Lebesgue integral

We will define a very powerful integral, far better than Riemann in the sense that it will allow us to
integrate pretty much every reasonable function and we will also obtain strong convergence results. That
is if we take a limit of integrable functions we will get an integrable function and the limit of the integrals
will be the integral of the limit under very mild conditions. We will focus only on the real line, although
the theory easily extends to more abstract contexts.

In Riemann integral the basic block was a rectangle. If we wanted to integrate a function that was
identically 1 on an interval [a, b], then the integral was simply the area of that rectangle, so 1x (b—a) = b—a.
For Lebesgue integral what we want to do is to replace the interval with a more general subset of the real
line. That is, if we have a set S C R and we take the indicator function or characteristic function xg

defined by
1 ifzxels,
xs(e) = {0 else.

Then the integral of xg should really be equal to the area under the graph, which should be equal to the
“size” of S.

Example: Suppose that S is the set of rational numbers between 0 and 1. Let us argue that its size is
0, and so the integral of xg should be 0. Let {z1,25,...} =S be an enumeration of the points of S. Now
for any € > 0 take the sets

then
sclJI.
j=1

The “size” of any I; should be €277, so it seems reasonable to say that the “size” of S is less than the sum
of the sizes of the I;’s. At worst we are grossly overestimating; every I; contains infinitely many other
points of S, so there is a lot of overlap. So
“size of §7 < Z “size of I;” = Z 277 =¢.
j=1 j=1
So the “size of S” (whatever that concept should be) seems like it ought to be 0. And hence the integral
of xs should be 0.

So to begin, we want to have a way to “measure” sets. We focus only on the real numbers and so suppose
we wish to measure subsets of the real numbers. We would like (our Christmas wish) to have a function

m: P(R) — [0, 0]

that is a function that takes subsets of the real numbers and gives nonnegative extended real numbers,
such that
m(0) =0

and if {S;} is a countable collection of pairwise disjoint sets then

> m(S;) =m (U Sj>
=1 j=1

It should also replicate what we normally think of size of intervals, that is m((a, b)) = m([a, b)) = m([a,b]) =
m((a,b]) =b — a.

Unfortunately, such a function is impossible. At least there is no such function on all of P(R) (the power
set of the reals). We do have such a function on a subset of the powerset. That is, we will define a smaller
set of subsets called measurable sets and on these sets we will be able to define such a function.

So let’s talk about certain collections of sets. The collections we will want are so called o-algebras (Rudin

talks about o-rings, the idea is very similar, I'll note what the difference is).
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Definition: Let X be a set. A collection of sets M C P(X) is a o-algebra if
(i) M is nonempty,
(ii) M is closed under complements, that is, if A € M then A°= X \ A € M,
(ili) M is closed under countable unions, that is if {A;} is a countable collection of sets in M then

GAjEM.

j=1
If M is closed only under finite unions, then we say that M is an algebra.

Most of the time below we will assume that X = R, so you might as well think of subsets of the real
line.

Definition of o-ring and ring is similar but only needs closure under relative complements. A o-algebra
is always a o-ring, and a o-ring is a o-algebra if it contains the whole set X as an element.

The sets in M are usually called measurable sets. We will define a certain function on the powerset and
define a certain o-algebra on which it has the desired properties. Our o-algebra will be so large that we
will essentially be able to integrate anything we want. It will be very hard to come up with sets that are
not in our o-algebra.

We will work with the extended real numbers R = R U {—00,00}. We have previously used really only
its order properties such as —oo < z < oo for all z € R. Now we will also often use arithmetic on R. We
have to be careful as R will not be a field like R. In fact, some operations are not even defined. Let us
define

T 00 =00 for all x > 0
T .00 = —00 for all z < 0
r+oo=00 and z—00=—00 forall z e R
ﬁ =0 forall z € R
and so on. Everything that is not an indefinite form co — oo, %, or 0 - 0o has an obvious definition. It
will be convenient for measure theory to define
0-00=0.

We will have to avoid oo — oo and i%
Definition: Let M be a c-algebra. Let
pw: M —R.
We say pu is additive if given A, B € M, disjoint (AN B = (}) then
W(AUB) = p(A) + u(B).
We say p is countably additive if given {A;} a collection of sets in M such that A; N A, = 0 for all j # k,

then
f (U Aj) = ZM(AJ')~

Of course the sums have to make sense, so usually we will assume that 1 does not achieve both —oco and
0.
We will say that p is nonnegative or monotonic if p(A) > 0 for all A € M.

We also say that p is countably subadditive if for every collection {A4;} we have

p (G Aj) < iM(Aj)-
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It is not too hard to show that if 4 is additive then p(@) = 0. We also have additivity for arbitrary finite
unions by induction.
If B C A and u(B) is finite, then writing A = BU (A \ B) we obtain that

u(AN B) = pu(A) — u(B).
Another useful property for additive functions is
H(AUB) + (AN B) = u(A) + pu(B).

This follows by looking at the disjoint unions B = (B '\ A) U (AN B) and noting that AUB = AU(B\ A).
So for example a nonnegative additive function is also (finitely) subadditive:

n(AU B) < p(A) + u(B).
Countably additive functions are additive of course. Also, countably additive p play nicely with limits.

Theorem 11.3: Suppose that i is a countably additive function on a o-algebra M and A; C Ay C - --
are sets in M and A = U;A;, then

lim p(A,) = p(A),

n—o0

where the limit has the obvious interpretation for co (or —o0).
Proof. Write By = Ay and B; = A; \ A;_;. Then the B;’s are pairwise disjoint and A = U;B;, so
p(A) =" u(By).
j=1
As An:BlLJBQUUBn then
j=1
and the result follows. 0J

Definition: If we have a g-algebra M of measurable sets, then we call a function
p: M—R
a measure if it is a nonnegative and countably additive. Sometimes u(()) = 0 is also given as requirement,

but that follows from additivity. Also some authors require i to not be identically zero.

It turns out there are many different measures. The simplest measure can be defined as follows. Let M
be all of P(X), and define p(A) = |A|, the cardinality of A. This p is called the counting measure. Despite
how trivial this example is, it does happen to be useful; we will see it later on.

Let us construct the Lebesgue measure. What we will actually construct is a subadditive nonnegative
function on all of P(R), which will turn out to be a measure (so countably additive) on some large o-algebra

in P(R).
Let us define a bounded interval to be a set of the form
{z:a<x<b} or {z:a<x<b} or {z:a<x<b} or {z:a<z<0b}

for real numbers a < b. We allow a = b, meaning we allow () and the single point set {z} to also be
intervals. If I is a bounded interval, define

m(l)=b—a.

It is easy to see that given any bounded interval I and any ¢ > 0, there are a closed interval F' and an
open interval GG, with F' C A C G such that

m(G) —e <m(I) <m(F)+e.

