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ABSTRACT. Let A = K|z1,...,z,] be a polynomial ring over a field K and M
a monomial ideal of A. The quotient ring R = A/M is said to be Macaulay-
Lex if every Hilbert function of a homogeneous ideal of R is attained by a lex
ideal. In this paper, we introduce some new Macaulay-Lex rings and study the
Betti numbers of lex ideals of those rings. In particular, we prove a refinement of
the Frankl-Fiiredi-Kalai Theorem which characterizes the face vectors of colored
complexes. Additionally, we disprove a conjecture of Mermin and Peeva that
lex-plus-M ideals have maximal Betti numbers when A/M is Macaulay-Lex.

1. INTRODUCTION

The Hilbert function is an important invariant of homogeneous ideals of a poly-
nomial ring A = K[xy,...,2,| over a field K, studied in commutative algebra,
algebraic geometry and combinatorics. One of the central results in the study of
Hilbert functions is Macaulay’s Theorem [Ma], which characterizes the Hilbert func-
tions of homogeneous ideals of A in terms of lex ideals. In the 1990’s, a remarkable
extension of Macaulay’s Theorem was proved by Bigatti [Bi], Hulett [Hu| and Pardue
[Pa]. They proved that lex ideals have the greatest graded Betti numbers among all
homogeneous ideals having the same Hilbert function. In this paper, we introduce
a class of monomial ideals M such that Macaulay’s Theorem holds for the quotient
ring A/M, and study the graded Betti numbers of lex ideals of those rings.

Let M be a monomial ideal of A and set R = A/M. Recall that the Hilbert
function Hilb(N)(—) : Z — 7Z of a finitely generated graded R-module N is the
function defined by

Hilb(N)(d) = dimg Ny,
where Ny is the homogeneous component of degree d of N. A set W of monomials
of R is said to be a lez-segment if, for all monomials u,v € R of the same degree,
u € W and v > v implies v € W, where > is the degree lexicographic order.
We say that a monomial ideal I of R is a lex ideal if the set of monomials in [ is
lex-segment. The ring R is said to be Macaulay-Lex if, for any homogeneous ideal
J of R, there exists a lex ideal of R having the same Hilbert function as J.

By Macaulay’s Theorem [Ma], the polynomial ring A itself is Macaulay-Lex. A
famous class of Macaulay-Lex rings is the Clements-Lindstrém rings [CL] R =
Af(xf, ... 20), where 1 < a3 < --- < q, are integers or co. The notion of
Macaulay-Lex rings was introduced in [MeP1], and basic properties of Macaulay-Lex
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rings were established in [MeP1, MeP2|. A fundamental problem about Macaulay-
Lex rings is the following.

Problem 1.1 (Mermin—Peeva). Find classes of monomial ideals M of A such that
A/M is Macaulay-Lex.

A monomial ideal I of A is said to be homogeneous-plus-M (resp. lex-plus-M)
if there exists a homogeneous (resp. lex) ideal J such that I = J + M. Clearly,
A/M is Macaulay-Lex if and only if, for any homogeneous-plus-M ideal I, there
exists a lex-plus-M ideal having the same Hilbert function as I. Inspired by the
Bigatti-Hulett-Pardue Theorem as well as Evans’ Lex-plus-powers Conjecture [FR],
Mermin and Peeva made the following conjecture in [MeP2].

Conjecture 1.2 (Mermin—Peeva). Suppose that R = A/M is Macaulay-Lex.

(1) Every lex ideal L of R has the greatest graded Betti numbers among all
homogeneous ideals of R having the same Hilbert function as L.

(2) Every lex-plus-M ideal L of A has the greatest graded Betti numbers among
all homogeneous-plus-M ideals of A having the same Hilbert function as L.

Note that (1) considers infinite free resolutions, while (2) considers finite free
resolutions. Conjecture 1.2 has been well studied for Clements—Lindstrém rings
R=A/(z{*,...,2%). In this special case, Conjecture 1.2(2) was proved in a series
of papers [MPS, Mul, MM], and Conjecture 1.2(1) was proved in [MuP] when the
characteristic K is 0. On the other hand, little is known for other Macaulay-Lex

rings. In this paper we consider the following rings.

Definition 1.3. Let V' = [J;_, V; be a set of variables with V; = {@;1,..., %},
where ny > ng > --- > n,. Denote by S = K[V] the polynomial ring over K
with the set of variables V. We will work with the lexicographic order <, on S
induced by the ordering of the variables defined by s > xp ¢ if £ > ¢/ or £ = ¢ and
k<K.Let Q=73 (xj1,..,%jn;)* CS. We call the ring R = S/Q an r-colored

squarefree ring of type (ny,...,n,).

We say that a quotient ring R = A/M admits ideals with mazimal Betti numbers
over A if, whenever H is the Hilbert function of some homogeneous-plus-M ideal
of A, there exists a homogeneous-plus-M ideal L with Hilbert function H such that
Bi;(L) > B;;(I) for all 7,7 and for all homogeneous-plus-M ideals I with Hilbert
function H, where (3; ;(J) are the graded Betti numbers of an ideal J of A. Thus
Conjecture 1.2(2) states that Macaulay-Lex rings admit ideals with maximal Betti
numbers. The main results of this paper are the following.

e Colored squarefree rings are Macaulay-Lex.

e An r-colored squarefree ring of type (ny,...,n,) does not admit ideals with
maximal Betti numbers over S if r =2 and ny >4 or if » > 3 and n, > 3.

e A computation of the graded Betti numbers of Borel ideals over R.

