THE LEX-PLUS-POWERS CONJECTURE HOLDS FOR PURE
POWERS

JEFF MERMIN AND SATOSHI MURAI

Abstract: We prove Evans’ Lex-Plus-Powers Conjecture for ideals containing a
monomial regular sequence.

1. INTRODUCTION

Let S = k[x1,- -, x,] be the polynomial ring in n variables over an arbitrary field.
Fix r < n and a nondecreasing sequence of positive integers, 2 < e; < ey < --- < e,
and let P = (z§',--- ,2¢) be the ideal generated by those powers of the variables.
(If r # n, it is sometimes convenient to set e¢,41 = -+ = ¢, = 00 and x° = 0.)

The Hilbert function of a homogeneous ideal of S is a well-studied and important
invariant with applications in many areas, including Algebraic Geometry, Commu-
tative Algebra, and Combinatorics. One of the basic tools in the study of Hilbert
functions was provided by Macaulay [Ma] in 1927: every Hilbert function of a ho-
mogeneous ideal of S is attained by a lexicographic ideal. Macaulay’s insight was
that the lex ideals, which are defined combinatorially, are a useful tool in studying
the combinatorial invariants of the polynomial ring. Later, Macaulay’s theorem was
extended to many other rings, including the quotient ring S/P (due to Clements
and Lindstrom [CL]).

Motivated by Macaulay’s theorem and applications in Algebraic Geometry, Eisen-
bud, Green, and Harris made the following conjecture about Hilbert functions
[EGH1, EGH2]:

Conjecture 1.1 (Eisenbud, Green, Harris). Let F' = (f1,- -, f) be a homogeneous
reqular sequence, such that deg f; = e; for all i, and let I be any homogeneous ideal
contarning F'. Then there is a lex ideal L such that L + P and I have the same
Hilbert function.

The conjecture is well-studied but remains wide open. The largest class of ideals
where it is known is due to recent work of Caviglia and Maclagan [CM], who prove
the conjecture whenever the degrees of the regular sequence increase quickly enough
(ic., if ex > 320! e for all k).

In recent decades, graded Betti numbers have become an important topic in Com-
mutative Algebra. One influential result is due to Bigatti [Bi], Hulett [Hu], and Par-
due [Pa] in the 1990s. They showed that the lex ideals of S have maximal graded
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Betti numbers among all ideals with a fixed Hilbert function, providing a sharp up-
per bound on the graded Betti numbers of a homogeneous ideal with a given Hilbert
function. Because of the importance of Bigatti, Hulett, and Pardue’s results, sim-
ilar statements are known or conjectured in many settings where Macaulay-type
theorems hold, including the exterior algebra and the ring S/P (see for example
Aramova-Herzog-Hibi [AHH1, AHH2] and Gasharov-Hibi-Peeva [GHP]).
Inspired by Bigatti, Hulett, and Pardue’s results, Evans [FR| extended the Eisenbud-

Green-Harris conjecture to include a statement about Betti numbers:

Conjecture 1.2 (Evans, The Lex-Plus-Powers Conjecture). Let F', I, and L be as
in Conjgecture 1.1. Then for all i and j the graded Betti numbers of I and L + P
satisfy bi,j(L + P) Z bz,](])

Both conjectures are open. In particular, the Lex-Plus-Powers Conjecture has
been open even if F' consists of pure powers of the variables (i.e., F' = P). The main
result of this paper is that the Lex-Plus-Powers Conjecture holds if F' consists of
monomials, a case in which the Eisenbud-Green-Harris Conjecture is a straightfor-
ward consequence of Clements and Lindstrom’s Theorem.

For a subset 7 of the variables, put x, = [[, ., 2. In [MPS], Mermin, Peeva, and
Stillman use mapping cones to give a formula for the Betti numbers of a monomial-
plus-P ideal in terms of its colon ideals: If M is a monomial ideal not containing

any z;', then we have

(13) b@j(M + P) = Z bi—|T\,j—deng(M . XT).

Using this formula and the Eliahou-Kervaire resolution [EK], Murai shows in [Mu]
that the Lex-Plus-Powers Conjecture holds for Borel-plus-P ideals:

Theorem 1.4 ([Mu]). Suppose that B is Borel, and let L be a lex ideal such that
L+ P has the same Hilbert function as B+P. Then for alli, j we have b; j;(L+P) >
b, ;(B+ P).

Thus, the Lex-Plus-Powers conjecture would be proved by reduction to the Borel
case:

Question 1.5. Let I and F be as in Conjecture 1.1. Does there exist a Borel ideal
B such that B+ P has the same Hilbert function as, and larger Betti numbers than,
1?7

In Theorems 3.1 and 8.1, we give a positive answer to Question 1.5 in the case
that F' consists of monomials.

In section 2, we introduce notation which will be used throughout the paper.
In section 3, using a walk on the Hilbert scheme, we prove the Lex-Plus-Powers
Conjecture for ideals containing powers of the variables in characteristic zero. This
approach yields a short proof, but does not work in positive characteristic.

In sections 4 through 8, we give a characteristic-free proof of the same result.
While the proof is long, we introduce some new techniques to study Hilbert functions
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and Betti numbers of monomial ideals, including Theorem 4.5, a formula for the
multigraded Betti numbers of any monomial ideal. Our main tool is a generalization
of the combinatorial “shifting” operation of Erdés, Ko, and Rado [EKR).

Shifting is an operation which associates to every simplicial complex another
complex with the same face vector and certain special properties, called “shifted”.
(See [AHH2, MH].) We generalize combinatorial shifting to monomial ideals, and
show that Betti numbers are nondecreasing under this operation. We use shifting
and compression (defined in [Me2]) to compare the Betti numbers of an ideal I
containing P with those of a Borel-plus-P ideal.

We also consider some related problems. In section 9, we show that the Betti num-
bers of [ are obtained from those of the lex-plus-powers ideal L + P by consecutive
cancellations. In section 10, we briefly discuss some open problems.

Acknowledgements. The authors thank Chris Francisco, Takayuki Hibi, Craig
Huneke, Irena Peeva, and the algebra group at Kansas for encouragement and helpful
discussions.

2. BACKGROUND AND NOTATION
We recall some notation and results that will be used throughout the paper.

Metadefinition 2.1. For a property (*) of ideals, and an ideal I containing P, we
say that I is (%)-plus-P if there exists an ideal I satisfying (*) such that [ = I + P.
In this paper, we will consider homogeneous-plus- P, lex-plus- P, compressed-plus-P,
Borel-plus-P, and shifted-plus- P ideals.

Notation 2.2. The ring S is graded by setting degx; = 1 for all ¢. All the S-
modules we consider will inherit a natural grading from S; if M is a graded module
we write My for the k-vector subspace spanned by the homogeneous forms of degree
d in M. We denote shifts in the grading in the usual way; that is, M(—d) is the
module isomorphic to M but with all degrees increased by d, so that, as vector
spaces, M(—d)e = M,_4.

Definition 2.3. We will use both the graded lexicographic and reverse lexicographic
monomial orderings. Let v and v be monomials of the same degree, and write
u=z7'ry - -xf and v = xlla:g? ---xfn. We say that u is greater than v with respect
to the lexicographic order, or u > v, if there exists an ¢ such that e; > f; and
ej = f; for all j < i. We say that u is greater than v with respect to the reverse
lezicographic order, or u >, v, if there exists an ¢ such that e; < f; and e; = f; for
all 7 > 1.

Definition 2.4. We say that a monomial ideal L C S'is lex or lexicographic if, for all
degrees d, the vector space L, is generated by an initial segment in the lexicographic
order. That is, if u and v are monomials of the same degree such that u <, v and
u € L, then we must have v € L as well.

Definition 2.5. We can use these orderings to compare monomial ideals as well. Let
T =Auy, - ,us} and J = {vy,- -+ ,vs} be sets of degree d monomials, each ordered
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reverse lexicographically (so u; >yey u; and v; >y v; Whenever ¢ < j). Then we
say that Z is reverse lexicographically greater than J, T >, J, if there exists an ¢
such that u; >y v; and u; = v; for all j < ¢. For monomial ideals I # J having the
same Hilbert function, and for a degree d, let {I;} and {J;} be the sets of degree
d monomials in I and J, respectively. We say that [ is reverse lexicographically
greater than J if, for all d, 1, = Jg or {I,} is reverse lexicographically greater than

{Ja}-

Lemma 2.6. Let 7 = {uy,...,u;} and J = {v1,..., v} be sets of monomials, all
with the same degree. If up >.ev Vi for all k, then T is reverse lexicographically
greater than or equal to [J .

Proof. We use induction on t. If ¢ = 1, the statement is immediate. Otherwise, let
u, and v, be the smallest elements of Z and J, respectively, with respect to the
reverse lex order. Then, by assumption, we have u; >yev Up rev Up Zrev Vg, SO WE
can apply the inductive hypothesis to get that Z ~\ {u,} is reverse lexicographically
greater than or equal to J ~ {v,}. Since u, and v, are the smallest elements of Z
and 7, it follows that Z is reverse lexicographically greater than or equal to J as
desired. O

Term orders allow us to associate to any ideal of S a monomial ideal, called its
initial ideal. In this paper we consider only reverse lexicographic initial ideals, but
the definition below works with any term order.

Definition 2.7. For a (homogeneous) polynomial g, write g = > a,,m with a,, € k
and m ranging over the monomials. The initial monomial of g, in.e(g), is the
maximal m in the reverse lexicographic order such that a,, is nonzero. For an
(homogeneous) ideal I, the initial ideal of I is the monomial ideal generated by the
initial monomials of every form in I, in, (1) = (iney(g) : g € I). It is well-known
that ingey (/) has the same Hilbert function as I and larger graded Betti numbers.

Definition 2.8. For a graded module M, the Hilbert function of M assigns to each
degree d the dimension of the vector space My. We write Hilb(M)(d) = dimy M,.