Now the point is to show that we can extend m to a countably additive function on a o-algebra that
contains all the intervals.



Let £ C R be any set. Let {I;} be a countable collection of bounded open intervals covering E, that is

EclJr5.
j=1
Define the outer measure as
= inf Z m(I;)
j=1
where the inf is taken over all coverings of E by countably many bounded open intervals.
It is immediate that m* is nonnegative (m*(A) > 0) and monotone (if A C B then m*(A) < m*(B)).
Theorem 11.8: If [ is a bounded interval, then m(I) = m*(I). Also m* is countably subadditive.
That is m* is a countably subadditive extension of m.
Proof. Suppose that [ is a bounded interval, and let € > 0 be given. Then there exists an open bounded
interval G, I C G, such that m(G) < m(I)+e. As G is a covering of I by bounded open intervals,
m*(I) < m(G).

So m*(I) < m(G) < m(I)+e. As e > 0 was arbitrary we have m*(I) < m([). By definition of m* there
exists a sequence of open bounded intervals {G;} covering I such that

Zm(Gj) <m*(I) +e.

There also exists a bounded closed interval F'; F' C I, such that m(F) > m(I) —e. As F is compact, there
is some N such that

FCcGUGyU---UGy.

and so

m(I) <e+m(F <e+2m <e+2m m*(I) + 2e.

So m(I) < m*(I). Thus m(I) = m*(I).

Let us show countable subadditivity. Suppose that A = U2, A;. If m*(A;) = oo for any j, then we are
done, so suppose that m*(A;) is finite for every j.
Each A; has a covering G, of bounded open intervals such that

im(ij) <m*(A;) + €277,

So as all the G, together cover A

DS E < S (Soiw) o

j=1 k=1 j=1

Note that by the same argument as for the example we started the section with, we have:
Corollary: If S C R is countable, then m*(S) = 0.
It will be useful to have the following result about open subsets of R:

Proposition: An open subset W C R is a countable union of pairwise disjoint open intervals.
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Proof. For each point x € W, let I, be the largest open interval such that I, C W and = € I, (that is,
I, is the union of all open intervals contained in W that contain z). Every I, contains rational points.
Furthermore if y € I,, then I, = I,. So

We take some enumeration of the rationals and pick one rational point in every I, then we have W written
as a countable union of pairwise disjoint open intervals. 0

Here we depart a little from Rudin again to have a simpler definition:
Definition: A set £ C R is said to be Lebesqgue measurable if for each subset A C R we get

m*(A) = m*(AN E) + m*(An E°).

We will denote the measurable sets by M. And unless otherwise stated (that is, when talking about
Lebesgue measure m or the associated outer measure m*) M will mean Lebesgue measurable sets.
Note that

m*(A) <m* (AN E)+m"(AN E°)
is always true by subadditivity of m*. So to show that F is measurable, what we need to show is that
m*(A) > m* (AN E)+m" (AN E°).

Furthermore, this inequality is always true when m*(A) = oo, so we only really need to worry about A
such that m*(A) < oco.

If E is measurable then E° is measurable by symmetry of the condition. It is not hard to see that () and
R are measurable.

Proposition: If m*(E) = 0, then E is Lebesgue measurable.

Proof. For any set E we have
m*(ANE) <m" (k)
so m*(ANE) =0. Also
m*(ANE) <m*(A).
So
m*(ANE)+m* (AN E°) <m*(A).

So for example countable sets and their complements are Lebesgue measurable.

Sets of measure 0 are called null sets. We have seen above that all countable subsets of R are null sets,
but there exist uncountable null sets as well.

Proposition: The set of Lebesgue measurable sets M is an algebra of sets.

Proof. As we said above, M is closed under complements. So we need to show that it is closed under finite
unions.
Let E and F' be measurable. Given any A we have

m(ANE) =m* (ANE°NF)+m* (ANE°NF°) =m*(ANE°NF)+m*(An(EUF)°)
and
m*(ANES) =m*(A) —m*(ANE).
Also AN(EUF)=(ANE)U(ANE°NF) so
m (AN(EUF)) <m*(ANE)+m* (AN E‘NF).
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Hence,

m*(AN(EUF))+m*(AN(EUF)") =m*(AN(EUF)) +m* (AN E°) —m*(ANE°NF)
=m*(A)+m* (AN (EUF)) —m* (ANE) —m"(ANE°NF)

<m*(A).
O
Proposition: Let E, ..., E, be pairwise disjoint and measurable, then for any set A we have
m* (A N <U E]>> => m'(ANE)).
j=1 j=1
Proof. The set E, is measurable and hence
o (10(05)) - (10 (05) ) e (10 () )
j=1 j=1 J=1
n—1
=m*(ANE,)+m* (Am (U EJ>>
j=1
and the proof follows by induction. O

Theorem: The set of Lebesgue measurable sets is a o-algebra.

Proof. Suppose that E' = U2, E); where all the Ej are measurable. Define F; = Ey and F; = Ej \ Uf;llEk
We have that Fj is measurable for every j as M is an algebra. We have that F; N F, = 0 if j # k, and

also that £ = U372, F}.
m*(A) =m* (Am UZ«}) +m* (Am (Uﬂ) )
~ et

Let A be any set. Then,
>m (A N U ) (AN E°)

:Z (AN F}) +m* (AN E°).
Taking limits we have

m* Zm (ANEF)+m*(ANE°) >m” (AmU ) (ANES)=m"(ANE)+m" (AN E°).

So E is measurable. O
Theorem: All intervals are Lebesgue measurable, and hence all open sets are measurable.

Proof. Let I be an interval of the form (—oo, x), (—o0, z|, (x,00), or [x,00). Let € > 0 be given and A be
an arbitrary set such that m*(A) < co. Let {I,} be a countable collection of open bounded intervals such

that
AclJun,
j=1



and such that
> m(I;) < m*(A) +e.
j=1

Note that /; N1 and I; N I¢ are bounded intervals (could be empty). We have

m*(ANI) < Zm(Ij NI, and
j=1

oI

m (ANTY) < S m(l; N I°).

1

j
We have that m(1;) = m(I; N 1)+ m(L; N I°). So

o0
m (ANT)+m* (ANI) <Y m(l;) <m*(A)+e
j=1
As e > 0 was arbitrary we obtain the required inequality. If m*(A) = oo the inequality was trivial.
Any bounded interval is an intersection of two half infinite intervals as above, and so is measurable. Any
open set is a countable union of open intervals, and so it is also measurable. [l

We of course also get that all closed sets are measurable. But we get a lot more. We get that countable
unions of closed sets are measurable, and so are countable intersections of open sets, and so on and so
forth.