In particular, the second result disproves Conjecture 1.2(2).
The first result is inspired by the Frankl-Fiiredi-Kalai Theorem [FFK], which
characterizes face vectors of colored simplicial complexes. Indeed, if ny = --- = n,
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then the result is equivalent to the Frankl-Fiiredi-Kalai Theorem (see Remark 2.12
for details). However, the proof is different from that of [FFK]. Frankl-Fiiredi-Kalai
used a combinatorial technique called shifting, while our proof is based on compres-
sion, a technique which was introduced by Macaulay [Ma] and used efficiently by
Clements-Lindstrom [CL].

This paper is organized as follows: In Section 2, we show that colored squarefree
rings are Macaulay-Lex. In Section 3, we study the graded Betti numbers of lex-
plus-@ ideals and disprove Conjecture 1.2(2). In Section 4, we study the graded
Betti numbers of Borel ideals of r-colored squarefree rings. In Section 5, we discuss
some related problems.

2. THE MACAULAY-LEX PROPERTY

In studying Problem 1.1 and Conjecture 1.2, it is enough to consider monomial
ideals. Thus, throughout this paper, we assume that all the ideals are monomial
ideals. The main result of this section is the following.

Theorem 2.1. Let R be an r-colored squarefree ring. For any monomial ideal I of
R, there exists a unique lex ideal L of R having the same Hilbert function as I.

In the rest of this section, R = S/Q stands for an r-colored squarefree ring as
defined in Definition 1.3. For a subset A C [r] = {1,2,...,r}, write A = [r] \ A,
V= UjG.A‘/P Sa = K[VA], Qa = ZjeA(IL’j,l,...,l’j,nj)Q C Syand Ry = SA/QA-
For any set W of monomials of R, we write W, for the set of monomials in W of
degree d.

Definition 2.2. Let W be a set of monomials of R and A C [r]. Then we may
decompose W as the disjoint union

W=
fER4

where f ranges over the monomials in R 5 and each W/ is a set of monomials in R 4.
We say that W is A-compressed if all the W are lex-segments of R 4. Moreover, we
say that W is compressed if W is A-compressed for all A C [r] with |A| = r — 1,
where |A| is the cardinality of A. Let Ly = [#,5,(Lys)a be the lex-segment set
of monomials in R4 such that |(Wy)4| = |(Ls)a| for all d. The set of monomials
X = Lﬂf fLy is called the A-compression of W.

Let I be a monomial ideal of R and M the set of monomials in I. The A-
compression of [ is the K-vector space spanned by the A-compression of M.

Notation 2.3. Let W be a set of monomials in R;. Define
Shad(W) ={ym € Ry, :y €V, me W}.

Write Lex(W) C R, for the lex-segment set of monomials with |[W| = |Lex(W)].
For any monomial m € R, let first(m) (resp. last(m)) be the greatest (resp.
smallest) variable which divides m. Let

color(m) = {j € [r] : there exists y € V; such that y divides m}.
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The following facts are straightforward (see, e.g., [MeP1]).

Lemma 2.4. If W C R is a lex-segment set of monomials of the same degree then
Shad(W) is also a lex-segment.

Corollary 2.5. Theorem 2.1 holds if and only if, for any set W C R of monomials
of the same degree, one has |Shad(W')| > |Shad(Lex(1V))|.

We will prove Theorem 2.1 by using Corollary 2.5 and induction on r.
Lemma 2.6. Theorem 2.1 holds if r < 2.

Proof. The statement is obvious if » = 1. Suppose r = 2. Note that R = Rg @
R; & R,. Then, by Corollary 2.5, it is enough to show that, for any set W C R; of
monomials, one has |Shad(W)| > |Shad(Lex(W))|.

Let ay = [W N V| for kK = 1,2. A routine computation implies

\Shad(W)| = N10a9 + NoQ1 — Q102 = —(n1 — al)(ng - CLQ) + nins.

Then |Shad(W)| is smallest when the difference between (n; — a;) and (ny — ag) is
minimized. Hence |Shad(W)| > |Shad(Lex(W))| by the definition of <je. O

Definition 2.7. Let W = {uy,...,u;} and W' = {u], ..., u}} be sets of monomials
of R with uy >jex «++ >lex U and U] >jex -+ >lex Uy We say that W is lez-greater
than W' if there exists 1 < j < ¢ such that uy = uj, for k < j and u; >, 1.

Lemma 2.8. Suppose that Theorem 2.1 holds for all (r —1)-colored squarefree rings.
Let A C [r] with |A| =r —1.
(i) For any monomial ideal I of R, the A-compression of I is an ideal of R.
(ii) Let W C Ry be a set of monomials and W' the A-compression of W. Then
W' is lex-greater than or equal to W and |Shad(W)| > |Shad(WV")|.

Proof. (i) Let M = €D, fM; be the set of monomials in I, where f € Rz is a
monomial and My C R4. Let L =€, fL; be the A-compression of M. Note that
the vector space spanned by My is a monomial ideal of R 4. By the assumption, the
vector space spanned by L; is an ideal of R 4. Hence, what we must prove is that,
for any fu € fL; and for any variable y € V3, one has yfu € L or yfu = 0.

Suppose yf # 0. Since [ is an ideal, Wy C W,;. Hence Ly C Ly;. This implies
u€ Lyy and yfu € yfLys C L.

(ii) It is clear that W’ is lex-greater than or equal to W. Let I be the monomial
ideal generated by W and J the A-compression of I. Then [Shad(W)| = dimg I441
and [Shad(W')| < dimg Jgq1 = dimg Iz4q by (i). Hence the statement follows. O

Lemma 2.9. Let W C Ry be a compressed set of monomials. Let w € W and
v E Ry. If v >1ex u and if u and v are divisible by some variable y then v € W.

Proof. Let A = [r] \ color(y). Since W is A-compressed and 3 € W,, we have
S €Wy, ie,veW. O

For any monomial m € R, write

grow(m) = }{y € Vir\color(m) * Y < last(m)}}.
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Note that if W C Ry is a lex-segment, then [Shad(W)| = ", grow(m). This
definition is inspired by work of Bigatti [Bi], who used the analogous formula in a
polynomial ring to study Borel ideals.

