h and At such that

= ull = € ((lollg2 oy + N o 2 ) + At o 2 )- (4.19)

(2) If € = 0 or 1, then there exists a positive constant C independent of h and At such that

1 At 1/2
llup — u™l < Ch (I|U0||H3(m + luellizo, a3y + Muelli2o 132y + (At / e s t)
1 At 1/2
+CAt | Nueellizo,r:22)) + Nueeelli20.7:12(02)) + <At / ||Utt||2dt> . (4.20)

4.2. Crank-Nicolson scheme

Now we consider the error analysis for the Crank-Nicolson scheme corresponding to & = 1/2 in (2.9). We only consider
the symmetric case in which e = —1.
From (2.5), (2.9) and (3.2), we have

n 1 n n—1 n n n et
(08", vn) + 506(5 + &, vp) = (0", vp) + (ry, vp) + (3, vr), Yo € Sp(Th), (4.21)

where

n_ ,n-1/2 1 n n—1 n__ n—1/2 n
rn=u - E(Ut +u ), ry = —(U; — deu").
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Taking vy = 9,£" = (€™ — £""1)/ At, we get

1
196" + e 6" + 677187 = 6" < (0"l + Il + 13 1) 136"

2At
1
< (U012 + W12 + 117 ) + 5 1" 12 (422)
Due to the symmetry of a. (-, -) (when ¢ = —1) we have
1 _ _
198" + 5z (06" 6 = ac € 6" ) = (Noen" I+ Il + e ) aeg” |
< (18" + IF1 + I 12)- (423)
Multiplying (4.23) by 2At and summing over n, we have
k
Kl < a5, 8 <> At(nam"n2 + I 12 + ||r§||2). (4.24)
n=1
Note that (4.5) provides a bound for ||3;7"||?, hence we only need to estimate I} |2 and 5 |I%. Applying Taylor formula and
Hélder’s inequality, we obtain
_ 1 2
i = [ (W ) e
0 2
1 n—1/2 tn 2
= / - </ Um(t — tn_l)dt +f U[ft(tn — t)dt) dx
04\ Jin =172
[n
< c0? [ et (425)
tn—1
and similarly
[n
I511? < C(At)3/ 1 l[uge | 2. (4.26)
th—

Put (4.5), (4.25) and (4.26) in (4.24) then we have

k2 2 2 4 2
|||$ ||| = C(h ”ut”LZ(O,T:Fl3(Q)) + (At) ||uftf||LZ(0‘T:L2(Q))>'

Now we summarize the result in the following theorem.

Theorem 4.2. Assume that u € H'(0, T; H3(2)) N H3(0, T; L2(£2)) is a solution to the interface problem (1.1)-(1.5) and

Uy € H3(£2). Assume {ug }:t:o is the solution of Crank-Nicolson scheme (2.9)-(2.10) with ¢ = —1. Then, there exists a positive
constant C independent of h and At such that forall0 <n < N;

|||uz - unlll =< C(h(||u0||FI3(Q) + ||ut||l_2(o,'r;1f13(g))) + (At)z”uttt”Lz(O,T;Lz(Q)))' (4'27)

5. Numerical examples

In this section, we report some numerical results of DG-IFE methods for parabolic interface problems. Let the solution
domain be 2 x [0, T], where £2 is the unit square (0, 1) x (0, 1), and T = 1. The interface curve I" is an ellipse centered at
the point (xg, o) with semi-radius a and b. The parametric form is given by

xixo—kacgs(e), (5.1)
¥y = Yo + bsin(6).

In our computation, we choose xg = yg = 0,a = 7 /4, b = /6, and we consider the first quadrant of the ellipse as the
interface, i.e., 6 € [0, Z]. Note that the interface curve I touches the boundary of £2 and separates §2 into two sub-domains
denoted by

2 ={x:1rx) <1}, and 27T ={x:rx > 1}
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Table 1
Errors of nonsymmetric DG-IFE solutions with 8~ = 1, BT = 10.
N; Backward Euler Crank-Nicolson
- e Rate |-z Rate |- | Rate || [ Rate |- Ilp Rate |- [ Rate
10 1.85E—1 1.37E-1 2.16E-0 2.43E-1 1.59E—1 2.21E-0

20 5.06E—2 1.87 3.52E-2 1.96 1.08E—0 1.01 5.00E—-2 2.28 3.65E—-2 2.13 1.07E-0 1.04
40 1.38E—2 1.87 9.16E—3 1.94 5.41E—1 0.99 1.34E—2 1.90 9.43E-3 1.95 5.40E—1 0.99
80 3.77E-3 1.87 241E-3 1.93 2.71E-1 1.00 3.43E-3 1.96 2.36E—-3 2.00 2.70E—1 1.00
160 1.05E-3 1.84 6.65E—4 1.86 1.36E—1 1.00 8.59E—4 2.00 5.92E—4 2.00 1.36E—1 1.00
320 3.21E-4 1.71 1.97E—4 175 6.80E—2 1.00 2.18E—4 1.98 1.48E—4 2.00 6.80E—2 1.00

