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Math 2163

Jeff Mermin’s sections, Final exam,December 16
On the essay questions (# 2-11) write legibly in complete sentences, in such a
way that I can easily tell what you are doing and why.
I hope you won’t need this integral table, but here it is anyway.
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1. (40 points)Indicate whether the following statements are true or false.
(“True” means “Always true”, “false” means “sometimes false”.) No jus-
tification is necessary on this problem. Write the entire word “True”
or “False”. Illegible or abbreviated answers will receive no credit.

In the statements below, a, b, c, x, and y are vectors, a, b, ¢, d, d’, and
L are numbers, z(t), y(t), and z(t) are twice continuously differentiable
functions on R, C : r(t) = (x(t),y(t),2(t)) is a curve with associated
frame T, N, B, f and g are continuous functions with continuous partial
derivatives of all orders on their domains, which include all of R? or R3
except possibly the origin, D and R are simply connected regions inside
the interiors of these domains, and F is a vector field on R? or R3.

x,y, 2,7, 0, p, ¢ are the usual rectangual, cylindrical, and spherical coordi-
nates.

(a) If u =2z and v = 2y, then fdzdy = 2 fdudv.
[
\jf\su duw du = %Axé/'

(b) If R is the sphere of radius one about the origin, then // fdv =
R

¢=27 =271 p=1

/ fp?sin ¢ dpdfdep.
$=0 6=0 p=0 g

Fae,  Howhh§,

(c) //f($>y)+g(33,y)dz4=//f(:c,y)dA-i—//g(m,y)dA.
R R R
/\/(ut/ .

(d) If f has a local maximum at (0,0), then f,(0,0) = 0.
’]/[uﬂ .
(o) & = (de, 4 &),
T(vf, .

(f) The angle between two planes is equal to the angle between their
normal vectors.

NYcoul .

(g) //fdxdy://fdrdﬂ
R R

F\‘\Vt~ L\Ké7 = fLrAQ
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(h) ///f(:c,y,z)dxdydz = /// f(z,y, z)dzdzdy.
R R

Teve,
i) x-y=y-x

False.

() If Ry and Ry are disjoint regions and R = Ry U R is their union,

then ///f(x,y,z)dv = /// f(:z:,y,z)dV+///f(x,y,z)dv.
R Ry Ry

\(vtﬂ
(k) N=BxT.

Teve.
(1) If R={(z,y,2) : 2% + y*> + 22 < 9}, then ///deBGw.

. g B 3
Q WBoAa gb;)’\ﬂ/-L 6(" r"‘*l"" ;) Ih \/G'UM \’é ‘%’ R(ﬁ) -

T(vz_,

(m) Suppose f(a,b,c) = 0. Then Vf(a,b,c) is normal to the surface
f(z,y,2) = 0 at the point (a,b,c). £ 1.0

Teue. 18 2hdydgd B bogent vee ryfn O & = Scbuelydpiia T2
0 = Ly bl e VE,

(n) a(bx) = (ab)x.

T[U'L_

(o) If f has an absolute maximum on the region D at (a,b), then f has

a local maximum at (a,b).
o TR S ST S

Fle

(p) (axb)xc=ax (bxc).
e (T(y a=b= 927 e 4",',03‘

If hrn x, = L’ then hm CcoSs x, — cos L.
(q) T lim = f(z9) i (008 f(z,9))

Tﬁ/\‘,-

(r) If z is defined implicitly as a function of z and y by f(z,y,2) = 0,

then of
92 _ 5
af
ox st
>F
0t _ _ oy
‘:f\\i(_ - -5
D% 27
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(s) If / Fodr =0 for all closed curves C, then F' is conservative.

Fe A u\«f D I Ay Cove
T(UC (A ?o’ﬁ}\ \ ‘LU\L ‘- (4 P[Xﬂ %3 g C (ﬁ’bi (,)o/g) ,}_AC,YS%')S

(t) The distance between the planes F : ax + by + cz = d and G :
ar+by+cz=dis|d—d|.

]C‘\\‘A- l’}' 5 ‘<ﬁ,"\t5'

2. (20 points)
Let x = (2,—4,3) and y = (—1,4,0). Compute the following.

(@) x+y.c LLk-1 | -rs 302
:<\) 0)37

2 (OEDH (-9XEDA (5)(e)
A

(c) xxy. = < (-u)(&> = (DD \ (DN - ('L)(b\) (D - (—“0(-8>

LTy uY
)

(d) projy(x), the vector projection of x onto y.
7T »

\IZ ~ o . '3 1t
/o) (¥ _( Y e 7 \/7<—l) \)"77 —<T7—) 172
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3. (10 points) Find an equation for the plane containing the parallel lines
(LIJ,y,Z) = (_Sa _17 _1) + (17 174)5 and (Jc,y,z) = (35 _473) + (17 1a4)t
Twovecdrers i~ plene are L3 and Gy - (50

=< L 547,

(]\,M < VUMY xJ G54 - <—Lé) z§)~ > 008 vl

K){rwc, . f\g% ﬁ.ag ﬂnfvvj\-y [1))”1) 3}) \r’\'g e;LUJ\ﬁ»\ RN
~Jixr 28, =32 = 160 F2¥(4) ~3(3)

)\Iéx %’Lzy -3 fgﬁ/

=2 y=v4—22 2=2

4. (10 points) Compute / / 222 + y?z dzdydz.