Lemma 2.10. Let m and m' be monomials of degree d with last(m) = x5, and
last(m’) = xgp. Ift <t then grow(m) < grow(m’).

Proof. We may assume t' =t + 1. For any j € color(m) one has
(1) {yeV;y<a}| =t

Indeed, if }{y eViry< {L’l,t}’ <t—1then n; <t—1. However, since j € color(m),
some z;, is greater than x,;. This means n; > ¢ > ¢, a contradiction. Then (1)
implies grow(m’) > |[{y € V : y < z1,}| — dt > grow(m). O

Lemma 2.11. Suppose r > 3. Let W C Ry be a compressed set of monomials
which is not a lex-segment. There exists a set W' C Ry of monomials such that
|W| = [W'|, |Shad(W)| > |Shad(W"')|, and W' is lex-greater than W.

Proof. If r > 3 then any compressed subset W C R; is a lex-segment. Suppose
d > 2. Let g € R; be the lex-greatest monomial which is not in W and b the
lex-smallest monomial in W. Set W = W U {g} and W’ = (W \ {b}) U {g}. Then,
by the choice of g and b, a straightforward computation implies

|Shad(W)| < |Shad(W)| + grow(g) and [Shad(WV)| > |Shad(W')| + grow(b).
Hence, to prove the statement, it is enough to show

(2) grow(g) < grow(b).

The statement is obvious if d = r. Hence we may assume 2 < d < r. Let u be
the lex-greatest monomial in W such that u <j g. Set y; = first(u), yo = first(g)
and z = last(b). Clearly, yo > y; since g >jx u. Moreover, since W is compressed,
Lemma 2.9 implies

Yo > Y1-

[Case 1]: Suppose color(yg) # color(z). Since u >1ex b, we have yo > y; > first(b).
Let f be the lex-smallest monomial of degree d which is divisible by yz. Since
yo > first(b), f >1ex b. Since f and b are divisible by z, Lemma 2.9 implies f € W.
Also, since [ >« u and since u is the lex-greatest monomial in W with u <y, g, we
have f > ¢.

Let w = first i . Since f is the lex-smallest monomial of degree d which is
0

divisible by yoz, if w # z then f is the lex-smallest monomial of degree d which is
divisible by 1o. However, this cannot happen since f > g and ¢ is divisible by

1o. Hence z = w. Write ¢ = yowy - - - wq_1, where yg > wy > -++ > wy_1. Since
first <i) =2z, i >lex i, and i is the lex-smallest monomial of degree d—1 which
Yo Yo Yo Yo

is divisible by z, we have 2 > w; > --- > wgq_1. Let 2 = 2, , and wy_; = z,;. Note
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that ¢ < ¢ since z > wy_;. If t < g then, by Lemma 2.10, we have grow(g) < grow(b)
as desired. If t = ¢ then, for each k, wy = x4, , for some p < ¢, <s. Hence, by (1),

= Hy € Virj\color(yo) * ¥ < xp,q}} —(d—1)q
> Hy € Virh\color(yo) ¥ < xs,t}‘ +(d—=1) = (d—1)q
{y € Vir\eolor(yo) 1 ¥ < Tsi}| — (d—1)(q — 1) = grow(g).

[Case 2]: Suppose color(yg) = color(z) = {c¢}. Fix a € [r]\ color(h). Note that
{a} # color(yg). Let f = yof’ be the lex-smallest monomial of degree d such that
f is divisible by yo and a ¢ color(f). Since yo > y1, f >lex U >1ex b. Then, since
f,b0 € Ryp\joy and W is compressed, we have f € W. In particular, f > g by the
choice of u. Hence f’ cannot be the lex-smallest monomial of degree d —1 in R\ ;-

Let m be the lex-smallest monomial of degree d in Rj,)\{c}. Since f’is lex-smallest
in (Rp)\{a,c})a—1 but is not lex-smallest in (Rp)\(c})a—1, m is divisible by z,; and

m
f, - . Then i <lex f/ Slex
Tan Yo last(m)

grow(b)

. Since m is lex-smallest in (R (),

Tp 1, if c # 1,
Tr_11, te=r.

last(g) = last(m) = {
In both cases, we have grow(g) = 0 < grow(b). O
Now we are in position to prove Theorem 2.1.

Proof of Theorem 2.1. We use induction on r. We may assume r > 3 by Lemma
2.6. Suppose that the statement holds for all (r — 1)-colored squarefree rings.

Let W be a set of monomials of degree d. By Corollary 2.5, it is enough to
show that |Shad(W)| > |Shad(Lex(W/))|. By Lemmas 2.8 and 2.11, if W is not
a lex-segment then there exists W’ C Ry such that |[W'| = |W/|, |[Shad(W’)| <
|Shad(W)| and W' is lex-greater than W. Arguing inductively, we have |[Shad(W)| >
|Shad(Lex(W))|. O

Remark 2.12. Here we note the relation between Theorem 2.1 and face vectors
of colored simplicial complexes. A simplicial complex A on [n] = {1,2,...,n} is a
collection of subsets of [n] such that, if F' € A and G C F, then G € A. A simplicial
complex A is said to be r-colored if there exists a partition of [n], [n] = C1U---UC,,
such that for every F' € A and every 1 < i < r, |C; N F| < 1. In particular, if
r=max{|F|: F € A} then A is called completely balanced.