Table 2
Errors of symmetric DG-IFE solutions with 8~ = 1, 87 = 10.
Ng Backward Euler Crank-Nicolson
I Il Rate |- Rate ||y Rate |- [ Rate  ||- [ Rate ||y Rate
10 8.91E-2 6.19E—2 2.11E-0 1.11E-1 6.63E—2 2.12E-0

20 2.56E—2 1.80 1.523-2 2.02 1.07E-0 0.98 1.63E—2 2.77 1.70E—-2 1.96 1.07E-0 0.99
40 6.91E-3 1.89 3.85E—-3 1.98 5.40E—1 0.99 4.65E-3 1.81 4.13E-3 2.05 5.39E—1 0.98
80 191E-3 1.86 1.04E—3 1.89 2.71E-1 0.99 1.33E-3 1.80 1.07E-3 2.02 2.71E-1 0.99
160 5.15E—4 1.89 3.06E—4 1.76 1.36E—1 1.00 3.97E—-4 175 2.52E—-4 2.01 1.36E—1 1.00
320 1.35E—4 1.92 1.04E—4 1.57 6.79E—1 1.00 1.17E—4 1.76 6.27E—5 2.01 6.79E—1 1.00

where

(x—x0)* (¥ —y0)?
rx) =rx,y) = \/ = + .
The source function f and the boundary function g in the parabolic interface problem are chosen such that the exact solution
u is as follows

1
—r(x)Pe’, ifxe 27,
ux,t) = (5.2)
(1 x)? ! + l>€[ ifx e 27
—TX’ = —+ — e, ,
B* Bt B~
where p = 5 and the coefficients ¥ vary in different examples.
We use Cartesian rectangular meshes 7;, h > 0 formed by partitioning §2 into Ny x N; congruent rectangles of size
h = 1/N; for a set of integers N;. For the fully discretization, we divide the time interval [0, T] uniformly into N; subintervals
witht, =nAt,n=0,1,...,N;, and At = T/N;.

Example 1: moderate jump (8~, B1) = (1, 10)

First we choose diffusion coefficient (8™, ) = (1, 10) which represents a moderate discontinuity across the interface.
Both the nonsymmetric and symmetric DG-IFE schemes are employed to solve the elliptic interface problem at each time
level. We choose the penalty parameters o, = 100 for symmetric DG-IFE scheme and o, = 1 for nonsymmetric DG-IFE
scheme. Backward Euler and Crank-Nicolson schemes are used for fully discretization. Errors of IFE solutions in L*, L2, and
semi-H! norms are computed at the final time level, i.e,, t = 1. Data listed in Tables 1 and 2 are generated with time step
size At = 2h.

In Tables 1 and 2, errors in semi-H'! norm, which is equivalent to energy norm, have optimal convergence rate O(h) for
both nonsymmetric and symmetric DG-IFE schemes. These results confirm our theoretical error analysis (4.19) and (4.20)
for backward Euler error estimation and (4.27) for Crank-Nicolson error estimation. We also note that convergence rate
of errors of Crank-Nicolson solutions in L* norm is O(h?), although we do not have the corresponding theoretical analysis
yet. For backward Euler, the L? convergence rate is decreasing from O(h?) to O(h) as we perform uniform mesh refinement.
Because for small h, error in time discretization dominates, which has only the first order.

Example 2: flipped coefficient (8~, B7) = (10, 1)

In this example we test the robustness of the algorithm by flipping the diffusion coefficient such that (8~, ) = (10, 1).
This represents a change of the material property. Again, we use both nonsymmetric and symmetric DG-IFE schemes. The
penalty parameters are chosen as o, = 100 for symmetric DG-IFE scheme and o, = 1 for nonsymmetric DG-IFE scheme.
Errors of IFE solutions are computed at the final time level, i.e., t = 1, and are reported in Tables 3 and 4. We can see that
the pattern of error decay is similar to the first example.
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Table 3
Errors of nonsymmetric DG-IFE solutions with 8~ = 10, 87 = 1.
N; Backward Euler Crank-Nicolson
I e Rate | -llp Rate |- | Rate |- [ Rate || ;2 Rate |-y Rate
10 9.37E—1 8.37E—1 1.82E+1 1.19E-0 8.66E—1 1.83E+1

20 2.64E—1 1.83 2.29E—1 1.87 9.08E—0 1.00 1.87E—1 2.67 2.23E—-1 1.96 9.06E—-0 1.01
40 7.50E—2 1.81 6.37E—2 1.85 4.53E—-0 1.00 5.21E-2 1.84 5.72E-2 1.96 4.53E-0 1.00
80 2.22E-2 1.76 1.87E-2 1.77 2.27E-0 1.00 1.40E—-2 1.90 1.45E—-2 1.98 2.26E-0 1.00
160 9.12E-3 1.28 6.06E—3 1.63 1.13E-0 1.00 3.62E-3 1.95 3.64E-3 1.99 1.13E-0 1.00
320 4.07E—-3 1.16 2.22E-3 1.45 5.66E—1 1.00 9.24E—4 1.97 9.14E—4 2.00 5.66E—1 1.00