Definition 2.9. A free resolution of the graded module M is an exact sequence
F:..o->FH =K —-M-=—0

such that each F; is a free S-module. We say that [ is the minimal free resolution of
M if each F; has minimum possible rank. Equivalently, ' is minimal if, for all 7, the
nonzero entries of the matrix associated to the map d; : F; — F;_; are contained in
the homogeneous maximal ideal, (z1,---,x,). Up to an isomorphism of complices,
every finitely generated module has a unique minimal free resolution.

Definition 2.10. If F is the minimal free resolution of M, the Betti numbers of
M are given by b;(M) = rk F;. If we decompose the F; as graded free modules,
F = @ S(—34)"7, then the b; ; are the graded Betti numbers of M.

JEZ
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Definition 2.11. A monomial ideal I is Borel or 0-Borel-fized if it satisfies the
property:
If fr; € I and i < j, then fz; € 1.

Borel ideals are important because they occur (in characteristic zero) as generic
initial ideals [BS, Ga]. They are combinatorially useful because they are minimally
resolved by the Eliahou-Kervaire resolution [EK], which gives explicit formulas for
their Betti numbers. Borel ideals can also be attained via a characteristic-free tech-
nique called compression.

Definition 2.12. Fix asubset A C {z1, -+ ,z,}. Any monomial ideal I decomposes
(as a k-vector space) into a direct sum over monomials f € k[{xy, -, z,} ~ A],
= @ fV;. Each V; is an ideal of k[A]. If the V} are all lex ideals in k[A], we say

f

that I is A-compressed.
Set Wy equal to the lex ideal of k[.A] having the same Hilbert function as Vy. We
say that J = @ fW/ is the A-compression of I.

Compression and compressed ideals have been used by Macaulay and others [CL,
Ma, Mel,Me2, MP1,MP2 MPS, MH] to study Hilbert functions and Betti numbers.
In [Me2], Mermin proves the following:

Theorem 2.13 ([Me2]). Let N be a monomial ideal, and let T' be the A-compression
of N. Then:

(i) T is an ideal.
(i) N and T have the same Hilbert function.
(ili) b;;(T) > b; j(N) for alli and j.
(iv) N is Borel if and only if N is {z;, x;}-compressed for all i and j.

Definition 2.14 (Polarization). For ease of notation, we define a simplified version
of polarization. For a fuller version of the theory, see e.g. [Ei2, Exercise 3.24]. Fix
a variable b = xj. For a monomial u = [] :Uf ' the b™ polarization of u is

pol,(u <H xf’> (bey -+ cpm1),

x;7#b
where the ¢; are new variables (and pol,(u) = u if b does not divide u).

Let s be sufficiently large (e.g., the largest power of b occuring in any generator of
any ideal under consideration), and set SP° = k[xy, -+, 2, ¢1, -+, cs_1]. (We order
the variables so that x, > ¢ for all k.) For a monomial ideal I, set gens(/) equal
to the (unique) set of minimal monomial generators of I. Then for u € gens(I), we
have pol,(u) € SP°. The polarization of I is the ideal IP° of SP° generated by these
monomials,

I* = (pol,(u) : u € gens(I)) .

A monomial ideal I € S is naturally associated to two ideals of SP°, namely IP° and
15P°. We have the following:
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Proposition 2.15.

(1) For all i andj, bZ,J(I) = bivj(]po) = bi7j(ISp0). (Here, b@j([po) and biJ(ISPO)
are taken over S®°.)

(ii) Let I and J be monomial ideals of S. Then IP° and ISP° have the same
Hilbert function, and ISP° and JSP° have the same Hilbert function if and
only if I and J have the same Hilbert function.

(iii) Let u € I be a monomial of S such that pol,(u) € SP°. Then pol,(u) € IP°.

Proof. (i) is [BH, Lemma 4.2.16], and (ii) is immediate from (i) and the formula
Hilb(7)(d) = Y ((—1)bi;(I) Hilb(S)(d — 7)) -
0,

For (iii), observe that pol,(v) divides pol,(u) whenever v divides u. O

3. THE PROOF IN CHARACTERISTIC ZERO
In this section we prove the following:

Theorem 3.1. Let k have characteristic zero, and let F' = (f1,--- , f) be a regular
sequence of monomials, in degrees ey < --- <'e,. Set P = (af*, -+ ,x¢). If I is any

tdeal containing F, then there exists a lex-plus-P ideal L such that I and L have the
same Hilbert function and b; ;(L) > b; ;(I) for all i and j.

Throughout the section, F' = (f1, -, f) will be a regular sequence of mono-
mials in degrees eq,--- ,e,., and P will be the pure powers in these degrees, P =
(7', -+ ,x¢). First, we reduce to the case that I is monomial-plus-P.

Lemma 3.2. Let I be a homogeneous ideal containing F. Then there exists a
monomial ideal J containing P such that I and J have the same Hilbert function

and b; j(J) > b; ;(I) for all i and j.

Proof. For any monomial u of S, we set supp(u) = {zy : x) divides u}. Since
fi,-- -, fr is a regular sequence, we have supp(f;) Nsupp(f;) = @ for all i # j. After
reordering the variables if necessary, we may assume x; € supp(f;).

Write supp(fi) = {zi,,...,2z;}. We may assume i; = 1. Consider the automor-
phism ¢ of S given by ¢(x) = xy for z, = x1 or xx & supp(f1) and ¢(x) = x14xy for
xy € supp(fi)~{z1}. We have ¢(fi) = fi for k # 1, and we can write ¢(f1) = 2" +¢
for some polynomial g. Set I’ = iney(¢(I)). Then I’ contains (z7*, f2,- -, f), has
the same Hilbert function as I, and b; ;(I") > b; ;({). Repeating this procedure for
each fj yields an ideal J with the desired properties. 0

We remark that the proof of Lemma 3.2 is characteristic-free. However, for the
rest of the section, we will assume that k has characteristic zero and that [ is a
monomial-plus-P ideal. Since the resolution of a monomial ideal depends only on
the characteristic of the ground field, we may, without loss of generality, replace k
with any field of characteristic zero. Thus, we will assume that k = C.

The idea of our proof is similar to that of Pardue [Pa]. For a monomial-plus-P
ideal I which is not Borel-plus-P, we construct another ideal J satisfying:
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e J contains P.

e Hilb(J) = Hilb([I).

[ ) bh]((]) Z bZ,J(I) for all Z,j

e J is reverse lexicographically greater than I.
After applying this construction repeatedly, we will obtain a Borel-plus-P ideal and
apply Theorem 1.4.

Definition 3.3. Any homogeneous polynomial f € S; may be written f = > «a,v,
where v ranges over the degree d monomials and «a,, € C. The monomial support of
f is the set of monomials with nonzero coefficients, Supp(f) = {v : a, # 0}.

Lemma 3.4. Let d > 0 be an integer and let uy; >iey * -+ >rev Up be monomials of
degree d. Suppose that f1,..., f; are C-linearly independent polynomials of degree
d such that ux € Supp(fx) for all k and u, & Supp(fe) whenever ¢ < k. Then
{ine (f) : f € spanc{fi,..., fi}} is reverse lezicographically greater than or equal
to {uy, ..., u}.

Proof. We induct on t. If t = 1 then the statement is obvious. Otherwise, let F' =

{inyev (f) : f € spanc{fi,..., fi—1}}. By induction, we have F >,y {uy,...,u—1}.
Let

v € {ingey (f) : f € spanc{fi,..., fi}} N F.

By Lemma 2.6, it is enough to show that v >, u;. By the definition of v, there
exist aq,...,a; € C such that v = ingey(ayfi + -+ + apfi). Since v € F we have
a; # 0, 50 uy € Supp(ay fi + -+ aefy). Thus, v = inpey (1 f1 + -+ arfi) Zrev W
as desired. O

For the remainder of the section, fix two variables a >, b.

Proposition 3.5. Suppose that P contains no power of b, and that I is not {a,b}-
compressed-plus-P. Consider the automorphism ¢ of S given by ¢(xy) = zy for
xr #b and ¢(b) = a —b. Set J = ine (¢(I)). Then:

(i) J contains P.

(ii) J has the same Hilbert function as I.
(ili) b;;(J) > b (1) for all i and j.
(iv) J 7é I.
(v) J is reverse lexicographically greater than I.
Proof. (i), (ii), (iii), and (iv) are immediate; we prove (v). For any degree d, let
{I4} be the set of degree d monomials in I. Write {l;} = {uy,---,u;}, ordered
reverse lexicographically. Then {¢(uq), -+, é(us)} is a C-basis for ¢(1)4. Clearly,
uy, € Supp(¢(uy)) for all k and ug & Supp(¢(ue)) for all £ < k. Applying Lemma 3.4,
{Ja} is reverse lexicographically greater than or equal to {I;}. Since d was arbitrary,
it follows that J is reverse lexicographically greater than I, proving (v). 0

Next, we consider the case that P contains some power of b.
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Definition 3.6. Let e, be the smallest power of b appearing in P (i.e., b® is a
generator of P), and let ¢ be a primitive ¢, root of unity (e.g., ( = cosi—iT +

v —1sin i—:) Let 5 be the autormorphism of SP° given by a(xk) = xy, for x, # b,
d(b) = a —b, and ¢(cp) = a — C*b + ¢, for all ¢p. Put J = ingey (¢(17°)).

We recall an arithmetic fact about roots of unity:

Lemma 3.7. Let f = (a —b)(a—Cb)---(a —¢*b). Then:

(i) If k = e, — 1, then f = a* — V"
(i) If k S e, — 1, then ab®*~1 € Supp(f).

Lemma 3.8. Suppose that P contains some power of b, and that I is not {a,b}-
compressed-plus-P. Then:

(i) J contains PSP°.

(i) J has the same Hilbert function as ISP°.

(iii) b;;(J) > b;;(157°) for all i and j.

(iv) J # [SP°.

(v) J N S is reverse lexicographically greater than 1.
) J=(JNnS)sre.