Let H;={k€n|]: k=4 (modr)}fori=1,2,...,rand let C be the collection of
subsets F' C [n] satisfying |FFNH;| < 1 for all i. Let <,e, be the reverse lexicographic
order induced by 1 >,y -+ >y 7. An r-colored rev-lex complex I' C C is an r-
colored simplicial complex such that, for any faces F' € I and G € C with |F| = |G|,
if G >,ey F then G € T'. Considering the partition [n] = H; U---U H,, we see that
r-colored rev-lex complexes are r-colored. While many r-colored complexes are not
defined by the special partition above, Frankl, Fiiredi and Kalai [FFK] proved that
they all share a face vector with an r-colored rev-lex complex. In particular, since
r-colored rev-lex complexes are uniquely determined by their face vectors, this result



BETTI NUMBERS OF LEX IDEALS OVER MACAULAY-LEX RINGS 7

characterizes the possible face vectors of colored complexes in terms of colored rev-
lex complexes (a numerical characterization was also given in [FFK]). This result
of Frankl, Fiiredi and Kalai can be recovered from Theorem 2.1.

Suppose that A is an r-colored simplicial complex on [n]. Then there exists a
monomial ideal I of an r-colored squarefree ring R of type (n,...,n) such that the
set of monomials of R which are not in I can be identified with A. (Since R has
nr variables, the ideal I will contain at least (nr — n) variables corresponding to
vertices which don’t appear in A.) Theorem 2.1 shows that there exists a lex ideal
L of R having the same Hilbert function as I. The r-colored rev-lex complex having
the same face vector as A corresponds to the set of monomials of R which are not
in L.

Actually, Theorem 2.1 refines this result. Theorem 2.1 characterizes the face
vectors of colored simplicial complexes on [n] with a fixed partition [n] = C1U- - -UC,.
For example, our result gives the complete description of face vectors of 2-colored
complexes on [6] with the specific partition [6] = {1,2,3,4} U {5,6}, while the
Frankl-Fiiredi-Kalai Theorem does not guarantee this.

3. BETTI NUMBERS OF LEX-PLUS-() IDEALS

In this section, we show that most colored squarefree rings do not admit ideals
with maximal Betti numbers over S. As before, let R = S/Q be an r-colored
squarefree ring of type (ng,...,n,) as defined in Definition 1.3. For a finitely gen-
erated graded S-module M, the integers 3; ;(M) = dimg Tor;(M, K); and §;(M) =
dimg Tor;(M, K) are called the graded Betti numbers of M and the total Betti num-
bers of M respectively. A monomial ideal I of S is said to be strongly color-stable
if ux;; € I implies uxj, € I for all k < ¢ and for all j € [r]. The next fact easily
follows from [BN, Theorem 5.4] or [Me, Theorem 5.9].

Lemma 3.1. Let I be a homogeneous-plus-Q) ideal. There exists a strongly color-
stable ideal J with J O @Q and Hilb(J) = Hilb(I) such that 3;;(J) > B;;(I) for all i
and j.

The above lemma shows that, to study Conjecture 1.2(2) for colored squarefree
rings, it is enough to consider strongly color-stable ideals.

3.1. 2-colored squarefree rings. We first consider 2-colored squarefree rings. Let
nl Z n2 Z 47 S = KI::'U17 A '7$n17y17 A '7yn2] and Q - (:'U17 A '7xn1)2 + (y17 A '7yn2)2‘

Proposition 3.2. A 2-colored squarefree ring R = S/Q of type (n1, ng) with ny > 4
does not admit ideals with mazimal Betti numbers over S.

We first give an example.

Example 3.3. Let A = Kz, ..., 24,91, ..., ys) and P = (21, ..., 24)*+(W1, .., y1)%
Let

L = (x4, 3, Ys, T2ys3, T1Y3) + P,
I = (24, T3, Y4, T2Ys, T2y2) + P
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and
J = (x4, 23,29) + P.
Then L is lex-plus-P and any strongly color-stable ideal B with B D P and

Hilb(B) = Hilb(L) is isomorphic to L, I, or J. The following are Betti diagrams of
these ideals computed by the computer algebra system Macaulay 2 [GS]:

betti(res(S/L)) = total: 1 14 65 156 224 202 113 36 5
0:1 3 3 1 . . .
1: . 11 53 107 118 78 32 8 1
2: . . 9 48 106 124 81 28 4
betti(res(S/I)) = total: 1 14 66 159 225 196 104 31 4
0:1 3 3 1 . . .
1: . 11 53 108 120 77 27 4 .
2: . . 10 50 105 119 77 27 4
betti(res(S/J)) = total: 1 14 64 150 209 182 98 30 4

0:1 3 3 1 . e
1: . 11 53 106 113 68 22 3 .
2: . . 8 43 96 114 76 27 4

None of these ideals has maximal graded Betti numbers. Hence, by Lemma 3.1, the
ring A/P does not admit ideals with maximal Betti numbers.

Proof of Proposition 3.2. We use the ideals given in Example 3.3. Let L’ be the
ideal of S defined by

L/:LS+(l’5,...,$n1ay5>-">yn2)'

Define I’ and J’ in the same way as L'. Then L' is lex-plus-Q), and every strongly
color-stable ideal B with B D @ and Hilb(B) = Hilb(L’) is isomorphic to L', I’,
or J'. Recall that, if M is a homogeneous ideal of S and f is a non-zero divisor
of S/M, then the tensor product of the minimal free resolutions of S/M and S/(f)
is a minimal free resolution of S/(M + (f)). By using this fact together with the
computations given in Example 3.3, it follows that

Bi(I") > Bi(L) > Bi(J")
and
6711-1—712—1([/) > ﬁm-l—m—l(ll) = 6711-1—712—1(‘]/)'

Then, by Lemma 3.1, the ring S/Q does not admit ideals with maximal Betti num-
bers over S. |

Remark 3.4. While we used a computer system for the computations of Betti
diagrams of L, I, and J, one can compute those betti numbers by using Lemma 3.7
and Hochster’s formula.
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3.2. General construction. In the rest of this section, R = S/@Q is an r-colored
squarefree ring of type (ny,...,n,) with » > 3 and n, > 3. The goal is to show the
following.