It is not hard to prove that an intersection of o-algebras is still a o-algebra. Therefore, there exists a
smallest o-algebra that contains the open sets (it’s the intersection of all o-algebras containing the open
sets). This o-algebra is denoted by B and the sets in it are called the Borel sets. As B C M, we have that
all Borel sets are measurable. Sometimes it is just convenient to talk about B rather than M.

Let us now define
m: M — [0, 0]
by defining m(E) = m*(E). As m* agreed with the earlier definition of m on intervals, this new m agrees

with our earlier definition of m (on intervals). We have still not shown that m is a measure on M. We call
m the Lebesque measure (we will show momentarily that it really is a measure, so the name is justified).

Theorem (like 11.10 in Rudin): m is countably additive, and hence a measure.
Proof. Let {E;} be a family of pairwise disjoint Lebesgue measurable sets and let £ = US2, E;. If m(E;) =

oo for any j, then m(FE) = co and additivity is trivial. So assume that m(E;) < oo for all j.
Using A = R with an above proposition we have for any n

j=1 j=1 j=1
Taking limits we have
m(E) > m(E;).
j=1
The opposite inequality follows by subadditivity. O

Proposition: If £ C R is Lebesgue measurable, then for every € > 0 there exist an open set G and a
closed set F' such that F' C E C G,

m(E\ F) <, and  m(G\E)<e.
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Proof. If m(E) < oo then G is found directly by definition of m*. If m(E) = oo, then we have to work a
little harder. So look at the sets E; = E N [j,j + 1). We have that m(E;) < m([j,j + 1)) <1 < oo, and
E =UX__E;. For every j we can find an open set G, such that, E; C G; and m(G; \ E;) < €27Vl Let

G=U% .G, So
m(G\E):m(O(Gj\E)>§m<G(Gj\E) Z (G5 \ Ej) i62j|:36.

Then to find F, take the complement £ and find an open set that covers it and take a complement of
that. Details are left to student. 0

We remark that by letting € go to 0, we can show (left to students) that there exists a Borel set G that
is a countable intersection of open sets, and a Borel set F' that is a countable union of closed sets, such
that FC FC G

m(E\ F) = m(G\ E) = 0.

Note that, of course, m(E) = m(F) = m(G). So every Lebesgue measurable set is almost like a Borel set;
the difference is a null set.

Measurable functions

If we want to integrate functions, we want to know which functions play nicely with the measure, or
actually with the measurable sets. For example if S is a nonmeasurable set, then we don’t expect to be
able to integrate the characteristic function yg, as its integral should be the measure of S.

Let us work in a general measurable space (X, M), that is, a set X and a o-algebra of sets M. If you
want to, you can think of (R, M), where M are the Lebesgue measurable sets. Note that we will not
worry about the actual measure.

Definition 11.13: Let (X, M) is a measurable space. f: X — R is said to be measurable if
[ ((a,00]) ={z € X : f(z) >a} e M
for all a € R.

If X =R and M is the set of Lebesgue measurable sets, then we say that f is said to be Lebesque
measurable. If X = R and M = B is the o-algebra of Borel sets, then f is said to be Borel measurable.
Note that if a function is Borel measurable then it is, of course, Lebesgue measurable.

When people speak of just “measurable” functions on the real line, they will generally mean Lebesgue
measurable.

Proposition: If f: R — R is continuous, then it is Borel measurable (and hence Lebesgue measurable).

Proof. The interval (a,c0) is open and so f *1((a, oo)) is open and so Borel (and so Lebesgue measurable

as well). O

Theorem 11.15: Let (X, M) is a measurable space and f: X — R a function. The following are
equivalent:

(i) f is measurable, that is {x € X : f(z) > a} is measurable for all a € R.
(ii) {x € X : f(x) > a} is measurable for all a € R.
(iii) {z € X : f(z) < a} is measurable for all a € R.
(iv) {x € X : f(z) < a} is measurable for all a € R.
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Proof. The implications (i) implies (ii) implies (iii) implies (iv) implies (i) are shown by the following
equalities:

{reX:fr)>a} =z eX: flx)>a—1n},

n=1

{reX:flz)<a}=X\{zreX:[f(z)=a},

freX: i <a}—ﬂ{xex [@) < a+ Y},

{reX: f(x )>a}—X\{x€X.f( ) < a}.
U

Similarly we also can prove that f~!({oco}) and f~!({—o00}) are measurable. So we could let a vary over
all of R.

Theorem 11.16 (and corollary): Let (X, M) is a measurable space and f: X — R and g: X — R
are measurable then

(i) |f| is measurable.
(ii) max(f, g) and min(f, g) are measurable.

(i) f* =max(f,0) and f~ = —min(f,0) are measurable. (Note that f = f" — f~ and |f| = fT+ )
Proof. First item follows by {x : |f(z)| < a} ={z: f(z) <a}Nn{x: f(x) > —a}

Second item follows by writing {z : max(f,¢)(z) < a} = {z : f(z) < a} N{x : g(x) < a} and
{z :min(f,g)(z) <a}={x: f(z) <a} U{z:g(x) < a}.

Last item follows by the second item. 0
In fact essentially any reasonable (see below about composition) operation we do to measurable functions
lands us back in the set of measurable functions.

Theorem 11.17: Let (X, M) is a measurable space and let { f,,} be a sequence of measurable functions
defined on X. Define

91() —itelgfn( z),
g2(2) = inf fu(x),
g93(z) = lﬂsoljpf”( z),
ga(z) = lim inf f,, ().

Then ¢1, g2, g3, and g4 are all measurable. In particular, if {f,} converges pointwise to f, then f is
measurable.

Proof. If g1(x) > a, then there is some n such that f,(z) > a. Similarly, if f,(z) > a for some n, then
obviously ¢;(z) > a. So

{z:q1(x) >a} ={z:sup fu(z >a}—U{a: fn(x) > a}.

neN

In other words g, is measurable.
Similarly,

{z:g2(2) <a} = {z: inf f.(2) <a}—U{x Jalz) < a}.

So g, is measurable.
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Next notice that

i) = timsup f, () = inf (s 1))

n— 00 n>m
g4(z) = liminf f,(x) = sup (mf folx )) .
n—oo meN
So g3 and g4 are also measurable.
If the sequence is convergent, then limit is equal to limsup (or liminf) and hence f is measurable. [

Composition is somewhat tricky. Even if f: R — R and g: R — R are Lebesgue measurable, doesn’t
mean that f o g is measurable. First we notice that what really happens is that a Lebesgue measurable
function is a function that takes Borel sets on R into Lebesgue measurable sets, that is, if A is a Borel
set then g7'(A) is Lebesgue measurable. The inverse image of a Lebesgue measurable set need not be
Lebesgue measurable for a Lebesgue measurable function. We would need something stronger:

Proposition: If f: R — R and g: R — R are both Borel measurable, then f o g is Borel measurable.