(vi

Proof. To prove (i), it suffices to show that b € J. We have

('b

p—1

& (pol, (6)) = (a =) T ((a = ¢*0) + cx)

where every term of the polynomial g is divisible by some c;. In particular, since
a® € I*, we have ¢(a® — pol,(b®)) = b® + g € G(IP°), so b € J.
(ii) and (iii) are immediate from Proposition 2.15. We will prove (iv), (v), and
(vi) simultaneously.
Let A={a,b,c1, - ,cs_1} be the set consisting of a, b, and all of the c-variables,
put R = C[A], and consider the decomposition I = € fIf, where f ranges over

the monomials of S which are not divisible by a or b. Since ¢ restricts to an
automorphism of R, we get J = @ fJ; = @ f <1nrev( ((If)p"))>. It suffices to

show that {(J; N Cla,b])q} >rev {(If)a} for all d (where {(I;)4} is the set of degree
d monomials in Iy, etc.), that J; # IR whenever [ is not lex-plus-(b*) in Cla, bl
and that Jy = (J; N Cla, b)) R.
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Write {(If)a} = {a?*b?,- .-, aP"b%} in reverse lex order (so ¢; < --- < ¢.) We
have
_ qr—1
¢(pol,(a?*b™)) = aP* ((H (a — Cfb)> + gk) ,
=0

where every term of gy, is divisible by some ¢;. We have aP#b% € Supp(¢(pol,(aP*b?)))

for all k, and a?cb% & Supp(¢(pol,(aeb®))) for all £ < k. Set

Fi = {inuey (6(pol (a7b%)) - ab™ € {(I;)a}}.

Then, by Lemma 3.4, it follows that Fy >,y {(If)a}. In particular, Fy C Cla, b].

Let J; be the ideal of C[a, b] generated by all the Fy, d > 0. Immediately we have
Hilb(J¢)(d) > Hilb(If)(d) for all d, so it follows that Hilb(J;R)(d) > Hilb(I;R)(d) =
Hilb(jf)(d) for all d. But J;R C jf, so it must be the case that J R = jf and J; =
@ spang(Fy). This proves jfﬂ(C[a, b] = J¢, so (vi) holds. Also, since Fy >y {If}a,
it follows that jf N Cla, b] = @ spanc(Fy) is reverse lexicographically greater than
or equal to [.

For (iv) and (v), it remains to show that, if I is not lex-plus-(b%), then jf +
ItR. In this case, there exists a degree d and an index k such that g, < e, and
v = aP*b® € (If)g but u = aP*t1p%=t & (I;),. Tt follows from Lemma 3.7 that

u € Supp(o(poly(v))), but u & Supp(e(pol,(aPeb?))) for any ¢ < k. Thus, by
Lemma 3.4, Fy is (strictly) reverse lexicographically greater than {(/f)4}, and in

particular J; # Iy and jf # I¢R. 0

Corollary 3.9. Suppose that P contains some power of b, and that I is not {a,b}-
compressed-plus-P. Set J = JNS. Then:

(i) J contains P.

(ii) J has the same Hilbert function as I.
(ili) b;;(J) > bij(I) for all i and j.
(iv) J # 1.

(v) J is reverse lexicographically greater than I.

Proposition 3.10. Let I be a monomial ideal containing P. Then there exists a
Borel-plus-P ideal B such that B has the same Hilbert function as I, and b, j(B) >
b;;(I) for alli,j.

Proof. 1f I is not already Borel-plus-P, there exist pairs of variables a, b such that [
is not {a, b}-compressed-plus-P. Choose any such pair. Define J as in Corollary 3.9
if P contains some power of b, and as in Proposition 3.5 otherwise. By Corollary 3.9
or Proposition 3.5, J has the same Hilbert function as I and larger Betti numbers.
Replace I with J and repeat this procedure. The process must terminate since there
are finitely many monomial ideals with the same Hilbert function, and at each step
we are replacing the ideal with a reverse lexicographically greater one. Let B be the
resulting ideal. 0

Theorem 1.4 completes the proof of Theorem 3.1.
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Proof of Theorem 3.1. By Lemma 3.2, we may assume without loss of generality
that F' = P, that I is a monomial ideal, and that k = C. By Proposition 3.10, we
may assume that I is Borel-plus-P. Thus, the desired inequality holds by Theorem
1.4. OJ

4. FURTHER NOTATION

For the duration of the paper, k will be an arbitrary field. Frequently it will be
necessary to slice modules more finely than is possible with the standard grading.
To this end, we use the multigraded structure of S:

Notation 4.1. We write multidegrees multiplicatively. That is, we set mdeg z; = z;
for all ¢, so that the multidegrees are indexed by the monomials of S. We have
S = @ Sy, where m ranges over all the monomials, and S, is the one-dimensional k-
vector space spanned by {m}. The modules we consider will all inherit a multigraded
structure from S, and shifts in the grading will be written multiplicatively, so, for
monomials « and v, we will have M(u~'), = M,-1, as vector spaces.

Remark. Whenever we have a map ¢ : M — N of graded (respectively, multigraded)
modules, ¢ will be homogeneous of degree 0 (resp., multihomogeneous of degree 1);
that is, ¢ will satisfy ¢(My) C Ny for all d (resp., ¢(M,,) C Ny, for all m). Verifi-
cation of this property for each of the maps defined in the paper is straightforward,
and so will be omitted.

Definition 4.2. If F is the minimal free resolution of M, and we decompose the
free modules F; as multigraded modules, F; = @ S(m™!)%m we say that the b;,
are the multigraded Betti numbers of M.

Tensoring the resolution F by k, we get b;(M) = dimy Tor;(k, M), b;;(M) =
dimy Tor;(k, M);, and b; ,,(M) = dimyg Tor;(k, M),,.

Construction 4.3. Since Tor is balanced, we can compute Betti numbers via a
resolution of k, thus avoiding the more difficult problem of computing a resolution
of M. The minimal resolution of k is given by the Koszul complex

K:K,—-K,1——>K —-5S—>k—0.

Each K; is the i™ exterior power of Ki; it has a free basis given by the symbols e,
where p ranges over the squarefree monomials of degree i. The symbol e, has degree
¢ and multidegree p. If g = xj, - @y, with jy < -+ < j;, we write e, = €, A+ -Aey, .
The differential is given on this basis by D(e;; A+ Aey, ) = Zizl(—l)cﬂxjce%.

Thus, the Betti numbers of M can be computed from the homology of the COHIpféX

If M = I is a monomial ideal of S, the module M ® K; is the subcomplex of K
generated (as a k-vector space) by terms of the form fe,, where f € I is a monomial

and p is a squarefree monomial of degree i. The term fe, has degree deg(fp) and
multidegree fpu. Its differential is D(fe,) = fD(e,).
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If M = S/I is the quotient by a monomial ideal, then Tor;(S/I,k) = Tor;_;(I,k)
from the resolutions of I and S/I. We will, without comment, use the homology of
K & I rather than that of K ® S/I in our computations.

This approach yields a formula for the multigraded Betti numbers of any monomial
ideal.

Definition 4.4. Let I be a monomial ideal, and let m = [[z;* be a monomial. Put
supp(m) = {x, : e, # 0} and /m = H xy. The shadow of m in I is the squarefree

ep#0
monomial ideal of k[supp(m)] given by

Shadow,, (I) = sqfree ((I : %) N ]k[supp(m)]) .

(For a monomial ideal J, sqfree(.J) is the ideal generated by the squarefree monomials
in J.)

Theorem 4.5. Let I be a monomial ideal, and fix a multidegree m. Then, for all
integers i, the following numbers are equal:
(i) bim(1 0 (75))-
(iii) b; m({ %)
(iv) b; /m(Shadow,,(I)).
Note that (i), (ii), and (iii) are Betti numbers of ideals of S, while (iv) is a Betti
number of an ideal of k[supp(m)]. This ideal can, however, be treated as an ideal

of S without altering its Betti numbers. Note also that (iv) is a Betti number of a
squarefree ideal, and can be computed with Hochster’s formula [Ho].

Proof. For a monomial m, the multigraded Betti number b; ,,,(1) is the i homology
of the complex of vector spaces (K ® I), , which has a k-basis given by

{fe,: fel,fu=m,f and pu are monomials, y1 is squarefree} .

Since any f appearing in this basis is contained in Iﬂ(\/—’%), it follows that (K®1),, =
(K& (IN(Z%)))m, so (i) is equal to (ii).

On the other hand, if m is squarefree, then any f appearing in this basis is a
squarefree monomial of k[supp(m)]. Thus, the complices (K ® (I : %)) Jm and
(K ® Shadow,(I)) s are the same. Hence (iii)=(iv).

The isomorphism & - (I : %) =1nN (%) gives us (ii)=(iii), completing the
proof. O

Finally, we recall “combinatorial shifting” of squarefree ideals.

Definition 4.6. Let I be a squarefree ideal (i.e., [ is generated by squarefree mono-
mials). We say that [ is squarefree Borel or shifted if it satisfies the following

property:
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Let f be a monomial such that fz; and fz; are squarefree, and suppose
i <j. Then fo; €I = fa; € 1.

Shifted ideals arise as the Stanley-Reisner ideals of shifted simplicial complices, and
are well-studied in combinatorics.

Definition 4.7. Fix two variables a >, b. The combinatorial shift of a squarefree
ideal I is the ideal Shift, (/) generated by:

o fel

fa : faelor fbel

fo : faeland fbel |’
fab fabe I

where f runs over all the squarefree monomials not divisible by a or b.

Shift, (1) =

Combinatorial shifting was introduced by Erdés, Ko, and Rado [EKR] for sim-
plicial complexes. Their definition is equivalent to the one given above under the
Stanley-Reisner correspondence. The ideal Shift, (/) may readily be shown to be
a squarefree ideal having the same Hilbert function as I, and any squarefree ideal
can be transformed into a shifted ideal by a sequence of combinatorial shifts. A
generalization of this construction to (not necessarily squarefree) monomial ideals is
a major element in our proof of Theorem 8.1. In [MH], Murai and Hibi show that
Betti numbers increase under combinatorial shifting:

Theorem 4.8 ([MH]). Let I be a squarefree ideal, and put J = Shift,,(I). Then
b;;(S/J) > b; j(S/I) for alli and j.