Theorem 3.5. With the same notation as above, R does not admit ideals with
mazimal Betti numbers over S.

First, we give a formula to compute the graded Betti numbers of a strongly
color-stable ideal I with I O @ using simplicial complexes. Let V; = {z;0} UV},
V=U_,V;and S = K[V]. Let

Q= ({ajprjo €S k#L j=1,2,...,1}).
For any strongly color-stable ideal I = I' + ) of S, where I’ is generated by mono-
mials not in @), define

[=TS+Q.
Thus the ideal I is obtained from I = I’ + Q by replacing Q by Q.
Example 3.6. Let I = ($172[E272,[B172[B271) -+ (l’il,iﬂl’lxl,g,x%72,$§71,$271x272,[B%’Q).
Then

I = ($1,2$2,2> $1,2IB2,1) + (1’1,01751,17 L1,001,2,X1,121,2, L2,0L2,1, L2,02,2, 1752,1952,2)-

Actually, the map I — I is a special case of the colored squarefree operation
introduced in [BN]. Thus, by [Mu2, Theorem 0.1], we obtain

Lemma 3.7. Let I be a strongly color-stable ideal of S with I > Q. Then I and I
have the same graded Betti numbers.

Since I is a squarefree monomial ideal, we can compute its graded Betti numbers
using Hochster’s formula. We recall Hochster’s formula. Let J be a squarefree
monomial ideal of S, and let A(J) be its Stanley-Reisner complex,

A(J)={ue S\ J:uis asquarefree monomial}.

(We identify squarefree monomials of S with subsets of V and regard A(J) as a
simplicial complex on the vertex set V.) Hochster’s formula [Ho| says

Bij(J) = Z dimg Hj—i—2 (A(])w; K),

wcv, |[Wi=j

where A(J)w = A(J) N K[W] and where H;(A; K) is the i-th reduced homology
group of a simplicial complex A over a field K.

A simplicial complex A on the vertex set V is said to be colored shifted if ux;, € A
implies ux;, € A for any j € [r] and for any 0 < ¢ < k such that z;, does not divide

u. The top Betti numbers of colored shifted complexes can be computed as follows
(see [BN, Theorem 5.7] and [Mu2, Proposition 4.2]).

Lemma 3.8 (Babson—Novik). If A is a colored shifted simplicial complex on V then
dimg H,_(A;K) = ’{u € A:degu=r, u is not divisible by any of xm}’.
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Let I be a strongly color-stable ideal of S. Define
['(I) ={ue S\ I: uis asquarefree monomial with degu = r}.

Lemma 3.9. If I is a strongly color-stable ideal of S with I D @, then

ﬂr—l,Qr(I> - Z (H Zk> .

T1,iy T2,0g Trip EC() \k=1

Proof. Note that I'(]) is the set of monomials u in A(I) of degree r which are not
divisible by any of the z;,. Since I is strongly color-stable, the simplicial complex
A(I) is colored shifted. Note also that, for any W € V, A(I)y is colored shifted on
W. Hence, for any W C V with |W| = 2r, Lemma 3.8 implies

3 3 1, if WnNV;|=2forall j and A()y contains all
dimg H, (A(I)W; K) = monomials of the form x;;, ---x,;, € K[W].
0, otherwise.

(Observe that, if W NV, = {x;, x;,} with k& <, then x; plays the role of =, in

Lemma 3.8.)
By Hochster’s formula,
ﬂrfl,Qr(j) = Z dlmK Hrfl(A(f)W7K>
wWcv, |W|=2r
= W =Ulzin 210} €V ipy < a5, [] 210, € A}
j=1 j=1

'8
_ ¥ (H )
T1,q 2,9 Trqr EC(I) \k=1

The last equality follows since [ is strongly color-stable. Then the statement follows
from Lemma 3.7. U

We need the following fact.

Lemma 3.10. Let ay > --- > a; and by > --- > b; be a sequence of integers. If
ap+---+a; > b+ -+ b for all k then ay---a; > by ---by.

Proof. We induct on ¢t. If ¢ = 1 then there is nothing to prove. Suppose t > 1.
If a1 > b; then the statement immediately follows by induction. Suppose a; < b;.
Note that as + - - -+ a; > by + - - - 4+ b; by the assumption. Let p > 2 be the greatest
integer such that a, = ay. We claim that ap +---4+a; > by +---+ b for 2 < k < p.

Suppose to the contrary that ap +---+a; = bp + -+ -+ b; for some k, 2 < k < p.
Since agi1 + -+ -+ a; > bgy1 + - - - + by, we have

a2:':ak§bk§"§b2

Then 23:2 a; = 25;21 a; + Zézk a; < 23:2 bj, a contradiction.
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Thus, the sequence (a; + 1,as,...,ap-1,a, — 1, ap41,...,a;) also satisfies the as-
sumption of the lemma, and, since a; > a,,

aray <H aj> > (a1 +1)(a, — 1) (H aj> :

J#Lp J#Lp
By repeating this procedure, we may assume a; = b;. The statement follows by
induction. OJ

Proof of Theorem 3.5. Let

Q=T 0, Tony Tr2n, -
[Case 1]: Suppose n,_; = n,. To simplify, set n = n,_; = n,. Let
I=(ax,—1p 02 1p1)+Q
and
L = (axr—1pn, Oy, QTp_1 p1Trp—1) + Q.
Note that I and L are strongly color-stable ideals having the same Hilbert function.

First, we show that the graded Betti numbers of [ and L are incomparable.
Clearly, Bo(1) < Bo(L). It is enough to show that 8,1 2.(I) > Br_1,2-(L). Since

DINO\T(L) ={az,pnrr1,:0=1,2,...,n— 2}

and
FD)\T(I) ={az,—1p12r0 : £=1,2,....,n— 2},
it follows from Lemma 3.9 that

ﬁr—l,?r(f) - 67’—1,21‘([/)

) ()

T,y T2,i9Tri, EL(D\L(L)  \k=1 T1,iy T2,ig - Tryin EC(L)\T(I)

= <THnJ> {n—m-D}1+2+---+(n—-2)) >0.