The proof is left to student. On the other hand there exist examples of even a continuous g and Lebesgue
measurable f so that f o g is not Lebesgue measurable.

Theorem 11.18: Let (X, M) is a measurable space, f: X — R and g: X — R be measurable functions,
and F': R? = R be a continuous function, then h(z) = F(f(z), g(x)) is a measurable function.
In particular f + ¢g and fg are measurable.

Proof. Fix a € R, then look at the open set
G ={(y1,92) - F(yr,42) > a}.

An open set contains a whole ball around every point. So for every point y = (y1,y2) in G thereisa § > 0
such that

{(z1,20) tn — 0 <21 <y1+9, Yo — 6 < 29 <y +d} C G.
Since R? contains a dense countable subset (the set of points with rational coordinates), there are countably
many such sets whose union is G. That is, there exist sequences {a,}, {b,}, {¢.}, and {d,} and

I, ={(z1,22) : an < 21 < by, < 22 < dp},

o U
n=1

such that

Then
{z: h(zx) > a} ={z: (f(z),9(x)) € G}

= U{x ca, < f(z) < by, ¢ < g(x) < by}

U {z:a, < f@)}N{z: flz) <b}N{z:c, <g(x)}N{zx:g(z)<bn}).
And so {z : h(z) > a} is measurable. O

Let us motivate what we will do next. For Riemann integral (using the Darboux approach) we really
took step functions that were less than the function, integrated those and took their supremum (that was
the lower Darboux integral). A step function is a function that is constant on intervals, that is a function
such that if I, I5, ..., I, are disjoint intervals and ¢y, ..., ¢, are numbers then a step function is a function

of the form

s(z) = Z cixr; (),

j=1
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where Y, is the characteristic function of I; (the function that is 1 on I; and 0 elsewhere). The integral

of s was easy to define then
/s(x) dx = chm(fj),
j=1

and m(1;) is just the length of the jth interval. Then if we take the supremum of those sums, that is the
integrals of those step functions less than f, we get the integral of f.

For the Lebesgue approach we will do something very similar, except that we now know how to measure
a lot more sets, so we we can replace the /; with arbitrary measurable sets. Let us first see what we replace
the step function with.

Definition: Let (X, M) is a measurable space. A function s: X — R is said to be a simple function if
the range is finite. In other words, s is simple if it attains only finitely many values.

Suppose that s is a simple function and s(X) = {¢1, ¢, ..., ¢,}. Then let
E; ={x:s(z) =c¢;},

and we can write
n

s(x) =Y eixm (@),

j=1
where x g, is the characteristic function of E; (the function that is 1 on £; and 0 elsewhere). We note that
s is measurable if and only if Ey, Es, ..., F, are measurable.

Be careful though, just because s has this form and is measurable doesn’t mean that the £; are measur-
able. For example if E is a nonmeasurable set then 1 = xyg + xge, which is a measurable simple function.
The reason we made the “if and only if” statement is because the c; are all distinct numbers and the E
are disjoint.

It turns out that every function can be approximated by simple functions.

Theorem 11.20: Let (X, M) is a measurable space. Let f: X — R be a function. Then there is
a sequence {s,} of simple functions converging pointwise to f. If f > 0, we can choose {s,} to be
monotonically increasing, that is {s,(x)} is a monotonically increasing sequence for every x. Finally, if f
is measurable, then we can choose all the s,, to be measurable.

Proof. First suppose that f > 0 and define for each n € N, and all j =1,2,...,n2", define

J—1 J
E”’j:{a::—Qn Sf(x)<2—n},

and
Fy=A{r: f(x) > n}
Let
n2m j 1
Sn = ; on XEn.j + NXF,-

A moment’s reflection will show that {s,(x)}5°, really does converge to f(z). Furthermore, by construction
all the sets are measurable if f is measurable.

Finally if f is not nonnegative, write f = f* — f~ and apply the above construction to f* and f~
separately. 0

Note that in the proof, if the function f is bounded, then beyond a certain n, the F,, are all empty.
Then we must be at most 27" from the value. That means that the sequence s, converges uniformly to f
in this case (only if f is bounded).

The integral

Let X be a set and M a o-algebra, and pu a measure. The triple (X, M, ) is then called a measure
space. We will from now work in such an abstract measure space. Again, if you wish, you can just think of



12

X =R, M the Lebesgue measurable sets and u = m, the Lebesgue measure, but most of what we prove
will work for an arbitrary measure space.
Definition: Suppose that

= Z ciXe; ()
j=1

is measurable (and all the E;’s are measurable) and suppose that ¢; > 0. Then define

[sin= ZZ:ch(E])

Given a measurable nonnegative function f, let S be the set of measurable nonnegative simple functions

s such that 0 < s < f
/fd,u:sup/sdu.
sES

We leave it to the student to check that this is well defined if f is a simple function. We call [ fdu the
Lebesgue integral with respect to p. We sometimes write

[ @) dut

in case the variable is important. If the set X needs to be emphasized we write

/ fdpu.
X
And for a measurable subset £ we can define

[Efduszx];du-

In the special case of Lebesgue measure we may write

[ swa=[ran [ swa= [ gan

We will later prove that the notation is justified as we will obtain the same values as the Riemann integral
for Riemann integrable functions.

Also note that we could take X C R to be a measurable subset, and then we could let 1 be the restriction
of m to the measurable subsets of X. Then

/Xffxdu—/RfXde7

where one integral exists if and only if the other one does.

Definition: For an arbitrary measurable function f write f = f* — f~ and if at least one of the integrals

/ frdy  and / £ dp
[ran=[rran- [ 1 an

If both [ f*dpand [ f~ dp are finite then we say f is integrable (or summable) or perhaps more precisely f

is Lebesgue integrable with respect to p and we write f € L'(u) or f € LY (X, u). If E C X is measurable,

then L'(E, i) has the obvious meaning. We may write L' or L'(X) if the measure is clear from context.
Note that we require both of the integrals to be finite to say integrable.

is finite, we define

Proposition:
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(i) f a < f(z) <bforall z € F and u(E) < oo, then

ap(E) < /E £ du < bu(E).

In particular, if 4(E) < co and a real-valued f is bounded on E, then f € LY(E, u).
(ii) Suppose that f, g are either integrable or f, g are nonnegative and measurable. If f(x) < g(z) for all

x, then
/fduﬁ /gdu~

(iii) If f > 0 is measurable, and A and B are disjoint and measurable then

medu=1£fdu+léfdw

Proof. For part (i) note that axp(r) < f(z)xe(z) < bxp(z) and axg and byg are simple functions.
Without loss of generality assume that F = X. If a > 0, then f = f™ and f~ =0, and also a < f. So the
first inequality follows. Any simple function less than f is also less than b showing the second inequality.
The cases b < 0 and a < 0 < b follow similarly.