The proof given in [MH] (which is the inspiration for section 5 of this paper) is
involved. For the convenience of the reader, and in the spirit of our proof of Theorem
3.1, we give a shorter proof here:

Proof. Let ¢ be the automorphism of S given by ¢(b) = a — b and ¢(xy) = x;, for
xp £ b. Put I' = ingey (¢(1)). A straightforward computation shows

f ¢ feShift,,(1)
75 fa : fa € Shift,,(1)
= fo : fbe Shift,, (1) |’
fa* : fab € Shift, (1)
for all squarefree monomials f not divisible by a or b.
Define the automorphlsm ¢ of SP° by ¢(ck) = b — ¢, for all ¢, and ¢($g) = x, for
all z,, and set J = ingey (¢((1')P°)).
A straightforward computation gives us J D JSP°. Since Hilb(I) = Hilb(!") =
Hilb(.J), it follows from Proposition 2.15(ii) that JSP® and o((I')*°) have the same

Hilbert function; hence JSP° and J have the same Hilbert function. Thus J = JSP°.
Hence, by Proposition 2.15(i), we have

bij(S/J) = b j(SP°/JP°) > by j(SP°/(1")SP°) = b; ;(S/I') > bi ;(S/I). O
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5. SHIFTED IDEALS

Throughout the rest of the paper, we fix two variables a and b, with a before b in
the lex order. Furthermore ¢ (“large”) and s (“small”) will always be integers with
¢ 2 s >0, and f will be a monomial not divisible by either a or b.

We begin by generalizing “shifting” to arbitrary monomial ideals.

Definition 5.1. Let I be a monomial ideal. We say that I is (a,b)-shifted if,
whenever fa®*b’ € I, we have fa‘b® € I as well. For an integer ¢, we say that I is
(a,b,t)-shifted if, whenever fa*b*** € I, we have fa‘b**' € I as well. Finally, we say
that I is (a,b)-strongly shifted if I is (a, b, t)-shifted for all nonnegative ¢.

Remark. Suppose that I is a squarefree ideal. Then I is (a, b)-shifted if and only if
I is {a, b}-squarefree compressed (as defined in [Me2, MPS]), and shifted if and only
if it is (a, b)-shifted for all a and b.

Definition 5.2. Let I be a monomial ideal. We define the (a,b)-shift of I as the
k-vector space
fa’b® fa’b® el
J = Shift,,(I) = < fa'v® . fa'b* €I or fa’b* €1 >
fasbt . fa't* € I and fa’tf €1
this basis taken over all f and all pairs (s, ) with s < £.
For nonnegative integers ¢, we would like to define the t™ (a,b)-shift of I as
Shift, p¢(I) = a~* Shift,,(a'I), but it is not obvious a priori that this even makes
sense. Instead, we define the t' (a, b)-shift of I as the k-vector space

fa’b" fatbtr e I,r st
. fasbstt fabbt eI
J = Shiftae(1) = < falbt : falbtte Tor fasbtel )

fasbtt o fa'b*tt € I and fatbtt eI

this basis taken over all f, all » < ¢, and all pairs s S ¢. In Proposition 5.4, we will
show that this is equivalent to the desired definition.

The shifting operation modifies the ideal I by replacing, wherever possible, mono-
mials of the form fa*b’ with the (lexicographically bigger) fa‘b®. Where this is
impossible (because fa‘b® is already present), it instead does nothing. Note that
Shift, (/) = Shift, ().

Proposition 5.3. Let J = Shift,;(I). Then:
(i) J is an ideal.
(i) J is (a,b,t)-shifted.
(iii) J has the same Hilbert function as I.
(iv) J is reverse lexicographically greater than or equal to I.

Proof. (i), (iii), and (iv) are immediate; we prove (i).
It suffices to show that, for any monomial m € J, we have ma € J, mb € J, and
max; € J for any x; # a,b. We consider four cases, depending on the form of m.
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Suppose first that m = fa®b” with r < ¢. Then m € I, so we have ma € I =
ma € J and mx; € I = mx; € J. Also, mb= fa*t"™ € I. If r + 1 S ¢ this implies
mb € J immediately; if 7 + 1 = ¢t we have mb = fa*b'™° and s > 0 gives us mb € J.

Now suppose that m = fa*b*™*. Then mx; € I = mx; € J. Furthermore,
fastp*tt € I and fa®b*T'*+ € I, so these must both be in J as well.

Thirdly, suppose that m = fa‘b*™*. Then we have fa‘b*** or fa*b'™ in I. It
follows that ma; € J because fx;a’b*** € I or fx;a*b** € I, that ma € J be-
cause fa'T'b*t* € I or fa*b*'*t € I, and that mb € J because fa‘b**'+t € I or
fas-i-lbé-i-t cl.

Finally, suppose that m = fa®b**. Then we have fa’b*** and fa*b'™ in I. It
follows that ma; € J because fr;a’b*t* € I and fz;a*b"* € I, that ma € J because
fa™ '+t € I and fa*b™'** € I, and that mb € J because fa’b*t'** ¢ I and
f&erlbéth cl. ]

Remark. For simplicity, let ¢ = 0 (or make the appropriate changes for arbitrary
t). We could attempt to define a “pseudograding” on S by setting pdeg m = m
for a monomial not of the form fa*b’, and pdeg fa*b* = fa‘b*. (This is not an
actual grading because S,,5, € S,.) In this pseudograding, S,, has dimension 1
or 2 for every pseudodegree m, and the lex ideals are precisely the shifted ideals.
Proposition 5.3 states that every pseudo-Hilbert function is attained by a pseudo-lex
ideal, i.e., Macaulay’s theorem [Ma] holds in this setting. The next natural question
is whether the theorem of Bigatti, Hulett, and Pardue [Bi,Hu,Pa] on Betti numbers
holds as well. Corollaries 5.9 and 5.11 will show that it does.

Proposition 5.4. Let J = Shift,,(I). Then a'J = Shift, o(a'T).

Proof. As vector spaces, we have

fasttor - r<st fatbth el
o fastipstt fasbstt e I
aJ = fatttpstt o falbtt e Tor fatbitt e 1

fas+tb€+t . f&6b5+t c I and f&sbé—l—t el
fasttor - rst fatt € 'l
fasTipstt fas Tttt e a'l

= < fa”tbs” . fa”tbs” € atl or fas+tbe+t catl
fas+tb€+t . f&€+tbs+t c atl and fas+tb€+t catl
fasttr o or St fatT € d'l or fa"b T € a'l
fas-l—tbs—l—t . fas-l—tbs—l—t c atI

= < faZthstrt . faéthstrt c atl or faerthth catl
fas+tb€+t . f&€+tbs+t c atl and f&s-l-tbé-i-t c atl

= Shifta,b,o(at[). ([l

We now study the effect of shifting on Betti numbers. Our main result is the
following:

Theorem 5.5. Let J = Shift, (). Then for alli,j one has b; ;(J) > b; ;(I).
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The proof involves several lemmas and sub-propositions. We begin by considering
the case t = 0. Our argument follows Murai and Hibi’s original proof of Theorem
4.8 [MH] very closely. In the case that I is squarefree, the arguments are identical.

Definition 5.6. Let 0 : S — S be the k-algebra involution defined by o(a) = b,
o(b) = a, and o(z;) = x; for all z; # a,b.

Since o is an automorphism, it extends to resolutions, and we have, for example,
b;;(I) = b;j(o(I)) for all graded ideals I. In fact, o acts naturally on the multi-
grading, so we have b;,,(I) = b; y(m)(c(l)) for all monomial ideals. Note that o
fixes monomials of the form fa®b®, and partitions the other monomials into orbits
of cardinality two, o(fa‘b®) = fa*b’.

Proposition 5.7. Let J = Shift,,(I). Then we have I No(l) = JNo(J) and
[+o(l)=J+a(J).

Proof. Observe that, for any integers p and ¢, we have faPb? € I and fatb? € I if
and only if faPb? € J and fa?? € J. It follows that I No(I) = JNo(J). Similarly,
faPb? € I or fa?? € I if and only if faPb? € J or fa?? € J. It follows that
I+o(l)=J+a(J). O

Lemma 5.8. Let J = Shift, (), and let m be a monomial fized by o. Then
Shadow,, (J) = Shift, ,(Shadow,,(])).

Proof. Write m = fa®b*, and write f = g+/f for some monomial g. For a square-
free monomial p dividing y/m, we have p € Shadow,,(J) if and only if hm =
pga® b=t € J, and similarly for I. We write u = f', p = f'a, p = f'b, or p = f'ab
with f’ not divisible by a or b.

We consider the case = f’a (the other three cases are similar). In this case, we
have u = f'a € Shadow,, (/) if and only if f'ga*s*~! € J, if and only if f'ga®b*~t € I
or f'ga* 1% € I, if and only if f'a € Shadow,,(I) or f'b € Shadow,,(I), if and only
if u = f'a € Shift, ;,(Shadow,,(1)). O

Theorem 4.8 lets us compare the multigraded Betti numbers of I and J, in mul-
tidegrees fixed by o

Corollary 5.9. Let J = Shift,;(I), and let m be a multidegree fived by o. Then for
all i, one has by (J) > b;m(1).

Proof. Let I' = Shadow,,(I) and J' = Shadow,,(.J). By Lemma 5.8, we have J" =
Shift, ,(1"). Since I’ and J’ are squarefree ideals of k[supp(m)], their Betti numbers
are concentrated in squarefree multidegrees. Thus, in particular, b;|suppm) (I") =
b; ym(I") (and likewise for J') since \/m is the only squarefree monomial of degree
| supp(m)| in this ring. By Theorem 4.8 we have b; |supp(m)| (/) = bs,|supp(m) ({'), and
by Theorem 4.5 we have b;,(I) = b; m(I") and b;,,(J) = b; m(J'). Putting all this
together, we get b; ,(J) > b; (1) as desired. O

Now we consider multidegrees not fixed by o. The Mayer-Vietoris sequence,

0—Ino(I) = I o(I) = I+0(l)—0,
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gives rise to a long exact sequence in Tor:

.- — Tor; (k, I N o(I)) — Tor; (k, I) @ Tor; (k, o (1)) —
Tor; (k, I +o(I)) — Tor;_y (k, I No(l)) — ---

We truncate and restrict to multidegree m, producing the exact sequence of vector
spaces:

0 — (kerA;;), — Tor; (k, I Nno([l)),, L, Tor; (k,I),, @ Tor; (k,o(1)),,
— Tor; (k, I +0(I)),, — (ker A,y ;) — 0

Proposition 5.10. Suppose that I is (a,b)-shifted and that m # o(m). Then
(ker A;p),, =0 for all i.