Since L is lex-plus-@), any monomial ideal J D @ with Hilb(J) = Hilb(L) satisfies
Bo(J) < Bo(L). Thus, to complete the proof, it is enough to show that, if J is any
homogeneous-plus-() ideal which has the same Hilbert function as L and satisfies
Bo(J) = Bo(L), then B,_12.(J) < Br_1,2,(L).

We may assume that J is strongly color-stable. Since J has the same Hilbert
function as L, J contains two monomials u; and us of degree r — 1 which are not in
Q. Let {cx} = [r] \ color(ug). Then [Shad({u1,us})| > ne, + ne, — 1. Since J has a
generator of degree r and has the same Hilbert function as L, |[Shad({u1,us})| must
be equal to 2n — 1. It follows that n., = n., = n, and ¢; # c3. Thus (u1,us) + Q
is isomorphic to (ax,_1,,az,,) + Q. Hence we may assume u; = ax,_1, and
Uy = QT .

Let v be a generator of J of degree r. Then I'(J) \ I'(L) = {aw,—1 12y n—1} and
I(L)\T'(J) = {v}. Also, since J # L is strongly color-stable, v is a monomial of
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the form v = @g n, 1 ([ [ 2, ¥jn;) for some 1 <k <r —2. Then, by Lemma 3.9, we
have

ﬁrfl,ZT(L) — ﬁT,LQT(J) Z ( H nj> {(nk — 1)n2 — nk(n — 1)2} Z 0

j#k/”_ 17”’
as desired.

[Case 2]: Suppose n,_1 > n,. Let

I = Oé(xrfl,nr_la vy Tp—1 42, xr,nr) + Q
and
L= Oé(xrfl,nr_p ey Tr—1ne+2, Tr—1,n,.41 xrfl,nrxr,nr) + Q

Then [ and L are strongly color-stable ideals having the same Hilbert function.
First, we show that the graded Betti numbers of I and those of L are incomparable.
Clearly, Go(I) < (o(L). On the other hand, in the same way as [Case 1], we have

ﬂr71,2r(1) > ﬂrfl,Zr(L> since

L(H\T(L) ={az,1pr1Tre: 0=1,2,...,n, — 1}
and

FO\T() ={azrpxro1pe:0=1,2,...,n, — 1}.

Since L is lex-plus-@), to complete the proof, it is enough to show that, for any
strongly color-stable ideal J D @ having the same Hilbert function as L, if Go(J) =
Bo(L) then B,_12-(J) < Br_12-(L).

Let t = n,_; —n,. Then J has generators uy, ..., u; of degree r — 1 which are not
in Q. First, we claim that color(uy) = [r — 1] for all .
Let {cx} = [r] \ color(ug). Suppose ¢; = -+ =c¢s =r and ¢; # r for k > s. Then

|Shad({u1, ..., w})| > sn + (neg,, — )+ (e, =5 — 1) + -+ (ne, —t+1).

However, since J has a generator of degree r and has the same Hilbert function as
L, |Shad({us, ..., u:})| must be equal to tn,. Since n,, —(k—1) > n,_; —t+1>mn,
for k =s+1,...,t, it follows that s =t and color(ug) = [r — 1] for all k.

Let v =z, - - -, be the generator of J with degv = r. Write

Uk = Ty " Tr—1yip, -
Since J is strongly color-stable, we may assume that
(3) g+ Fioy > m+o+n—(k—1) fork=1,2...t
and
(4) nt-ti =2 mttn— 1L
Also, since J is strongly color-stable, we have

Jr = Ny
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Now, by Lemma 3.9, we have

ﬁr—l,?r([/) - 6r—1,27‘(‘]>

= Z by k| — Z ky-- -k,

| ©1,ky +Tr ke ET(L) Ty gy Tk, €C(J)
[t

= S i g (T )| Gy
Lk=1

¢
- an-nm_g(nr_l—k+1)(1+-~-+nr) —nyNe_o(ne_1 — t)n,.
k=1

By (3), the sequences (i1, ...,%—1%) and (n1,...,n,_9,n,—1 — k + 1) satisfy the
conditions of Lemma 3.10, and, by (4), so do (j1,...,jr—1) and (ny, ..., N2, np_1 —
t). Then the desired inequality 5,_19,(L) > B,_12.(J) follows from Lemma 3.10. O

Example 3.11. Let A = K[z1, 22, %3, Y1, Y2, Y3, 21, 22, 23] and Q = (w1, 29, 23)* +
(yla y2>y3)2 + (21, 22, 23)2. Let

L = (w3ys, 323, T3Y222) + Q
and
I = (w3y3, 232) + Q.
Then, L is the lex-plus-(@) ideal having the same Hilbert function as I. The following
are betti diagrams of these ideals computed by Macaulay 2.

betti(res(S/L)) = total: 1 21 142 490 1004 1305 1090 566 166 21
0: 1 . . . . .
1: . 20 37 24 7 1 . . .
2: . 1 105 343 460 321 122 24 2
3: 123 537 983 968 542 164 21

betti(res(S/I)) = total: 1 20 141 493 1016 1324 1105 572 167 21
0: 1 . . . . .
1: . 20 36 24 7 1 . . .
2: . . 105 343 463 330 132 29 3
3: 126 546 993 973 543 164 21

4. BETTI NUMBERS OF BOREL IDEALS OVER A COLORED SQUAREFREE RING

In the previous section, we saw that most colored squarefree rings do not satisfy
Conjecture 1.2(2). On the other hand, we are not sure whether Conjecture 1.2(1)
fails for those rings. Indeed, the ideals used in the proof of Theorem 3.5 do not
give a counterexample of Conjecture 1.2(1). The purpose of this section is to give a
way to compute the graded Betti numbers of lex ideals of a colored squarefree ring,
which will be the fist step in studying Conjecture 1.2(1) for colored squarefree rings.