Part (ii) can be proved by noting that f* < g% and f~ > ¢~. So we only need to prove the result for
nonnegative measurable functions. If s is simple and s < f, then s < g and the result follows.

Let us prove part (iii). Let s < fxaup be a nonnegative measurable simple function s = Z;”Zl CiXE;
then

n

/ sdp = ch,u(Ej) = ch,u(Ej NA)+ ch,u(Ej NB) = / sdu +/ sdjp.
AUB : = A B

Jj=1 Jj=
Note that if 0 < s < fyaup then sya < fxa and sy < fxa. Therefore taking suprema over all such s

we get
fws/fw+/fw.
AUB A B

If [, fdu=o0or [, fdu=oo,then [, . fdu= oo and equality follows. So let’s assume that all 3 are
finite. Given € > 0 find a measurable simple s < fyaup such that

/sduZ/fdu—e and /sduZ/fdu—e.
A A B B

This is not hard to do as A and B are disjoint, so just find s; that works on A (and is zero outside of A)
and sy that works for B (and is zero outside of B) and let s = s + s5. Then

fduZ/ sdu:/sd,u—l—/sduE/fdu—i—/fdu—Qe.
AUB AUB A B A B

Let us integrate complex valued functions.

Definition: Suppose that f: X — C is a function. If f = u + v where u and v are real-valued, then
we say that f is measurable if v and v are.
If v and v are integrable, then we say that f is integrable and we write

/fd,u:/udu—i-i/vd,u.

Note that if f is measurable then |f| = vu? + v? is also measurable.

In general when we write L'(X, i) from now on we will mean complex valued functions. It turns out
there is no loss in generality by not allowing the values +o0o for integrable functions. The set where an L!
function could be oo must be a null set.

Proposition:
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(i) If w(F) < oo and f: X — C is measurable and bounded on E, then f € L'(E, u).
(ii) If f € L*(1) and A and B are disjoint and measurable, then

/AUdeM—/AfdMﬂL/deﬂ-

(iii) If f € L'(u) and ¢ € C, then ¢f € L*(p) and

/cfdp:c/fd,u.

(iv) If u(F) =0 and f: X — C is measurable then f € L'(E, u) and

[ tdu=o

(v) If f € L'(u) and A and B are measurable with B C A and p(A\ B) = 0 then

/Afduz/deu-

(vi) If f € LY(X, ) and E C X is measurable, then f € L'(E, u).

Proof. We leave the proof to the reader. Note that for example parts (i) and (ii) follow almost trivially
from parts (i) and (iii) of the proposition for real functions. O

We note that the above proposition, among other things shows that measure zero sets are not relevant
to integration, that is the integral doesn’t see something that happens on a measure zero set. This leads
us to the following definition.

Definition: Let (X, M, 1) be a measure space as above and let f and g be functions defined on X. We
write
f =g almost everywhere

if the set

E={xz:f(z) #g(x)}
is a null set, that is u(£) = 0. We will say that f = g almost everywhere on A, where A C X, if f|la = g|a
almost everywhere, or in other words if

p({z: f(z) # g(x)} NA) = 0.
If something happens outside of a measure zero set we say it happens almost everywhere. For example,

we write
f<g almost everywhere,

if the set where f(z) € g(z) is of measure zero. Sometimes we just write
f=gae. or f(x) = g(x) ae.

Proposition:

(i) The relation f = g almost everywhere is an equivalence relation.
(ii) If f = g almost everywhere, then
/ fdp= / gdp.

The proof is easy. For equivalence relation you must prove that First, we have that f = f a.e. Further,
if f =g a.e., then g = f a.e. Finally, if f = g a.e. and g = h a.e., then f = h a.e. The second item follows
by integrating only on the set where f and g are equal.

When talking about L'(X, ), we usually talk about the equivalence class of functions under equality
almost everywhere. That is, if f = g a.e., then we just consider f and g the same element of L'(X, ).
It is a common abuse of notation to consider L'(X, ) to be either the set of integrable functions or the
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set of equivalence classes. So we write f € L! even though we really mean that f is a member of an
equivalence class that itself is a member of L!. Notice also that when talking about L'(X, u), we only
need to consider complex-valued (or real-valued) functions, and ignore where the set where the function is
infinite; if a function is integrable and has values in the extended reals, then it is equal almost everywhere
to a function that is just real-valued.

Many results involving the integral only require a hypothesis that holds almost everywhere. It is generally
very easy to see when this is possible, for example suppose that f < g almost everywhere and f and ¢ are
either nonnegative or in L' (so that the integral is defined). Then using the proposition above we obtain

[rans [gan

Theore_m 11.24: Suppose that (X, M, u1) is a measure space, f is measurable and f > 0. The function
@: M — R defined by
/ fdu

is countably additive. Furthermore, if f € L'(X,u) then p: M — C defined in the same way is also
countably additive.

Proof. If the theorem is true for f > 0, then it follows for f € L' by writing f = u +4v, u = u™ —u~, and
v=v"—0v". So let us just assume that f > 0. Notice that this makes ¢ nonnegative as well.

Let {E,} be a countable collection of pairwise disjoint measurable sets and let E = UX | E,. If p(E,) =
oo for any n, then as

p(En) = /XEnf dp < /fo du = ¢(E)

we also get that ¢(E) = oco. So countable additivity follows trivially. So from now on assume that
w(E,) < oo for all n.

If f= Zj 1CjX4, is a measurable nonnegative simple function (all the ¢; > 0 and all the A; are
measurable) then

:/EZCjXAj dM:/ZCjXAjXEd,U:/ZCjXAijdp,
i (A; N (U, ch,u U, (A; N E,) icjiuAmE

]:1 n=1

iicjuAﬂE Z/ZCJXAOEndM Z/ ZC]XA dp = Zw

n=1 j=1

So suppose that f > 0 is any measurable function. If 0 < s < f and s is simple then

[Esduzgénsdus;énfduzgww

By definition of the integral when we take the supremum of the simple functions less than f we get

so(E)I/Efdu§2<p(E

Remember that ¢(E,) < oo for all n. Let € > 0 be given. Find a measurable simple s > 0 such that for

all j =1,...,n we have
/sduz/ fdp—e=p(E)) —e
Ej Ej
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Again this is easy directly from the definition as all the £ are pairwise disjoint.

p(Uj_, E;) 2/ sdu Z/ sdp > Z = (Z sO(Ej)> — ne.

n
Uj=

As e > 0 we obtain

Next,
Taking limits we get

And we obtain countable additivity. 0

Theorem (Triangle inequality for the integral): (extended 11.26 from Rudin) For a measurable
function f on a measure space (X, M, u) we have f € L*(X,u) if and only if |f| € L'(X, u), and in this

case,
‘/fdu' < [1r1an

1900 = 1y = [ 191 e

This norm provides the “distance from the origin” for the space L', and will actually make L' into a
complete metric space (this will be an exercise) if we consider elements of L' to be the equivalence classes
of functions under equality almost everywhere as we mentioned above. The proposition gives a way of
testing that f is in L' by testing that || f||;, < co. The left hand side of the inequality in the theorem does
not always make sense, but the right hand side makes sense for any measurable function if we allow it to
be infinite.