Proof. Suppose m has the form fa®b*. (The case m = fa‘b® is symmetric.) Let
g € (ker A;r),, be given, and write g = [} a;7;e,,] for some a; € k, monomials
v; € I'No(l), and squarefree monomials 1; of degree i such that ~;u; = m for all
J. (The term ) ajvje,, is an element of K; ® (I No([)); the brackets denote its
class modulo the boundary in the Koszul complex.) We will show that ¢ = 0 in
Tor;(k, I No(1)).

We have A;;(g9) = ([g],[9]) = (0,0) by assumption, so, in particular, ) a;v;e,,
is a boundary in K; ® I. Thus, we may write ) a;v;e,, = D(D_ Bjhje,,), for some
coefficients 3; € k, monomials h; € I and, v; squarefree of degree i+1 with h;v; = m
for all j.

We claim that h; € I N o (). Indeed, h; has the form f'a*~b*~* where g, = 0
if a does not divide v; and 1 if it does, and likewise for . Since ¢ Z s, we have
{ — e, > 5 — &g, so, since [ is shifted, fla*%eb=%0 € [ = fla’~0b*=« € [. Thus,
hj = o(f'a*==b"=%) € o(I) as claimed.

Hence, ) Bhje,, € Kiy1 ® (INo(I)), so we have [g] = [D(_ B;hje,,)] = 0 in
Tor;(k, I No(1)). O

Corollary 5.11. Let J = Shift, (), and let m be a multidegree not fized by o.
Then for all i, one has b;m(J) + biom)(J) = bim (L) + b oim) (1).
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Proof. From the Mayer-Vietoris sequence, we have

b@m ([) —+ bi,g(m) (I) = b@m (I + O'(I)) + b@m ([ N O'(I))
- dlmk (ker A@])m — dlmk (ker Ai—lvf)m

=bim (J+0(J))+bim(JNa(J]))
— dimy (ker A; ;) — dimy (ker Aj_y 1),

< by (J + () + bin (J N ()

=bim (J+0(J)) +bim(JNa(J]))
— dimy (ker A; 5), — dimy (ker Ay ;).

= bi,m (']) + bi,a(m) (J) s
the second equality by Proposition 5.7, and the fourth by Proposition 5.10. 0

Corollaries 5.9 and 5.11 combine to prove Theorem 5.5 in the case that ¢ = 0:
Theorem 5.12. Let J = Shift, (). Then for alli,j one has b; ;(J) > b; ;(I).
Proof. We have

big(1) =Y bim(I)

deg(m)=j

= b))+ (i) + bioim (1)),
deg(m)=j deg(m)=j

m=fa®b® m=falb®

and similarly for J. By Corollary 5.9, the inequality holds for the first sum, and by
Corollary 5.11, it holds for the second. O

The proof of Theorem 5.5 is now immediate.

Proof of Theorem 5.5. Let J = Shift,; (). Then, applying Proposition 5.4, we
have bZJ(J) = bi7j+t(a/tr]) = bi7j+t(Shifta7b(&t[)) 2 bi7j+t(CLtI) = bz,]([) O

In fact, this argument, combined with the proof of Theorem 5.12, proves the
sharper result:

Proposition 5.13. Let J = Shift,,+(I). Then, for all f, allr < t, and all s < ¢,
one has:

[ ] b’i,fast(J) Z b’i,fast([)'
[ ] b’i,fasbs+t("7) 2 bihfasbs-&-t (I)
() T bt () 2 by garg (1) + by gty (1).

o bi,fas pl+t
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6. SHIFTED-PLUS-POWERS IDEALS

The ideal P = (zf!,--- ,2%) is (a, b)-shifted, and, furthermore, if I is any mono-
mial ideal containing P, then Shift,;(I) contains P as well. Unfortunately, this
statement fails for (a, b, t)-shifted ideals. The goal of this section is to fix this prob-
lem.

Let I be a monomial ideal containing P, and write I = I’ + P. We will show that,
for appropriate choices of I’ (namely, “deleting” the pure power of b from a minimal
generating set for I) and ¢, the ¢-shifted-plus-P ideal J = Shift, (') + P has the
same Hilbert function as I and satisfies b; ;(.J) > b; ;(1).

Notation 6.1. Throughout this section, fix integers > 1 and t > 0. We denote
by I an (a,b,t)-shifted ideal with no minimal generators divisible by #°, and set
J = Shift,1(I). By abuse of notation, we will often write I + b° in place of
I+ (b°).

Our goal is to show that J +b° has the same Hilbert function as I +b°, and larger
graded Betti numbers.

We break down the graded Betti numbers of I 4+ 5% and J + b° into a sum of
multigraded Betti numbers according to the following formula. For a monomial m
of the form m = fa*b*™**!, set n = fa’b***+1. Then

big(J+b7) = D b T+ + D> (bim(J+ V) + by (T + 1))
m;éfasbe+t+1 m= fasbl+t+l
(6.2) mit falb i1 (418

A3 (b + V) + bin(J + 7)),
m= fasbl+t+1
L+t4+1=0
and likewise for I 4 b, all sums taken over monomials m with degm = j. We will
show that each of the summands in formula (6.2) for J is larger than or equal to
the corresponding summand for I.
We begin with a technical lemma.

Lemma 6.3. Suppose that f is a monomial not divisible by a or b, and that (+t+1 >
B. If fa*b"™*t € I, then fa’b*™1 € I as well.

Proof. Since I has no minimal generators divisible by b°, we have fa*b** € I. Since
I is (a, b, t)-shifted, it follows that fa‘b*** € I, so fa’b*T'*1 € I as well. O

Corollary 6.4. I N (b%) = J N (VP) and (I : b°) = (J : b°).

Proof. Let m be any monomial divisible by %, and write m as fa*b**+1, fa‘bstt+1,
fa*b5T 1 or fa*d" with r S ¢+ 1, as appropriate.

First, if m = fa*b***!, then m € J if and only if m € I and fab*t*! e I, if
and only if (by Lemma 6.3) m € I. Similarly, if m = fa‘6**"*1 then m € J if and
only if m € I or fa®b**'*! € I, if and only if (by Lemma 6.3) m € I. Finally, if
m = fa’b*T or fa*b", then m € J if and only if m € I.

Thus, I N (V) = JN (%), s0 (I :6°) = (J : b°) as desired. O
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This corollary has several important corollaries of its own.
Corollary 6.5. Hilb( + b°) = Hilb(J + b°).
Corollary 6.6. None of the minimal monomial generators of J is divisible by b5+,

From the short exact sequence
S p3 S S
0——(b" -
RETE A B e

there arises a long exact sequence in Tor, (the “mapping cone” )

0

0— Im(bf,i,l) — Tor; (k> ?) — Tor; (k, ?Sbﬁ) -

and similarly for J

0— Im(bf’i’J) — Tor; (]k, %) — Tor; (k, %) —

S -
Tors (6 o ) (079) = W@, ) =0

The following proposition is immediate from mapping cone theory.

Proposition 6.7. Im(bfvu) = 0 for all i, and (Im(bf”))m = 0 for all i and all
multidegrees m not equal to fa*b>.

Proof. Observe that (I : b°) has no minimal generators divisible by b. Thus, by the
Taylor resolution (see e.g. [Eil, Exercise 17.11)), its Betti numbers are concentrated
in multidegrees not divisible by b, and so Tor;(k, S/(I : b°))(b~") is nonzero only in
multidegrees of the form fa®b®. Furthermore, again by the Taylor resolution, the
Betti numbers of S/I (and so the Tor;(k, S/I)) are concentrated in multidegrees not
divisible by #°, and those of S/J are concentrated in multidegrees not divisible by
b1, As the maps bfl ; and bfl ; are multihomogeneous, the proposition follows. [

Lemma 6.8. Ifm = fa*b’, with s > 3—t—1, then Shadow,,(J+b%) = Shadow,, (I +
v9).

Proof. Let n be a monomial dividing m, and such that 7 is squarefree. We will show
that n € I +b° if and only if n € J+ %, from which the lemma follows. If b° divides
n, then n € I + % and n € J + b°. Otherwise, write n = f'a*’~! (or, mutatis
mutandis, f'a*"16°"!). Then s > (8 —1) -t —1,s0n € J if n € I. Conversely, if
n € J, we have n € I or f'a®*72b5T*1 € I. In the latter case, s +¢ > 3 — 1, so by
construction f'a®~'=2p°~! € I and so f'a*b’~' € I,ie,n € 1. O

The following are immediate:
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Lemma 6.9. If m is not divisible by b°, then Shadow,,(I + b°) = Shadow,,(I) and
Shadow,,(J + b°) = Shadow,,(J).

Lemma 6.10. If m is divisible by b°*, then Shadow,,(I +b°) = Shadow,,(J+b°) =
(1).

Using these shadows to compute Betti numbers via Theorem 4.5, we obtain the
following;:

Lemma 6.11.

(1) Suppose m = fa*b*"*1 or fa®b" withr < t+1. Then we have b; ,(J +0°) >
bim(I +b7).

(2) Suppose s S 0, and £ +t+ 1 # 3. Put m = fa'b*t*! and n = fasd*t+t.
Then by (J + %) + b n(J + %) > by (I +0°) + b (I +0°).

Proof.

(1) If the exponent on b is less than (3, apply Lemma 6.9 and Proposition 5.13.
If it is greater than (3, apply Lemma 6.10. If the exponent is equal to (3,
apply Lemma 6.8.