Table 4
Errors of symmetric DG-IFE solutions with 8~ = 10, 8 = 1.
Ns Backward Euler Crank-Nicolson
- Nl Rate Il Rate [l Rate -l Rate Il Rate [l Rate
10 7.23E—-1 5.56E—1 1.81E+1 9.04E—1 5.61E—1 1.81E+1

20 2.18E—1 173 141E-1 1.98 9.07E-0 1.00 1.79E—-1 2.34 1.38E—1 2.02 9.06E—-0 1.00
40 6.21E-2 1.82 3.88E—-2 1.86 4.53E—0 1.00 5.54E—2 1.69 3.35E-2 2.04 4.53E-0 1.00
80 1.75E-2 183 1.20E-2 1.69 2.26E-0 1.00 1.60E—2 1.80 8.24E—3 2.02 2.26E—-0 1.00
160 5.93E-3 1.56 4.33E-3 1.48 1.13E-0 1.00 4.54E—3 1.82 2.04E—-3 2.01 1.13E-0 1.00
320 3.26E-3 0.86 1.78E—3 1.28 5.66E—1 1.00 1.24E-3 1.88 5.08E—4 2.01 5.66E—1 1.00

Table 5
Errors of nonsymmetric DG-IFE solutions with 8~ = 1, 87 = 10000.
N Backward Euler Crank-Nicolson
I+ |lzee Rate I Iz Rate (R Rate I - |lgee Rate I 1l2 Rate [« I Rate
10 1.39E—1 3.06E—2 1.08E—0 1.80E—1 3.22E-2 1.10E—-0

20 5.07E-2 1.46 8.67E—3 1.82 5.68E—1 0.93 3.67E-2 2.29 8.89E—3 1.86 5.64E—1 0.97
40 1.36E—2 1.89 2.33E-3 1.89 2.94E—1 0.95 1.08E—2 1.76 2.35E-3 1.92 2.93E-1 0.95
80 3.64E-3 1.90 6.16E—3 1.92 1.49E—1 0.98 3.24E-3 1.74 6.04E—3 1.96 1.49E—-1 0.98
160 1.03E-3 1.82 1.63E—4 1.92 7.50E—2 0.99 9.52E—4 1.77 1.50E—4 2.01 7.49E—2 0.99
320 2.78E—4 1.89 4.68E—5 1.80 3.76E—-2 0.99 2.59E—4 1.88 3.86E—5 1.96 3.76E—2 0.99

Table 6
Errors of nonsymmetric DG-IFE solutions with 8~ = 10000, 8+ = 1.
N; Backward Euler Crank-Nicolson
|| Ilgoe Rate Il 2 Rate | Iy Rate I+ [0 Rate Iz Rate [ g Rate
10 9.36E—1 8.33E—1 1.82E+1 1.19E-0 8.61E—1 1.83E+1

20 2.64E—1 1.83 2.26E—1 1.88 9.08E—0 1.00 1.87E—1 2.67 2.20E—1 1.97 9.06E—-0 1.01
40 7.50E—2 1.81 6.27E—2 1.85 4.53E—-0 1.00 5.21E-2 1.84 5.64E—2 1.96 4.53E—-0 1.00
80 2.17E-2 1.79 1.83E-2 1.78 2.27E-0 1.00 1.40E—2 1.90 1.43E—-2 1.98 2.26E—-0 1.00
160 8.92E-3 1.28 5.89E-3 1.64 1.13E-0 1.00 3.62E-3 1.95 3.59E-3 1.99 1.13E-0 1.00
320 3.99E-3 1.16 2.14E-3 1.46 5.66E—1 1.00 9.24E—4 1.97 8.99E—5 2.00 5.66E—1 1.00

Example 3: large jump (8~, B+) = (1, 10000) and (8~, B*) = (10000, 1)

In this example we enlarge the contrast of the diffusion coefficient such that (8=, ) = (1, 10000), and (8~, %) =
(10000, 1). Here we use nonsymmetric DG-IFE scheme and the penalty parameter is chosen as o, = 1.Datalisted in Tables 5
and 6 are generated with time step size At = 2h.

For all examples above, we also experimented linear IFE functions on structured triangular meshes, which is formed by
cutting each rectangle of 73 into two triangles. The numerical results are very similar to the rectangular meshes; hence, we
omit the data in this article.

6. Conclusion

In this article, we developed a class of discontinuous Galerkin scheme for solving parabolic interface problem. Taking
advantages of immersed finite element functions, the proposed methods can be used on Cartesian mesh regardless of the
location of interface. A priori error estimation shows that these DG-IFE methods converge to exact solution with an optimal
order in the energy norm.
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