Often we write

Proof. First suppose that f is real-valued and write f = f* — f~. Let A= {z: f(z) > 0} and B = {z :
f(z) < 0}. Then A and B are measurable and disjoint and X = AU B. So

Jistan=[iaws [ilau= [ prape [ an= [5oau [

If f € L', then the right hand side is finite and so |f| (which is a nonnegative function) must be in L!.
Similarly if the left hand side is finite then the right hand side must be finite, because a sum of two
nonnegative extended real numbers is finite if and only if they are both finite.

Now assume that f complex valued. First suppose that |f| € L!. Then (Re(j’"))+ < |f| and (Re(f)) <
|f]. As

Jmep) dns [iflde<oe wd  [(Re(r) du< [ 15 du<oc,

we have that Re(f) is integrable. Similarly, Im(f) is integrable and therefore f itself is integrable.
Next suppose that f € L'. That means that if f = u+ v, then u and v are in L' and so |u| and |v| are
in L' as we saw above. By triangle inequality we have |f| < |u| + |[v]|. Let A = {z : |u(z)| > |v(z)|} and
= {x : |u(x)| < |v(x)|}. Then A and B are measurable and disjoint and X = AU B. On A we have
|f| < 2|u| and on B we have |f| < 2]v| and

Jistan= [ urans [isdn<z [l doez [ ol do
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And that’s finite. Note that the argument could be somewhat simpler if we already knew linearity of the
integral; we will prove linearity little later.
To show the inequality in case f € L', we find a ¢ € C such that |¢| = 1 and

‘/fdu‘:c/fdu:/cfd,u.

And cf is also L'. Next, the integral of cf is real so

/cfdu = /Re(cf) dpu +z'/Im(cf) dp = /Re(cf) dp.
And finally we have that for every x

Re(cf(2)) < [ef(2)] = |f(@)].

‘/fdﬂ‘ Z/Re(cf)du§/|f| i

One way the theorem sometimes arises is that if we find a ¢ € L'(X,u) such that |f| < ¢ almost
everywhere (or perhaps even everywhere), then f € L'(X,u) (see Theorem 11.27 in Rudin). This just
follows trivially.

We now get to one of the main theorems in the theory of the Lebesgue integral, one of those that make
the Lebesgue theory so useful. The three theorems I am talking about is Lebesgue’s monotone convergence
theorem, Fatou’s lemma (Rudin calls it a theorem), and Lebesgue’s dominated convergence theorem. (This
is a hint: these theorems will almost surely (look up “almost surely” on wikipedia) be on the exam).

So

U

Theorem 11.28 (Lebesgue’s monotone convergence theorem): Let (X, M, i) be a measure space
and let {f,} be a sequence of nonnegative measurable functions such that

0< fi(z) < folz) <---
for all z. Let

)= i o) (s fo(o))

n—oo neN

Then
lim fndu:/fdu-
n—oo

That is, for a monotone sequence of functions we can always swap the limit and the integral.
Proof. The sequence [ f, du is monotone, so there is some L (possibly infinity) with
L= lim [ f,dpu.
n—oo
We also have by monotonicity that [ f,, du < [ fdp, so

Lg/fdu.

Let ¢ € (0,1) be a number and let s be a measurable simple function such that 0 < s < f. Further, let

E,={x: fu.(z) > cs(x)}.
It is clear that Ey C Ey C --- by monotonicity of the sequence {f,}. As s(z) < f(z) we have cs(x) < f(z)
and so eventually for any z, there is an n such that f,(x) > c¢s(z). Hence, X = U2 | E,.

LZ/fndMZ fndMZC/ sdp.
En n
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The integral of s over a set is a countably additive function by Theorem 11.24, and so by Theorem 11.3.
So the right hand side converges to ¢ [ sdu, and hence

LZc/sd,u.

As this is true for arbitrary ¢ € (0,1) we get L > [ sdu. This was an arbitrary simple measurable function

s less than f, so
L> /fdu.

And we are done. U

Let us use the monotone convergence theorem to prove linearity of the integral.

Theorem 11.29: Let (X, M, u) be a measure space. Suppose f, g are nonnegative and measurable

then
/(f+g)du=/fdu+/gdu-

Furthermore, if f,g € L'(X, ), then h = f + g is also in L' and we also get
/(f+g)du=/fdu+/gdu-

Proof. First suppose that f, g are nonnegative. It is not hard to see linearity for simple functions, so the
result holds for simple functions. Now choose a monotone sequences of simple functions {s,} and {r,}
converging to f and g from below (Theorem 11.20). We have

/(sn+rn)d,u:/sndu+/rndu.

Note that {s, + r,} is a monotone sequence approaching f + g from below. So by monotone convergence

theorem we can take the limit to get
/hd,u:/fd,u—i—/gdu.

Now suppose that f > 0 and g < 0. Let A = {z: h(x) > 0} and B = {z : h(x) < 0. Then on A, h, —g,
and f are nonnegative and so

/Afduz/A( ) dp = /hdu+/ 9)du = /hd,u /gd,u

On B, —h, —g, and f are nonnegative.

~ [ gdu= [ opau= [ (r+m)du= [ rau= [ nan
We now can write
/hdu:/Ahd,u+/Bhdu:Afdu+[49du+/lgfdu+/99du:/fdu—ir/gdu.

We divide the space into 4 pairwise disjoints sets where f and g have constant sign. We apply the two
above cases to get the result in each of the four sets and we put them together just like above. We leave
the details to the reader.

Similarly, if f and g are complex valued, then we just apply the result to the real and imaginary parts. [
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In other words for any finite sum of nonnegative or integrable functions we have

/z:;fj(ﬂi)dHZé/fj(x) .

Therefore we have a corollary of the monotone convergence theorem.

Corollary 11.30: Let (X, M, u) be a measure space. Suppose { f,} are nonnegative and measurable
functions. Then

/ gjlfnm dy = i:j [ futa)du

What can we say if we don’t have monotonicity? The following is classically called the Fatou Lemma,
though Rudin calls it the Fatou Theorem.