(2) If s+t+1= 0, we have b;,(I +b°) = b;,(J + b°) by Lemma 6.10 and
bim (I +0°%) = b n(J +1°) by Lemma 6.8. If s+t+1 # 3, then, applying the
mapping cone and Proposition 6.7, the left-hand side is equal to b;,,(J) +
bin(J)+bi_1p-0m (T 2 b)+b;_1 46, (J : %), while the right-hand side is equal
0 bj (1) + bip(I) 4+ biy y-pp (L 2 07) + b1 -6, (1 : b7). Apply Proposition
5.13 and Corollary 6.4. O

Thus, the first two sums in formula (6.2) are larger for J + b° than for I + v°.
It remains to consider the case that m = fa*b**! with ¢+t +1 = 3. We fix
m = fa*b? with 8 = £+t +1 = s+t + 1, multiply I by a'™!, and recall the
Mayer-Vietoris sequence from the previous section:

Ai,at""ll

0— (ker Ai7at+1[)at+lm — TOI"Z- (k, (ZtJrlI N J(atJrlI))aH_lm _—

Tor; (]k, atHI) st @ Tor; (]k, a(at“])) —

attlm

TOI'Z' (k, CLH—II + 0(at+11)>at+1m — (ker Ai—l,at+11)at+1m — 0.

Lemma 6.12. Shadow,t+1,,(a"!J) = Shadowe+1,, (@1 T No(a'T11)).

Proof. Let n be a monomial dividing a'™'m, and such that alm g squarefree.

We will show that n € a'*'J if and only if n € a'™'I N (a1 ), from which

the lemma follows. We may write n = f'a*ttH1—sepf+H1=e with ¢,,¢, = 0 or
1 (so s —eq < —g). By definition n € a'*'J if and only if n € a'™'I and
flatttti=eppstitl=ea ¢ 1] if and only if n € '™ and n € o(a'™11). O

Corollary 6.13. Tor; (k,J),, = Tor; (k,a"' I No(a"™1)) (™).
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Proof. From the proof of Theorem 4.5, the complex (K, ® M),, depends only on
Shadow,, (M) for any monomial ideal M and multidegree m.

We have (Ke®J),, = (Ke®@a™1 ) (a't),, = (Ko (e TNo(a'1])))(a'),,, the
first isomorphism given by multiplication by a‘*!, the second equality by applying
Lemma 6.12. This isomorphism of complices induces an isomorphism on Tor,

Gim : Tory(k, J),, — Tory(k, a" ' I No(a 1)) (a"),,
given by ¢;.m([g]) = [a'™ g] for any cycle [g] € K; ® J. O

We view Im(bfﬂ-J)m and (ker A;_j gi+17)(a'™),, as submodules of Tor;_;(k, J) (via
the natural isomorphism with Tor;(k, S/.J)) and of Tor;_; (k, a'** INo (a"*1 1)) (a'*1),,,
respectively. The isomorphism ¢, ,, allows us to compare these two vector spaces.

Proposition 6.14. qﬁi’m(lm(biu)m) C (ker A;_q ge+17)(a'th),,

Proof. An element of Im(bfﬂﬂ)m has the form [b9g], where g is a cycle in K; ;@ (J :
b%). (Consider e.g. the connecting homomorphism arising from the short exact
sequence 0 — J — S — S/J — 0.) We have ¢; ,([b°g]) = [a'*1b7g].

To show that [a"™1b7g] € (ker A;_1 4e+17)(a'th),,, it suffices to show that a't1bfg is
a boundary in both ¢! I ® K;_; and o(a'™'I)® K;_,. From the Taylor resolution of
I, we know that a't'] ® K, is exact in multidegree a**'m. Thus, since a’™'b%g is a
cycle in a1 ® K;_1, it is a boundary as well. Hence, we may write a'"t°g = D(h)
for some h € o't @ K;.

Write h = a*TtP e, Aey A f1 + a* 107 ey A fo + asHtPe, A f5 + a* D8 £y, for
f1, f2, f3, f1 € K, not involving a, b, e,, or e,. Then, write a****108 f, (and, mutatis
mutandis, a*™b’e, A f3) in the form Y a;a* b e, for coefficients o; € k and
monomials v; with a*"*18; € o', and hence a*b’y; € I N (VP) = J N (B°).
Adjusting v%g in Im(b°).; s if necessary, we may assume that f3 = f; = 0.

Thus,

a9 = D(h)
= "y A fL — a*TBe, A fy 4 @ ey A ey A D(f1)
+ Y fy — TR le, A D(fy).

Since the left-hand side of this expression is divisible by b°, it follows that both
a* T ley A f) — as TP e, A D(f2) and a*thP e, A ey A D(f1) are equal to
zero, and, in particular, f; = D(f2) (and D(f;) = 0). Thus,
at“bﬁg _ as+t+1bﬂf2 _ aS“bﬂea A D(fg)
= D(a*T0Peq A f5).

We claim that this is a boundary in o(a"'I) ® K;_;. Indeed, we may write
fo in the form > ajyje,, with a0~y € a1 de., a’VP 1y = @by, €
I. Then, since I is (a,b,t)-shifted, we have a‘b*tty; € I, so a* T 1p*tty, € o'

and a*T Ly = @ty € o(a' ). Thus, a*Tbe, A fo € o(a'™) ® K; as
desired. 0



22 JEFF MERMIN AND SATOSHI MURAI

Corollary 6.15. For m = fa*b’ = fa*b™*!, set n = fa'b*t'*'. Then, for all i,
one has b;m(S/(J + %)) + bin(S/(J + V7)) > bin(S/(I + %)) + b;n(S/(I + b7)).

Proof. The computation below appears daunting, but it is in fact merely long. The
moral is that, by Proposition 6.14, the flexibility in the paired multidegrees m and
n (given by (ker Aq gi+17)qt+1,,,) is larger than the obstruction coming from the can-
cellation in the mapping cone (given by Im b’fm 7)-

Set A = b; 1 (S/(J + V9)) + bin(S/(J +bg)) — bim(S/(I + %)) — b n(S/(I +b°)).
We will show that A is nonnegative.

Expanding each term of A with the mapping cone, we have

A= (bm (g) T (ﬁ) — dim (Tm bfﬂ,ﬂ.)m — dim (Tm bfﬂ,ﬂ._l)m)
n (bn (%) + by i (ﬁ) — dimy, (Im bfﬂ]’i)n — dimy, (Im bf,h_l)n)
_ (bm (;) + b e (ﬁ) — dimy, (Im be’i)m — dimy, <Im be’“)m)
_ <bn G) 4 by (Uisbﬂ)) — dimy, <Im bf,”)n — dimy (Im be’“)n) .

By Proposition 6.7, most of these images are empty, and by Corollary 6.4, the Betti
numbers of the colon ideals all cancel. We are left with

A= (0 (5) 20 (3)) = (e (7) 00 (7))
— dimy (Tme?,,) = dimy (Tme?,,, )

We multiply the ideals by a'*! (replacing b; ,, (%) with b; ge+1,, (%), etc.), and
then expand again with the Mayer-Vietoris sequence, yielding

A= b, S + b &
e\ @ T Ao (atth) battim \ QT £ o (al L)

— dimy (ker A;_y 4e417) 041, — dimy (ker Ai27at+1‘])at+lm}

— |b S +b o
Mm@ T A e(attt) ) T\ @ T 4 o)

— d1m]k (ker Ai—?,at+11)at+lm :|

— dimy (ker Ai—l,at+1f)at+1m

— dimy (Im b’f,Jﬂ-) — dimy <Im bf,J,pl)
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The remaining Betti numbers cancel by Propositions 5.4 and 5.7, and the first two
kernels are empty by Proposition 5.10. We are left with

A= <dimk (ker A;_y qt+17) 41, — dimy (Im be’i) )

+ (dimk (ker A;_g gt+17) 41, — dimy <Im b’f,J7i_1> > .
By Proposition 6.14, each of these summands is nonnegative. 0
Proposition 6.16. For all i,j, one has b; j(J + V%) > b; ;(I + V7).

Proof. For a monomial m of the form m = fa*b****1 set n = fa’b*t'*1. We recall
formula (6.2),

big(J+67) =" b T+ )+ ) (bign(J + %) + bin(J + 7))
m;éfas bl+t+l m= fas bl+t+l
m;éfaebs+t+1 f+t+17éﬁ
+ > (b (T + V) + by (T + 1))

m= fas bl+t+l
L+t+1=0

and similarly for /. By Lemma 6.11, the inequality holds for the first two sums, and
by Corollary 6.15, it holds for the third. O

7. STRONGLY SHIFTED IDEALS AND COMPRESSION

Let J be an (a, b)-strongly shifted ideal, none of whose generators is divisible by
b9, and suppose further that J contains a® for some o < 3. Let T be the {a, b}-
compression of J. We study the Betti numbers of J and T'. We continue to denote
by f a monomial not divisible by a or b.

The following observations are immediate:

Lemma 7.1.

(i) If T # J, then T is reverse lexicographically greater than J.
(ii) fa'b® € T if and only if J contains at least s + 1 monomials of the form
faPb? withp+q=r+s.

Lemma 7.2. The following are equivalent:

(i) fa"v® € J.

(ii) fa"bP~te J.

(iii) faPb? € J for all p,q such thatp+q=r+pF—1andq< (.
(iv) fa"b*LeT.

(v) fa"v® € T.

Proof. (iii) = (ii) == (i) is obvious, as is (iii) = (iv) = (v), and (i) = (ii) is
immediate by construction. We will show that (ii) implies (iii) and (v) implies (i).

Suppose (ii) holds. If p > a, then faPb? € J because a® € J. Otherwise, note
that p > r, since p —r = 8 —1 — ¢ > 0 by assumption. Set t = § — 1 — p,
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which is nonnegative since 5 — 1 > o — 1 > p. Since J is (a,b,t)-shifted and
fa"b?~t = fa"b*P € J, we have faPb!*" = faPb? € J. Thus (iii) holds.

Now suppose (v) holds. Then, by Lemma 7.1 (ii), J contains at least 5 + 1
monomials of the form fa?b?, with p+q = B+r. By the pigeonhole principle, one of
these, say fa”b%, has Q > 3 and P < r. By construction, then, J contains fa’b?
and so we have fa"b’ € J, and (i) is satisfied. O

Corollary 7.3. No minimal monomial generator of T is divisible by b°.