Let R = S/Q be an r-colored squarefree ring as defined in Definition 1.3. For a
finitely generated graded R-module M, let 553-(]\/[ ) and B%(M) be the graded Betti
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numbers of M and the total Betti numbers of M over R respectively. A homogeneous
ideal I of R has a linear resolution if there exists an integer d such that Bﬁ ) =0
for all 7 if 7 # d.

Lemma 4.1. Let A = Klxy,...,2,], P = (x1,...,2,)? and B = A/P. Then the
ideal I = (x1,...,x,) of B has a linear resolution and 3F(I) = pn® for all .

Proof. Tt is clear that the first syzygy module of the ideal (z1) of B is (x1,...,z,).
Since I = (21) Pg(22) Pp- - - Pg(z,), the first syzygy module of I is isomorphic
to (z1,...,20) @Bp---DBg(x1,...,2,) C BP. Then I has a linear resolution and
Bix1(L) = np;(I) for all i > 0. O

For a subset W C V', write Iy for the ideal of R generated by W.
Lemma 4.2. Let W CV and p; = |W NV;|. Then Iy has a linear resolution and

B (Iy) = Z (n'---nir) <H pk> for all i.
i =i i1 #0

Proof. Let Igy be the ideal of Ry = K[Vi]/ (ks - - -, Ten,)? generated by W N V.

Let Fy;; be the minimal free resolution of Ry /Iy over Ryy. Since

R = Ry ®k Ry @k -+ @k Ry
and
R/Iy = (Ruy/Iy) @k (Rizy/Lizy) ®x - @x (Riy /1) -
by the Kinneth tensor formula, F{1; ® -+ ®x Fy,y is the minimal free resolution
of R/Iw over R. This fact and Lemma 4.1 prove the desired formula. 0J

Definition 4.3. For monomials v = y;---y; and v = 2;---2; of R of the same
degree, where y; > --- >y, and z; > --- > z; are variables, write u >p v if yp > 2z
for all k. A monomial ideal I of R is said to be Borel if, for all monomials u,v € R,
u € [ and v >p u implies v € .

Note that Lex ideals are Borel. For any monomial u,v € R, write u > v if
degu < degwv or degu = degv and u >x v. Let G(I) be the set of minimal
monomial generators of a monomial ideal I C R.

Lemma 4.4. Let I C R be a Borel ideal with G(I) = {uy,...,u;}, whereuy = --- >
ug. Then, fork=1,2,...t,

((u, ..., up—1) s up) = ({y € V 1y > last(uy) or color(y) C color(uy)}),
where (uy, ..., up—1) =0 if k= 1.

Proof. Since I is Borel, it is clear that the left-hand side contains the right-hand
side. We show that the right-hand side contains the left-hand side.

Let fur € (uq,...,ux_1) be a monomial and d = deguy. If fu, = 0 then there
exists a monomial y € V,, with a € color(uy) such that y divides f. Suppose fuy # 0.
Write fug = y; - - - ys, where y; > - -+ > y, are variables. Since (uy, ..., ux_1) is Borel,
there exists an integer 1 < § < d such that y; - --ys € G(I). Let up, = y; - - - y5. Then
last(u,) > last(uy) and u, does not divides uy. Hence there exists y, which divides
u, but does not divide wuy. This y, must divide f, and y, > last(uy). O
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For any monomial m € R, let
W(m) = {y €V :y < last(m) and color(y) ¢ color(m)}
and
T(m) =V \W(m)={y €V :y>last(m) or color(y) C color(m)}.
Proposition 4.5. Let I C R be Borel. Then

(1) = > BE(R/Irw)  for all i, j.
ueG(I), deg(u)=j
Proof. The proof is the same as that of [HT, Lemma 1.5]. Let G(I) = {uy,...,u}
with uy; > - -+ > u;. We use induction on ¢. If t = 1 then the first syzygy module of
I' = (uy1)is (0: 1) = Ip(u,), and therefore the statement follows from Lemma 4.2.
Suppose t > 1. Let J = (uy,...,u;—1) and d = degu;. Note that J is also Borel.
Consider the short exact sequence

(5) 0— R/(J:u)(—d) ™ R/J — R/I — 0.

By Lemma 4.4, (J : ;) = Irq,). Let G be the minimal free resolution of R/.J
over R and F the minimal free resolution of R/(J : u;)(—d) = R/Ip(,)(—d). Thus

Gi =D R(—3)%5%D) By induction, max{; : "(R/J) # 0} <i+d—1. On the
other hand, Lemma 4.2 says that F; = R(—d — )% ®/Itwn)  This shows that R/I is

XUt

minimally resolved by the mapping cone arising from the map R/(J : u;)(—d) —
R/J. The statement follows.

Corollary 4.6. The graded Betti numbers of Borel ideals of R do not depend on
the characteristic of the base field K .

Remark 4.7. The key idea in the proof of Proposition 4.5 is that the colon ideal
((ug,...,ux_1) : ug) has a 1-linear resolution. This property also holds for Borel
ideals in the quotient ring S/M, whenever M is an ideal generated by monomials of
degree 2. Thus, the Betti numbers of Borel ideals of such rings can be computed in
the same way as the proof of Proposition 4.5.

One might think that the graded Betti numbers of a Borel ideal I = (uq,...,us)
depend on the shape of T'(u;). We will show that they only depend on grow(u;) =
[W (u;)]. For an integer 0 < a < [{Jj_;,, V)|, let W(a,d) be the set of lex-smallest
variables in (J;_,,, Vj with [W(a,d)| = a. Set T'(a,d) =V \ W(a, d).