Theorem 11.31 (Fatou’s lemma): Let (X, M, ) be a measure space. If {f,} is a sequence of
nonnegative measurable functions then
/lim inf f,(x) dp(zr) < lim inf/fn(a:) du(z).
n—oo n—oo
Example: The way to remember which way the inequality goes (and to see why we really need an

inequality) is to think of the following example: Let f, = Xjnnt1- Then liminf, .o fn(2) = 0 for all z,
but [ f.dm =1 for all n.

Proof. For any n let
gn(z) = inf fi(z)

k>n
The g,, are measurable and now they are also monotone increasing

0<gi(x) < galw) <--

Furthermore lim,, o, g, (z) = liminf, ., f,(x) by definition of liminf. So using the monotone convergence
theorem,

/lim inf f,, du :/ lim g, dy = lim /gn dp = liminf/gn dp < lim inf/fn dp.
n—00 n—00 n—00 n—00 n—00

The last inequality because g, < f,, for all n. O

Theorem 11.32 (Lebesgue’s dominated convergence theorem): Let (X, M, u) be a measure
space. Let {f,} be a sequence of measurable functions converging pointwise almost everywhere to a
function f: X — C, and suppose that there exists a function g € L'(X, i) such that

()] < g()

for almost every x and all n. Then
tim [ f,dp = /fdu-
n—oo

It is instructive to think about why the dominated convergence theorem does not apply to the sequence
in the example after Fatou’s lemma, that is f, = X[nnt+1). We see that a g would have to be at least
identically 1 from some point onwards, and such a g would never be integrable.

Another sequence that is useful to think about is f, = nx(,m.. {f.} goes pointwise to 0, but
fol fo(x)dx = 1 for all n. Note that there is no g again. This time because the sequence “blows up”
too quickly near the origin.

These two behaviours are the two things that can in general “go wrong.” Either the set where all the
action happens is “escaping to infinity,” or the sequence “blows up” somewhere. Having a dominating
g € L' avoids both of these types of behaviours.
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Proof. First we note that by changing f,,’s and g on a set of measure zero doesn’t change their integrals.
Therefore, if we redefine f,(z) = f(x) = g(x) = 0 for all the x where convergence did not happen, we can
just assume without loss of generality that f,, goes to f pointwise everywhere, and furthermore we can for
the same reason assume that |f,(x)| < g(x) for all z.

We have that f,, € L' and by taking a limit we have that |f(x)| < g(z) and so f € L.

Also note that |Re(f.(z))] < |fu(z)] < g(z) for all z, and same for the imaginary part. Therefore the
hypotheses apply to the real and imaginary part of f, and f. If we prove the theorem for real functions,
it is easy to see that the theorem applies for complex valued functions. So assume from now on that {f,}
and f are all real-valued.

Now f,, + g > 0, so apply Fatou’s lemma to get

/(f +9g)dp < 1igggf/(fn +g) dp.

By linearity we get

/fdp, < liminf/fn du.
n—oo
Similarily ¢ — f,, > 0 and so by Fatou,

/(9 — f)dp < 1iggf/(g — fu) dp.

_/fduglig}i;lf (—/fndu),

/fduZlimsup/fndu.

n—oo

Again by linearity we get
or

In other words

/fd,uZlimsup/fnduZliminf/fnd,u2/fd,u.
n—oo

n—o0

This implies the theorem. O

Exercise: Prove reverse Fatou: Let (X, M, 1) be a measure space. If {f,} is a sequence of measurable
functions and g € L'(u) such that f, < g for all n, then

lim sup/fn(x) du(x) < /lim sup fo(z) du(x).

n—oo n—oo

Define
fn = 1/”X[n,2n] .
Then f,,’s go to 0 uniformly on R, yet [ f,, =1 for all n. But we do have the following. If the space is of
finite measure though, we can in fact swap limits.

Exercise: Let (X, M, u) be a measure space with p(X) < oo. Let {f,} be a sequence of measurable
functions that converges uniformly to f: X — C. Then show that

lim | f,dp= /fdu.

In fact a far stronger result is true.

Exercise: Let (X, M, 1) be a measure space with p(X) < co. Let {f,} be a uniformly bounded (there
exists an M such that |f,(z)] < M for all  and all n) sequence of measurable functions that converges
pointwise to f: X — C. Then show that

lim [ f,du= /fd,u.
n—oo
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Exercise: Let L'(X, u) denote the equivalence classes of functions equal almost everywhere. Prove that
L'(u) is a complete metric space with the metric

at.9) = =gl = [ 17 = gl dn,
where we take any representative f and g of the equivalence class.
Let us prove a strong version of the “differentiate under the integral sign” theorem.

Corollary: Let I C R be an open interval and let (Y, M, 1) be a measure space. Suppose f: I XY — C
satisfies all of the following:
(z,y) is in LYY, u).
~(x, ) exists for all x € I.
| < g(y) for all x € I and almost every y € Y (in particular

(i) For every fixed x € I, the function y — f
(ii) For almost every y € Y, the derivative —f
(iii) There is a g € L*(Y, p) such that |2 (z

only when the derivative is defined).

Then
o | [ e an| = [ e

Here we may be committing a slight abuse of notation —(x y) is defined almost everywhere only. But
since we are integrating it, this doesn’t matter, we can just set it to whatever we wish on the set where it
is not defined.

for all x € I.

Proof. Fix « € I. Pick {x,} in I such that limz, = x. Now for any y € Y take
f(xn,y) = fz,9)

T, — X

on(y) =

We have that ¢,, goes to oL (w y) pointwise almost everywhere. So suppose that y is such that the derivative
exists. Then by mean Value theorem there is a ¢t between z,, and = such that

So
<9g(y)

eat)] = |50

almost everywhere. We can now apply dominated convergence theorem to

ny d d ny
J f(n,y) dply) = [ f(x,y) du(y) /fxy )dﬂ(y):/%du_

T, — X

O

To avoid the “almost everywhere”s in the argument, we could have also only taken the subset of Y for
which the derivative exists to begin with, and just work there. The result would be the same.

Exercise: Prove the following generalization: Let I C R be an open interval and let (Y, M, u) be a
measure space. Suppose f: [ X Y — C satisfies all of the following:
(i) For every fixed x € I, the function y — f(z,y) is in L (Y, u).
(ii) There is an x € I such that for almost every y € Y, there exists an €, > 0, such that the derivative
%(m, y) exists for all x € (xg —€,, 20 +€,) C 1.
(iii) There is a g € L*(Y, u) such that for almost every y € Y, the inequality !g—i(:r,yﬂ < ¢g(y) holds for
all x € (zg — €, 20 + €).
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Then

%wwiﬁﬂ%mw@ﬂzzggwwmmw

Note: By 21 we mean the derivative at .
Ox lz=xg

Exercise: Prove the following classical version: If f: [a,b] X [¢,d] — C is continuous, and %(m, y) exists
and is continuous on [a, b] X [c, d], then

% Ucdf(x,y)dy} =/Cd%(x,y)dy-

The Riemann integral via the Lebesgue integral

We still have not shown that the Lebesgue integral is an integral in the sense that we are used to. That
is, that the Lebesgue integral and the Riemann integral agree on Riemann integrable functions.
To distinguish the Riemann and the Lebesgue integral, let us write

R/abf(x)dcc

for the Riemann integral. In the following we use the Lebesgue measure m on R and we write
b
/ f(x)dr = fdm.
a [a,b]

Theorem 11.33:
(i) If f: [a,b] — C is Riemann integrable, then it is Lebesgue integrable on [a,b] and

/abf(x)dq;:R/abf(a:) dz.

