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Math 2163
Jeff Mermin’s section, Test 3, November 18

On the essay questions (# 2–6) write legibly in complete sentences, in such a
way that I can easily tell what you are doing and why.

You may or may not find the integral tables on the following page helpful.
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1. (30 points)Indicate whether the following statements are true or false.
(“True” means “Always true”, “false” means “sometimes false”.) No jus-
tification is necessary on this problem. Write the entire word “True”
or “False”. Illegible or abbreviated answers will receive no credit.

In the statements below, x, y, and z are the usual rectangular coordi-
nates for R3, a, b, and c are vectors in R3, f = f(x, y) is a smoothly
differentiable function, a, b, h, and k are numbers, L = L(x, y) is the
linearization of f at (a, b), t is a parameter, and r(t) = 〈x(t), y(t), z(t)〉 is
a smooth curve.

(a) (a + b) + c = a + (b + c).

(b) Two lines in R3 define a plane.

(c) If fxx = fyy = 0, then f(a + h, b + k) = L(a + h, b + k).

(d) If f has two local maxima, then it must have a local minimum.

(e) The tangent plane to the graph of the function z = f(x, y) at the
point (a, b, f(a, b)) is the graph of the linearization of f at (a, b).

(f) a • (b× c) = (a •b)(a • c).

(g)

∫ x=1

x=0

∫ y=x

y=0

f dydx =

∫ y=1

y=0

∫ x=1

x=0

f dxdy.

(h) a and −2a are parallel.

(i) ∇f(a, b) is normal to the level curve of f(x, y) passing through (a, b).

(j)

∫ t=1

t=0

dr

dt
dt = r(1)− r(0).
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2. (20 points) Evaluate

∫ x=9

x=0

∫ y=4

y=0

(x + 4y)
1
2 dydx.

3. (20 points) The integral

∫ x=1

x=0

∫ y=1

y=0

exy dydx cannot be evaluated alge-

braically.

Approximate it using a Riemann sum with at least six summands. Leave
your answer as a Riemann sum. Explain your work well enough that
a reader could easily tell where everything is coming from.
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4. (40 points) Consider the integral

I =

∫ x=3

x=1

∫ y=x2

y=1

xey dydx.

(a) Reverse the order of integration.

(b) Evaluate I, using whichever order seems most appropriate.
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5. (40 points) Express two of the following three quantities as an iterated
integral in an appropriate coordinate system. If you use coordinates other
than rectangular, polar, cylindrical, or spherical, you must define them.
Do not evaluate. Make it very clear which two integrals you want
graded, for example by circling their letters or x-ing out the space (and
any work) allotted to the third. I will not grade all three.

(a)

∫∫∫
T

x + y − z dxdydz, where T is the tetrahedron with vertices

P = (1, 1, 0), Q = (1, 0, 1), R = (0, 1, 1), and S = (1, 1, 1). [You will
probably find it useful to find the equations of the planes defined by
three of these four points. You should be able to eyeball them; no
justification is necessary.]
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(b) The volume of the region in the first octant above the parallelogram
P in the xy plane with sides 2x− y = 0, 2y− x = 0, 2x− y = 3, and
2y − x = 3, and below the hyperboloid z = (2x − y)(2y − x). (You
may assume the vertices of P are at (0, 0), (2, 1), (3, 3), and (1, 2) in
counterclockwise order.)

(c) The mass of the region defined by the inequalities x ≥ 0, x2 +y2 ≤ 9,
and 0 ≤ z ≤ 3y, with density 25− x2 − y2.
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6. (Extra credit: 20 points) In this problem, we will compute the area of
the surface with equation z2 = x2 + y2 + 1 above the rectangle R defined
by 1 ≤ x ≤ 2, 2 ≤ y ≤ 3.

(a) Use the chain rule to find the relationship between dx, dy, and dz on
this surface.

(b) If (x, y, z =
√
x2 + y2 + 1) is a point on this surface, find the nearby

z-coordinates z1, z2, and z3 such that (x + dx, y, z1), (x + dx, y +
dy, z2), and (x, y + dy, z3) are also on the surface. [Hint: In every
case the answer is “z + dz”. But that won’t earn you any credit.
Rephrase it using x, y, z, dx, and dy.]

(c) Find the area of the parallelogram with vertices (x, y, z), (x+dx, y, z1),
(x + dx, y + dy, z2), and (x, y + dy, z3). [Hint: this is probably most
easily done using techniques from chapter 12.]

(d) Express the sum of infinitely many such areas as an integral. Do
not evaluate.


