
Introduction to (double) integrals
Written Project 3, due Friday, November 10

Just as the single integral

Z x=b

x=a
f(x)dx computes the area of the region

above the interval [a, b] and below the graph of y = f(x), the double integralZZ

R
f(x, y)dydx computes the volume of the space above the region R and below

the graph of z = f(x, y).
We can think of the single integral as a “Riemann sum” of many rectangles,

each having length dx and height f(x); in the same way, the double integral can

be thought of as a Riemann sum of many rectangular prisms, with length dx,
width dy, and height f(x, y).

When R is a rectangle with vertical and horizontal sides, the theory of the

integral

ZZ

R
f(x, y)dxdy is thankfully very intuitive. Everything works out the

way you’d hope it would, based on your knowledge of integration from Calculus

I and II. When R is not a rectangle, things get messier — the theory doesn’t

change, but in practice it can get very di�cult to even set up the problems. So

let’s stick to rectangles for now.

Directions

You may work in groups on this project, and you may turn in jointly written

solutions in groups of up to five.
The expectations for your writeup are as follows:

1. All authors should be obviously listed as authors, and all sources (except

for me or the textbook) should be clearly acknowledged. (See “Rules

for written assignments” from the course syllabus or ask me if you have

questions about this.)

(In particular, you should not expect any credit for work that’s been

stu↵ed into the margins of this handout.)

2. Your work should be written in complete (mathematical) sentences, as if

you were explaining the work to a confused classmate.

Mathematical sentences, like English sentences, have a subject, a verb,

and an object. In many cases, the verb is “=” (pronounced “equals” or

“is equal to”, and only used when the subject and object are in fact equal).

Even so, if you don’t use any English words, you shouldn’t expect full

credit. (I know that many of you have never encountered an expectation

like this in a math class before. If you aren’t sure what I’m looking for,

please plan to discuss it with me before the assignment is due.)



1. A scientist computes several values of a function f(x):

x 3 4 5 6 9 11 13

f(x) 1 3 5 6 11 13 14

Use this data in a Riemann sum with at least five terms to approximate

the value of

Z x=12

x=2
f(x)dx.

(a) Decompose the interval [2, 12] into at least five smaller intervals, each

containing data. (There is no one “right” way to do this. The only

rules are that the intervals must combine to cover the big interval

[2, 12] with no overlap; that there are at least five intervals; and that

we need a value of f(x) for some x in each interval (so that we can

build the necessary rectangles.

(b) For each interval in the decomposition, do the following:

• Compute dx.

• Identify an x in the interval for which the value of f(x) is known.

• Compute the area of the rectangle whose base is the interval, and

whose height is f(x). (Do not average the values of f(x) for
multiple x. Choose one x for each interval, and stick with it.

(c) Sketch a graph of the various rectangles above [2, 12].

(d) Add the areas of the rectangles, and explain briefly (one sentence,

maybe two) why this is a reasonable approximation of

Z x=12

x=2
f(x)dx.

The natural approach is to  divide into five

equal intervals
,

but there are other options .
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2. Let R be the rectangle consisting of the points (x, y) with 0  x  12,

10  y  30. A scientist computes some values of the function f(x, y) for
points (x, y) inside R:

y

x

0 2 4 6 8 10 12

10 2 8 10 ? 19 ? ?

15 ? ? 16 20 ? 29 ?

20 15 ? ? ? 26 30 33

25 ? ? ? 25 ? ? ?

30 ? ? ? ? ? ? ?

Use this data in a Riemann sum with at least five terms to approximate

the value of

ZZ

R
f(x)dx.

(a) Decompose R into at least five smaller rectangles, each containing

data. (As before, there is no one “right way” to do this. The require-

ments are that the rectangles comver R without overlapping, that

there are at least five of them, and that each rectangle contains at

least one data point. There’s no need for all the rectangles to have

the same shape, or even the same area.)

[Hint: Draw your own picture! When students attempt to super-

impose a picture on the table, they almost universally make serious

mistakes.]

(b) Inside each rectangle in your decomposition, choose a sample point

(x, y) for which the value of f(x, y) is known.

(c) For each rectangle in your decomposition, compute the following:

• The length dx.

• The width dy.

• The volume of the rectangular prism having the rectangle as its

base, and f(x, y) as its height.

(d) Add the volumes, and explain briefly (perhaps one sentence) why

this is a reasonable approximation to

ZZ

R
f(x)dx.
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3. Compute

Z x=3

x=0

Z y=5

y=1
xy2dy

�
dx.

4. Compute

Z y=5

y=1

Z x=3

x=0
xy2dx

�
dy.

5. Did you get the same numerical answer to problems 3 and 4? Approximate

each of the double integrals with a (Riemann sum of) Riemann sum(s), and

compare the two sums. Use these sums to explain why the two integrals

should (or shouldn’t) be equal to each other.

(You might find it worthwhile to chop the region into 12 squares, and find

a way to approximate both integrals with prisms above these squares.)
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