Proof. Suppose that T contains a monomial m of the form fa"b? with d > 5. No
minimal monomial generator of J is divisible by b%, so Lemma 7.2 applies with d in
place of 3, and we have fa"b? ! € T. Thus, m is not a minimal generator of 7. [

Corollary 7.4. We have T N (b°%) = J N (b°) and (T : VP) = (J : b°).
Proof. For any ¢ > 3, one has faPb? € J if and only if fa?b®~! € J, if and only if
faPb’~' € T, if and only if fa?b? € T. O
Proposition 7.5. b; j(T + V%) > b; ;(J + b°) for all i, .
Proof. Both T +b% and J + b° are resolved by the mapping cone of b%, via the short
exact sequences

0—S/(J: )b P)—=S/J— S/(J+b)—0
and

0— SHT :b*)(b") — S/T — S/(T +bv°) — 0.

By construction (for J) and Corollary 7.3 (for T'), neither J nor 7" has any minimal
generators divisible by 4%, so, by the Taylor resolution, their multigraded Betti
numbers are concentrated in multidegrees not divisible by 5°. Thus, there is no
cancellation in either mapping cone, and we have

bii(S/(J + %)) = bis(S/T) + biri—s(S/(J : b))
bij (S/(T + V7)) = bij(S/T) + bizrj—s(S/(T : 1%)).

By Theorem 2.13, we have b; ;(S/T) > b; ;(S/J), and by Corollary 7.4, (J : b¥)
(T : P).

o

8. THE MONOMIAL CASE OF THE LEX-PLUS-POWERS CONJECTURE

In this section, we put everything together to prove the monomial case of the
lex-plus-powers conjecture in arbitrary characteristic:

Theorem 8.1. Suppose I is a homogeneous ideal containing a reqular sequence of
monomials (f1,---, f;) in degrees ey < --- < e,. Put P = (a7,---,25). Then

there exists a lex-plus-P ideal L such that L has the same Hilbert function as I and
bi’j(L) Z bZJ(I) fOT all Z,]

Throughout the section, e; < --- <'e, < oco. For variables a = x;,b = x;, set
e, = ¢; and e, = e;. For ideals containing P = (z7',---,z5"), we will frequently

want to consider the ideal obtained by “deleting” b from a generating set:
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Notation 8.2. Let a monomial ideal I D P and variables a, b be given. We set I’
equal to the ideal generated by all the minimal monomial generators of I except for
bet. (If b° is not a minimal monomial generator of I, set I’ = 1.)

Lemma 8.3. Let a and b be given. Then I is (a,b,t)-shifted-plus-P if and only
if I' is (a, b, t)-shifted, and I is {a,b}-compressed-plus-P if and only if I' is {a,b}-
compressed.

Proof. Suppose that I is {a, b}-compressed-plus-P. (The proof for (a, b, t)-shifted is
similar.) Then there exists an {a,b}-compressed ideal I such that I = I + P. We
will show that I’ is {a, b}-compressed.

Fix a monomial f not divisible by a or b, and suppose that v = faPb? and
v = fa"b® are monomials of the same degree such that v > u (i.e., 7 > p) and
u € I'. We need to show that v € I’ as well. If p > e,, we have v € I’ since a® € I'.
Otherwise, u is divisible by some minimal generator w of I'; write w = f'a?’b? with
¢ <e. If ¢ <sorw=zk wehave v € I' immediately, otherwise w € I since
w e I~ P. Since [ is {a,b}-compressed, it follows that f'a?*9~5b° € I. Since this
is in I but is not divisible by b, it is in I’, so we have v € I’ as desired. O

Proposition 8.4. Let I be a monomial ideal which is (a,b,t)-shifted-plus-P. Then
there ezists an (a, b, t+ 1)-shifted-plus-P ideal J which has the same Hilbert function
as 1, is reverse lexicographically greater than or equal to I, and satisfies b; j(J) >

bZ,] (I) .

Proof. Set J' = Shift, p,+1(I") and J = J'+P. We have I = I'4+b® and J = J' +b%,
so, by Corollary 6.5, I and J have the same Hilbert function, by Proposition 5.3,
J is reverse lexicographically greater than or equal to I, and, by Proposition 6.16,
bij(J) = bii(1). O

Proposition 8.5. Let I be a monomial ideal containing P, and fix a and b. Then
there exists an (a, b)-strongly shifted-plus-P ideal J which is reverse lexicographically
greater than or equal to I, has the same Hilbert function as I, and satisfies b; ;(J) >
b ;(I) for alli,j.

Proof. Clearly, Shift, ;(I) contains P. Thus, replacing I with Shift, ;(I) if necessary
(and applying Proposition 5.3 and Theorem 5.12,) we may assume that I is (a,b)-
shifted. If I is not already (a, b)-strongly shifted-plus-P, there exist integers ¢ = 0
such that I is not (a,b,t)-shifted-plus-P. Choose the smallest such ¢. Then by
Proposition 8.4 there exists an (a, b, t)-shifted-plus-P ideal with the same Hilbert
function as [ and larger graded Betti numbers. Replace I with this new ideal and
repeat. This process must terminate, since there are only finitely many monomial
ideals with the same Hilbert function, and at each step we replace the ideal with a
reverse lexicographically greater one. Let J be the resulting ideal. 0

Proposition 8.6. Let I be (a, b)-strongly-shifted-plus-P. Then there ezists an {a,b}-
compressed-plus-P ideal T which s reverse lexicographically greater than or equal to
I, has the same Hilbert function as I, and satisfies b; ;(T') > b; ;(I).
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Proof. Let T" be the {a,b}-compression of I’ and put 7' = T + P. We have
I=14b"%and T =T + b, so, by Corollary 7.4, I and T have the same Hilbert
function, and, by Proposition 7.5, b; ;(T') > b; ;(I). O

Proposition 8.7. Let I be a monomial ideal containing P. Then there exists a
Borel-plus-P ideal B such that B has the same Hilbert function as I, and b; j(B) >
b;;(I) for alli,j.

Proof. 1f I is not already Borel-plus-P, there exist pairs of variables a, b such that [
is not {a, b}-compressed-plus-P. Choose any such pair. By Propositions 8.5 and 8.6,
there exists an {a, b}-compressed-plus- P ideal T with the same Hilbert function as [
and larger Betti numbers. Replace I with 7" and repeat. This process must terminate
because there are only finitely many monomial ideals with the same Hilbert function,
and at each step we are replacing the ideal with a reverse lexicographically greater
one. Let B be the resulting ideal. 0

Theorem 1.4 completes the proof of Theorem 8.1.

Proof of Theorem §.1. By Lemma 3.2, we may assume without loss of generality
that (fi,---, f.) = P. By Proposition 8.7, we may assume that [ is Borel-plus-P.
Thus, the desired inequality holds by Theorem 1.4. ([l

9. CONSECUTIVE CANCELLATION

A consecutive cancellation in the graded Betti numbers of a module M is the
simultaneous subtraction of 1 from consecutive Betti numbers in the same internal
degree, i.e., replacing b; ;(M) and b;_ j(M) with (b;;(M) — 1) and (b;—1 ;(M) — 1).

We say that the graded Betti numbers of an ideal I are obtained from those of L by
consecutive cancellations if we can perform a sequence of consecutive cancellations
on the b; j(L) to produce the Betti numbers of /. Heuristically, this happens because
the minimal resolution of L “deforms” into a (non-minimal) resolution of I, which
can be decomposed into a direct sum of the minimal resolution of I and some trivial
complices 0 — S — S — 0; the cancellations are in the degrees of these trivial
complices. We define this more formally as follows:

Definition 9.1. Let L and I be two homogeneous ideals. We say that the graded
Betti numbers of I are obtained from those of L by consecutive cancellations if
there exist nonnegative integers ¢;; such that, for all ¢ and j, we have b, ;(I) =

bi’j(L) — Ci,j — Ci—l,j‘

Peeva shows in [Pe] that, if L is the lex ideal with the same Hilbert function
as I, the graded Betti numbers of [ are obtained from those of L by consecutive
cancellations; similar results are known (often with the same proof) in many settings
where the lex ideals attain all Hilbert functions.

We will show:

Theorem 9.2. Let I, P, and L be as in the statement of Theorem 8.1. Then the
graded Betti numbers of I are obtained from those of L by consecutive cancellations.
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Proof. The proof of Theorem 8.1 consists of a series of compressions, shifts, and ¢-
shifts-plus- P, followed by a jump from Borel-plus- P to lex-plus-P. We will show that
at each step the graded Betti numbers are obtained by consecutive cancellations.
Thus, what we must show is that the graded Betti numbers of I are obtained from
those of J (or T') in Theorem 1.4, Lemma 3.2, and Propositions 8.5 and 8.6.

Murai shows in [Mu, Theorem 5.1] that the Betti numbers of a Borel-plus-P
ideal are obtained from those of the lex-plus-P ideal by consecutive cancellations.
Since Lemma 3.2 and Proposition 8.6 use only coordinate changes, initial ideals,
and compressions, the statement follows from [Pe] and [Me2, Theorem 5.10] in these
cases. Lemma 9.3 below completes the proof. O

Lemma 9.3. Let I be a monomial ideal.

(1) Set J = Shift, (). Then the graded Betti numbers of I are obtained from
those of J by consecutive cancellations.

(2) Suppose that I is (a,b,t)-shifted and has no generators divisible by b°. Set
J = Shift, ¢(I). Then the graded Betti numbers of I +b° are obtained from
those of J 4 b° by consecutive cancellations.

Proof.

(1) Let m be a multidegree. If m has the form fa®b®, we have b;,,(I) =
bi,| supp(m)| (Shadow,, (1)), and likewise for J. By Lemma 5.8, we can com-
pare these Betti numbers with Theorem 4.8. Applying Peeva’s proof [Pe]
to our proof of Theorem 4.8, the graded Betti numbers of Shadow,, (/) and
Shadow,,(J) differ by consecutive cancellations. Thus, there exist integers
Cim such that b; ,,,(J) — bim(I) = Cim + Cim1m.