Lemma 4.8. Let m € R be a monomial of degree d with grow(m) = a. Then

a<| U;:d-i—l Vil and Ipn) has the same graded Betti numbers as Ip(qq).-

Proof. For any subset W C V, let RIW] = K[W]/(Q N K[W]) =2 R/I,hw. By
Lemma 4.2, we must prove that there exists a subset W such that R[1/] has the same
Hilbert function as R[W (m)] and W is a set of lex-smallest variables in Ujearr Vi

For a subset W C V, let ¢;(W) = [W NV fori = 1,2,...,r and c(W) =
(cr(W),...,¢c,(W)). Note that the Hilbert function of R[W] only depends on the
vector ¢(W). Let e¢; = [W(m)NV;| for i = 1,2,...,r and e = (e1,...,e,;). Let
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last(m) =z, and ¢ = max{j : n; > t}. Then, by (1), the vector e can be written
in the form

€=(€1,..., €0 Ngt1,---,Ny)
and each ey, is either 0, t —1 or t for kK =1,2,...,q. Consider the vector of the form

&= (e1,....6)=(0,...,0,t—1,....t—1,t,... t,ng,...,n,)

which is obtained by a permutation of entries of e. Let W = |JI_ {z,; : 1 <j < &}.
Then c¢(W) = é. By the construction of €, it follows that R[W| and R[W (m)] have

the same Hilbert function. Also, by the formula of €, it is clear that W is a set of
lex-smallest variables in (J;_,,, V;. O

By Proposition 4.5 and Lemma 4.8, we get
Theorem 4.9. Let I = (uy,...,u;) be a Borel ideal of R with grow(ug) = ai. Then

R0 = > BE(R/Ir(ay))  for alli,j.

ur€G(I), degup=j

Example 4.10. Let I, L and R = S/Q be as in Example 3.11. Let I~~: (3Y3, T3Y2)
and L = (x3ys, T323, T3y222) be ideals of R. Since L is lex-plus-Q), L is lex. Also
Wixsys) = {21, 22, 23}, W(xsz3) = {1, y2} and W (z3y222) = (). Hence, by Proposi-
tion 4.5,

BE (L) = BE(R/(w1,22,23,y1,Y2,y3)) + B (R/ (21, 22, 23, Y3, 21, 22, 23))
= (i+1)3+ {(i—l— 1)3" + (ZJ; )3”}
and
@,Hg(L) = f3; (R/(331,$2>$3>?/1,Z/2>?/3>Z1, 22, 23)) = 9 3"
Note that the ideal I has a linear resolution and BE o(I) = 2(i +1)3" for all 4.

5. CONCLUDING REMARKS AND OPEN PROBLEMS

5.1. Betti numbers of lex ideals. As we show in section 3, Conjecture 1.2(2) is
false. However Conjecture 1.2(1) is still open even for colored squarefree rings.

Problem 5.1. Do lex ideals of a colored squarefree ring R has the greatest graded
Betti numbers among all homogeneous ideals of R having the same Hilbert function?

While we give a combinatorial way to compute the graded Betti numbers of Borel
ideals of colored squarefree rings, we do not know whether lex ideals have the greatest
graded Betti numbers among all Borel ideals having the same Hilbert function. The
only known case is

Proposition 5.2. Lez ideals of a 2-colored squarefree ring R have the greatest graded
Betti numbers among all homogeneous ideals of R having the same Hilbert function.
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Proof. Let I = (uq,...,us,v1,...,v;) be a monomial ideal of R with degu;, = 1 and
degv, = 2. Then I = (uy,...,us) ®r (v1) ®r - - Br (v;). Then, by Lemma 4.2,

22-1—2 Z 22-1—2 tﬁzR(R/m) for all ia

where m is the maximal ideal of R, and 3%, (I) = 0if j #1,2.
Let L = (u},...,ul, v, .. .,vt,) be the lex ideal of R having the same Hilbert
function as I, where degu;, = 1 and degwv, = 2. Since L is lex, t' > ¢. Hence
(L) = t/ﬁR(R/m) > “H(I) for all . Since I and L have the same Hilbert
function, we have Y (—=1)'5(I) = >,(=1)'8F (L) for all j. Since gE (I) =
(L) =0if j # 1,2, it follows that
ﬁl,j(L) - ﬁZ,j(L) = ﬁ1,j(1)— ﬁZ,j([>'
Thus we have %, (L) > g, (1) for all i as desired. O

5.2. Betti numbers of Stanley—Reisner ideals. One may ask the following ques-
tion which is similar to Problem 5.1: Does there always exist an r-colored complex
whose Stanley—Reisner ideal has the greatest graded Betti numbers among all r-
colored complexes for a fixed face vector?

Unfortunately, the answer is no. Indeed, 2-colored complexes are bipartite graphs,
and if we consider bipartite graphs with 10 edges and 7 vertices (there are only 4 such
bipartite graphs up to a permutation of the vertices), then computer computations
show that none of them have the greatest graded Betti numbers.

5.3. h-vectors of balanced Cohen—Macaulay complexes. A further general-
ization of Theorem 2.1 is the next problem.

Problem 5.3. Let S = K[V] and Q = 377, (%j1, ..., %j5;)", where ay, ..., a, are
positive integers. Characterize the Hilbert functions of homogeneous ideals of S/Q).

Unfortunately, the above ring S/@ is generally not Macaulay-Lex with respect to
any order of the variables. However, Problem 5.3 would be interesting since it yields
the complete description of h-vectors of balanced Cohen—Macaulay complexes (see
[BE'S, St]).

Acknowledgments: We would like to thank Ryota Okazaki for useful discussions
regarding Section 4. The results and examples presented in this paper have been
inspired by computations performed by the computer algebra system CoCoA [Co]
and Macaulay 2 [GS].
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