(ii) The function f: [a,b] — C is Riemann integrable if and only if f is bounded and continuous almost
everywhere on [a, b].

Proof. 1f we prove the result for real-valued functions it is easy to extend it to complex valued functions.
Let f: [a,b] — R be a bounded function. Let P = {xy,...,x,} be a partition of [a, b], that is a finite set
of points such that a = 2o < 21 < --- < x, = b. Define

m; = inf{f(z) : x € [z;_1, 7]} and M, =sup{f(z):x € [z;_1, 7]}

Define the step functions

§ = M1 X[zo,a1] T Z MG X (251,24 and r= Mlx[ﬂfoﬂfﬂ + Z MjX(lj—hzj]'

j=2 j=2

Note that for all x € [a, b] we have s(x) < f(z) < r(z).
It is not hard to see that we can pick a sequence {F;} of partitions with P, C Pyy1 (a sequence of
refinements) and such that

[r@a=pmurn  wa [ i w @),

where L(P, f) and U(Py, f) are the lower and upper Darboux sums, and fab and f_: are the lower and the

upper Darboux integrals.
Let s and 7 be the step functions corresponding to P. It is easy to see that

/ab su@)dr=L(P,f)  and /ab”“(x) ronen
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Because the Py are successive refinements, we have that sg(z) < spi1(x) < f(x) < rpp(z) < ri(z) for
all xz. We have that {s;} and {ry} are monotone and pointwise bounded and so they have a pointwise
limit. Let

g(z) = ]}Lrgo sk() and  h(x)= klgg() re(z).

By monotone convergence theorem we have that

/Lbf(x)d:c:/abg(x)dx and Zf(x)dx:/abh(l')dl'.

Recall f is Riemann integrable if and only if f; f(z)dx = f_; f(z)dz. Or in other words if and only if

b
/ h(z) — g(z)dx = 0.

As h(z) > g(z) for all z, we have (by an exercise) that h(z) = g(x) a.e. Now suppose that h(z) = g(z) a.e.
Then as g(z) < f(z) < g(z) a.e., we have g(z) = f(x) a.e. So f(z) € L' (in particular it is measurable),

and
/abf(x)dasz/abg(x)da::/Lbf(x)dx:R/abf(x)dﬂ

This proves the first part of the theorem.

Now suppose that h(z) = g(z) a.e. Fix x such that x ¢ P for all k, and such that h(z) = g(x). It is
not hard to see that f must be continuous at z: Given an € > 0, simply choose k large enough such that
for the s, and r; the interval that contains x satisfies M; — m; < e. Then we must have that f is stuck
between m; and M; for a whole interval around = (because x is not an endpoint of one of the subintervals
of the partition FPy).

For the opposite direction let us make a further assumption that P, has width at most 1/k, that is, the size
of the largest interval in Py is at most !/k. Suppose that f is bounded and continuous almost everywhere.
Let = be a point where f is continuous and x ¢ Py for all k. Then given € > 0 find a K > 0 such that
|f(x) — f(y)| < efor all y such that |x —y| < Yrforallk > K. If k > K, and « € [z,_1, ;] in the partition
Py, then from continuity we conclude that f(z) —si(z) = f(z) —m; < eand ri(z) — f(x) = M; — f(z) <e.
Hence g(z) = h(z).

Now note that f is Riemann integrable if and only if f is bounded and h(z) = g(z) a.e. The union of
all the Py is still only a countable (and hence measure zero) set. So f is Riemann integrable if and only if
it is bounded and continuous almost everywhere. 0

Notice a funky thing: we have proved a result about Riemann integral (classification of Riemann inte-
grable functions) using the Lebesgue integral machinery. For example, we have seen last semester that the
popcorn function defined on (0, 1)

1/n if x = m/n in lowest terms

0 if z is irrational
-

is continuous at all the irrational points, and hence is continuous almost everywhere. So as an immediate
consequence we obtain that f is Riemann integrable, and furthermore since it equals 0 almost everywhere,
then

/Olf(:c)dxzo.

Anything we know about the Riemann integral carries over to Lebesgue integral. Although some theo-
rems do require a bit more work if we want to state them in full generality. For example, we leave it to
the reader to prove that if f € L'(R) then the function

F(z) = /_oo f(o)de
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is continuous. The proofs are often similar to those for the Riemann integral.

Be careful about using this theorem and improper Riemann integrals. For example,

0o - b -
/ sin(x) dr — lim / sin(x) g
0 i b—o0 0 Xz 2

when thought of as an improper Riemann integral. Let’s not worry now about how to prove that, a proof
requires complex analysis. It is not too difficult to show that the limit exists by explicit estimation. But

sin(x)
N

=2 is not in L' as
Which is also not too hard to show. We leave it as an exercise to show the two facts we mentioned. The
hint is to use the harmonic series.

sin(z)

dr = 0.

Examples of Lebesgue integration over other measures.

Example: Suppose that (N,P(N), ) is a measure space where p is the counting measure (that is
1(A) = |A]). Then for f: N — C is integrable if and only if > f(n) is absolutely summable, and in this

case we have,
[ smdn=>" .
N n=1

Example: The J-function that we have mentioned before is also a measure. Take the set R with the
o-algebra P(R) of all subsets of R. The d-function is really the measure defined by

5(A) = 1 %fOGA,
0 if0o¢ A

We leave it to the reader that this really is a measure. Note that all functions are measurable, and all
functions where |f(0)| < co are integrable, and we get that

/ fdo = f(0).
This is usually written as .
| s@it do= 5(0)

although that is somewhat of an abuse of notation as d(z) is not a function. There is no need to only use
0. We could define 6, to be the measure that tests if y € A, and then [ fdd, = f(y).

Example: You could also combine measures. The measure g = m + J is a measure such that
[ rau= [ ram+ s0)

Example: Another example is the measure defined by du(x) = f(x) dm(x) (that is, u(A) = [, fdm)
for some measurable f > 0. Then [ gdu = [ g(x)f(x)dm(x).

Exercise: Let {f,} be a sequence of measurable functions converging uniformly to 0, show that

lim/ n(@) 40 o,
n—oo J_ 1—|—,§L’2