If m has the form fa‘b®, put n = fa®b’. Then by the Mayer-Vietoris
sequence and Proposition 5.10, we have

bz’m(J) -+ bl,n(‘]) = b%m(]) + bz’n(I) + dimk(ker A@[)m + dimk(ker Ai—l,])m‘
Set ¢;m = dimg(ker A; 1) .

Cij = E Cim T E Cim-

m=oc(m) m=fa’b’
deg m=j degm=j

The statement follows from the formula in the proof of Theorem 5.12.
(2) The statement follows from the proof of Proposition 6.16 in the same way
that (1) follows from the proof of Theorem 5.12. Let m be a multidegree.
If m = fa'o*™"*! with £+t + 1 = 3, put ¢, = dimy(ker A ge+1p) g1, —
dimy (Im bfﬂ._l’])m. Otherwise, define ¢; ,,, as in the proof of (1) (making the
obvious changes).
Again, we put

Finally, we put

Ci,j:E Cim + g Ci,m- O

m:fasbs+t+l m:falbs+t+1
deg m=j deg m=j
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10. OPEN PROBLEMS
We recall some related problems, and make some brief remarks about them.

10.1. The general Lex-Plus-Powers Conjecture. In Evans’ original conjecture,
the regular sequence was not required to consist of monomials:

Conjecture 10.1 (Evans, The Lex-Plus-Powers Conjecture). Suppose that F =
(fi, -+, fr) is any reqular sequence with deg f; = e;, and define P = (xf*,--- ,zt).
Let I be any homogeneous ideal containing F'. Then there exists a lex-plus-P ideal
L such that I and L have the same Hilbert function. Furthermore, b; ;(L) > b; ;(I)

for allu, 7.

A few special cases and reductions are known, due to Francisco, Richert, and
Sabourin [Fr, FR,Ri, RS], but the conjecture appears to be wide open. Indeed, the
mere existence of the lex-plus-P ideal L is far from certain; this is the Eisenbud-
Green-Harris conjecture [EGH1,EGH2]. Some special cases are due to Caviglia and
Maclagan, Cooper, and Richert [CM, Col,Co2,FR]. A good survey article on both
conjectures is [FR].

The problem for both conjectures is that the usual first step in proving Macaulay-
type theorems is to take an initial ideal, but doing so in this setting ruins the regular
sequence. Without a monomial ideal, most of our other techniques are useless.
Unfortunately, Theorem 8.1 does nothing to resolve this. It does, however, reduce
both conjectures to the same obstacle. The following statement is equivalent to
the Lex-Plus-Powers conjecture (and, without the last sentence, has been known for
some time to imply the Eisenbud-Green-Harris conjecture):

Conjecture 10.2. Let (f1,---, f.) be a reqular sequence with degf; = e;, and let
P = (x7t,--- ,x¢). Then there exists a monomial ideal M containing P such that

I and M have the same Hilbert function. Furthermore, M may be chosen so that

bi,j(M) Z bz,](]) fO?" all Z,j

Conjecture 10.2 holds if all but one of the f; are pure powers. (For example, if
(fi,~+, fr1) = (x4, -+, 27"), then the monomial support of f, must contain some
term not divisible by any of x1,---,x,_;. Take an initial ideal in some appropriate
order, and if necessary apply Lemma 3.2.) Thus, the Lex-Plus-Powers Conjecture
holds for these regular sequences as well:

Proposition 10.3. Let F', I, and L be as in Conjecture 10.1, and suppose further
that all but one of the f; is a pure power. Then there exists a lex-plus-P ideal L with
the same Hilbert function as I, and, for all i and j, we have b; ;(L) > b; ;(I).

In [CM], Caviglia and Maclagan prove that the Eisenbud-Green-Harris Conjecture
holds whenever e; > Z?;ll e for all k. In light of this result, we consider the
following question potentially tractable:

Problem 10.4. Suppose that, for all k, e, > Zlg;ll ee. Does the Lex-Plus-Powers
Conjecture hold for ideals containing a reqular sequence in degrees (eq,--- ,€,)?



THE LEX-PLUS-POWERS CONJECTURE HOLDS FOR PURE POWERS 29

10.2. Betti numbers over S/P. Gasharov, Hibi, and Peeva make the following
conjecture [GHPJ:

Conjecture 10.5. Let I be a homogeneous ideal containing P, and let L be the
lex-plus-P ideal with the same Hilbert function. Let I and L be their images in
R = S/P. Then the graded Betti numbers of I and L satisfy bfj(i) > bﬁj(lj) for all
1 and j.

This conjecture deals with infinite resolutions. Nevertheless, our techniques may
give some indication of how to proceed. For example, after replacing the Koszul
complex with a resolution of k over R, an analog of Corollary 5.11 continues to
hold. It is less clear how the rest of the argument might translate, however.

REFERENCES

[AHH1] A. Aramova, J. Herzog, and T. Hibi, Squarefree lexsegment ideals, Math Z. 228 (1997),
174-211.

[AHH2] A. Aramova, J. Herzog, and T. Hibi, Shifting operations and graded Betti numbers, J.
Algebraic Combin. 12 (2000), 207-222.

[BS] D. Bayer and M. Stillman, A theorem on refining division orders by the reverse lexico-
graphic orders, Duke J. Math 55 (1987), 321-328.

[Bi] A. M. Bigatti, Upper bounds for the Betti numbers of a given Hilbert function, Comm.
Algebra 21 (1993), 2317-2334.

[BH] W. Bruns and J. Herzog, Cohen-Macaulay rings, Revised edition, Cambridge University
Press, Cambridge, 1998.

[CM] G. Caviglia and D. Maclagan, Some cases of the Eisenbud-Green-Harris conjecture, Math.
Res. Lett, in press.

[CL] G. F Clements and B Lindstréom, A generalization of a combinatorial theorem of Macaulay,
J. Combinatorial Theory 7 (1969), 230-238.

[Col] S. M Cooper, Growth Conditions for a Family of Ideals Containing Regular Sequences,
Journal of Pure and Applied Algebra 212 (2007), 122-131.

[Co2] , The Fisenbud-Green-Harris Conjecture for Ideals of Points, preprint.

[Eil] D. Eisenbud, Commutative Algebra: With a view toward algebraic geometry, Graduate
Texts in Mathematics, vol. 150, Springer-Verlag, New York, 1995.

[Ei2] , The Geometry of Syzygies: A Second Course in Commutative Algebra and Al-
gebraic Geometry, Graduate Texts in Mathematics, vol. 229, Springer-Verlag, New York,
2005.

[EGH1] D. Eisenbud, M. Green, and J. Harris, Higher Castelnuovo theory, Astérisque 218 (1993),
187-202.

[EGH2] , Cayley-Bacharach theorems and conjectures, Bull. Amer. Math. Soc. 33 (1996),
295-324.

[EK] S. Eliahou and M. Kervaire, Minimal resolutions of some monomial ideals, J. Algebra 129
(1990), 1-25.

[EKR] P Erdés, C. Ko, and R Rado, Intersection theorems for systems of finite sets, Quart. J.
Math. Oxford Ser. (2) 12 (1961), 313-320.

[Fr] C. Francisco, Almost complete intersections and the Lex-Plus-Powers Conjecture, J. Alge-
bra 276 (2004), 737-760.

[FR] C. Francisco and B. Richert, Lez-plus-powers ideals, Syzygies and Hilbert functions, 2007,
pp. 113-144.

[Ga] A. Galligo, A propos du théoréme de préparation de Weierstrass, Fonctions de plusieurs
variables complexes, 1974, pp. 543-579.



[Pe]
[Ri]

[RS]

JEFF MERMIN AND SATOSHI MURAI

V. Gasharov, T. Hibi, and I. Peeva, Resolutions of a-stable ideals, J. Algebra 254 (2002),
375-394.

M. Hochster, Cohen-Macaulay rings, combinatorics, and simplicial complezes, Ring theory,
IT, 1977, pp. 171-223.

H. A Hulett, Mazimum Betti numbers of homogeneous ideals with a given Hilbert function,
Comm. Algebra 21 (1993), 2335-2350.

F Macaulay, Some properties of enumeration in the theory of modular systems, Proc.
London Math. Soc. 26 (1927), 531-555.

J. Mermin, Monomial reqular sequences, preprint.

, Compressed ideals, Bull. London Math. Soc. 40 (2008), 77-87.

J. Mermin and I. Peeva, Lezifying ideals, Math. Res. Lett. 13 (2006), 642—656.

, Hilbert functions and lex ideals, J. Algebra 313 (2007), 642—656.

J. Mermin, I. Peeva, and M. Stillman, Ideals containing the squares of the variables, Adv.
Math 217 (2008), 2206-2230.

S. Murai, Borel-plus-powers monomial ideals, J. Pure and Appl. Algebra 212 (2008),
1321-1336.

S. Murai and T. Hibi, Algebraic shifting and graded Betti numbers, Trans. Amer. Math.
Soc., in press.

K. Pardue, Deformation classes of graded modules and mazimal Betti numbers, Illinois J.
Math 40 (1996), 564-585.

I. Peeva, Consecutive cancellations in Betti numbers, Proc. Amer. Math. Soc. 132 (2004),
3503-3507.

B. Richert, A study of the lex plus powers conjecture, J. Pure Appl. Algebra 186 (2004),
169-183.

B. Richert and S. Sabourin, Lez plus powers ideals, n-type vectors, and socle degrees, in
preparation.

JEFF MERMIN, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KANSAS, LAWRENCE, KS

66045,

FE-mail address: mermin@math.ku.edu

SATOSHI MURAI, DEPARTMENT OF PURE AND APPLIED MATHEMATICS, GRADUATE SCHOOL
OF INFORMATION SCIENCE AND TECHNOLOGY, OSAKA UNIVERSITY, TOYONAKA, OSAKA, 560-
0043, JAPAN,

E-mail address: s-murai@ist.osaka-u.ac.jp