=0 y=0 2=0

— (L VEJ‘?:" \\_%q_ [ %=L
- ¥ Z ) cR
E@D g7:0 [:U( v ]%:o 0 oA
_ L :qu-
e s
X 7:17

N N B
—5 S 2t 4k
=0

fz0
A BTT{ )\
- - r
0 o),
C:L 5 Ac

Nr
=L
9 _K <
(ﬁ ](:b /E .

B

\ /1
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5. (10 points) Find the point on the plane z — y + z = 5 that is closest to
the point (1,2, 3).

/\‘)’\ﬁ lé "J\‘(/‘L m ‘(\D((V\I,\ ljﬁt (;j_a:i}. (.;)L,_BSJ‘ <)l,\} |7£

Meh Yl f\‘*’*‘

S0 (1HD) —(2-)F Ore) =2
L3t =5
t= 1.
V)= (D S

= LL,I)‘*) _

We -

6. (10 points) Find all critical points of the function f(x,y) = x3 — y® +
3zy — 6.

We mneed szb\yio‘
l{)(: Oxv _)7‘7 0\7 * "571 1’3)&

_ 1 _ 1 ~ =0
go %R’L "’77730 = V_X) 5o 37 r

=D —3\<L(4'37*”o
B8O
~3 (D =S

90 x>0 or ’\17" =0

\y N2
y:o X:S)yi\

/]/1"‘- C(;’L;Ck] I?m'n'h ane (0)0\ an~d C'.‘B,
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7. (20 points) Let f(z,y,2) = zyz.

(a) Find the tangent plane to the level surface of f at the point (1,2, 3).

/’L“/ \‘zf,\lak §\/«’CA% e £ L

\/\/’L 05("[- O\Q = A(é = O
Q. Ja = O
@7 il has ol \ N ”’975‘7 k2

- =3 Q%lXZL L
»JL\’\\ L.y = 6 S‘? xx J
Ne e C[’L‘%B ) ) >\‘ ‘/C »:\) dy = <, ‘ 5 QQAS-

Thee e J’m7M\- Flamf9 é(**‘\ SEIF TN FZC&’B);O,

(b) Find the directional derivative Dy (f)(1,2,3) if u = (2,1, 2).
D%@) c Zfﬁ r $]+ L5,

S lyr kox2 ¥ ey

Doy~ 12+ 5 - A SIip

WP

A z L
(mhfmp;\.t\,' 0 (5 557 0 Dt B3,y

-\{®

P
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8. (20 points) Let F(z,y, z) = (y* cos z, 2zy cos z, —zy* sin z).

(a) Is F conservative? If so, find a potential function f(z,y, z) satisfying
F =V f. If not, explain why not.

J’Q )/ <’P g’(l'_1>’n—'~f\ ’Q —2, Lasz g ‘Z oy &
‘Cx% = —yten?, 'ﬁzm ‘—‘735'*

;7 P -1,7(\'-\1) g—%7 —_-’L"7 S' A 2.

) Hw. -
4iate e se a\jroz) F i conSecve
=~ X o$ 2 + C
\,\/t L)‘\YL 9 = g “/1105% RIS g ¢
kC
gr = g' 2,57 (o4 3;87 L Y4 loSFb C
o 2
anl £ S “roSgiazdz 2 a0
(N
V\ Gr_ )77’&0; ‘2'\ C gb ),Q - A7 coS b
| e~y Flebe ) J’
A | d .

(b) Compute /F o dr, where C moves from the origin to (0,0, 27) along

c
the curve (z,y,2) = (sinz, 1 — cos z, 2).

Siate F s (Mgerve\’fiwl N 7.:\-ﬁOJ"\.\ S
X 1) — § (o, °)
D — 0 =

\\
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9. (10 points) Write down an iterated integral which expresses the mass of
the parabolic dome z < 1—x2—y2, z > 0, if it has density p(x,y,2) = 3—2z.
Do not evaluate.

T\"\S i Oé £ l‘f'\'7v\)\‘\|‘(\\ fzq/vl'(zg Of(fl
() 06 ).

4\: our (—&cﬁf«k S

=\ 2-1-1 B=-lw

S S (3-2)e) db oz

oo 2= pco

10. (Extra Credit: 10 points) Write down an iterated integral expressing
the surface area of the paraboloid z = 1 — 22 — y2, z > 0. Do not

evaluate. Cra+y) nrde yrdy

/]\/‘\-5 \r; S S\ Cﬂru\ aive ’\’\-\_;1./,.,; G 3
2

05 (Jon 0,005 <00 342
R
D \ &-2,ax9, \ —%7a\n\7 S dx c\7>)

Y @:;,’17\;7 - 55 (ot dn
f

(x;a,‘ )

0=

(i (3837
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11. (Extra Credit: 10 points) In the space remaining on this page, write
the largest integer you can. You do not have to simplify, as, for example,
“103” may take up less space than “1000”. However, I should be able (at
least in theory) to determine the precise value of your number with no
ambiguity or reference to the experiential universe (so, for example, “the
number of stars in the sky” is right out), so you may need to use some
space defining your notation.



