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Abstract

Schur introduced the problem on the smallest limit point for the
arithmetic means of totally positive conjugate algebraic integers.
This area was developed further by Siegel, Smyth and others. We
consider several generalizations of the problem that include ques-
tions on the smallest limit points of symmetric means. The key tool
used in the study is the asymptotic distribution of algebraic numbers
understood via the weak* limits of their counting measures. We es-
tablish interesting properties of the limiting measures, and find the
smallest limit points of symmetric means for totally positive algebraic
numbers of small height.

1 Schur’s problems on means of algebraic
numbers

Schur [21] considered several problems for various classes of polynomials
with integers coefficients and zeros restricted to certain sets. For conve-
nience, we introduce the following notation. Let E be a subset of the com-
plex plane C. Consider the set of polynomials Z, (E) with integer coefficients
of the exact degree n and all zeros in E. We denote the subset of Z,,(F) with
simple zeros by Z$ (E). Given M > 0, we write P, = a,2"+... € Z(E, M)
if |a,| < M and P, € Z(F) (respectively P, € Z,(E, M) if |a,| < M and
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P, € Z,(FE)). In particular, Schur [21], §4-8, studied the limit behavior of
the arithmetic means of zeros for polynomials from Z$(E, M) as n — oo,
where M > 0 is an arbitrary fixed number. Two of his main results in
this direction are stated below. Let D := {z € C : |z| < 1} be the closed
unit disk, and let R, := [0,00), where R is the real line. For a polyno-
mial P,(z) = a, [[}_;(# — ax ), define the arithmetic mean of its zeros by
A, =30 agn/n

Theorem A (Schur [21], Satz XI) If P, € Z:(R., M) is a sequence of
polynomials such that n — oo, then

(1.1) liminf A, > /e > 1.6487.

n—oo

Theorem B (Schur [21], Satz XIII) If P, € Z3(D,M) is a sequence of
polynomials such that n — oo, then

(1.2) limsup |A,| <1—+/e/2 <0.1757.
n—o0
Schur remarked that the lim sup in (1.2) is equal to 0 for monic polynomi-
als from Z, (D) by Kronecker’s theorem [9]. We proved [14] that 7}13)10 A, =0
for any sequence of polynomials from Schur’s class Z2 (D, M), n € N. This
result was obtained as a consequence of the asymptotic equidistribution of
zeros near the unit circumference. Namely, if {ay,}7_; are the zeros of P,,

we define the zero counting measure

where (5%” is the unit point mass at oy, ,. Consider the normalized arclength
measure jp on the unit circumference, with dup(e) := %dt. If 7,, converge

to pp in weak* topology as n — oo (written 7, — up) then

nh_)IIOlO A, = nh_}llolo zdr,(z) = /zdup(z) =0.
Thus the sharp version of Schur’s Theorem B immediately follows from the
result 7, — pp as n — oo, which was originally proved in [14], and gen-
eralized in several directions in [15], [16] and [17]. Furthermore, we found
essentially sharp rates of convergence for A, to 0 in the setting of Theorem
B. Similar approach via the asymptotic distribution of algebraic numbers
and limiting measures for 7, can be used to develop Theorem A, but this
problem is much more complicated because algebraic numbers are contained
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in the unbounded set R, . We give a brief description of the history, refer-
ring to [15] for a more complete account. If P, (2) = @y, [ [ (2 — ) 18
irreducible over integers, then {ay ,}7_; is called a complete set of conju-
gate algebraic numbers of degree n. When a,, = 1, we refer to {agn,}p_;
as algebraic integers. If & = a3, is one of the conjugates, then the sum
of {agn}r_, is also called the trace tr(a) of a over rationals. Siegel [22]

improved Theorem A for totally positive algebraic integers to

liminf A,, = lim inf tr(a)) /n > 1.7336105,

n—oo n—oo

by using a refinement of the arithmetic-geometric means inequality that in-
volves the discriminant of ay,. Smyth [24] introduced a numerical method
of “auxiliary polynomials,” which was used by many authors to obtain im-
provements of the above lower bound. The original papers [23, 24] contain
the bound 1.7719. More recent results include bounds 1.784109 by Aguirre
and Peral [1], and 1.78702 by Flammang [7]. McKee [11] designed a modifi-
cation of the method that achieves the bound 1.78839, which is apparently
the best currently known lower bound.

Problem A (The Schur-Siegel-Smyth trace problem [4]) Find the smallest
limit point € for the set of values of mean traces A, for all totally positive

and real algebraic integers.

It was observed by Schur [21] (see also Siegel [22]), that ¢ < 2. This
immediately follows by considering the Chebyshev polynomials t,(x) :=
2 cos(n arccos((z — 2)/2)) for the segment [0,4], whose zeros are symmetric
about the midpoint 2. They have integer coefficients, and t,(x)/(x — 2) is
irreducible for any prime p, giving the mentioned upper bound 2, cf. [21].
In fact, we have for the counting measures of zeros 7, — da/(m+/z(4 — z))
as n — 00, so that

4
lim trle) = lim [ zd7,(z) v dv

n—oo N n—00 o 0o T /.T(4—.T) B

More generally, if a sequence of totally positive algebraic numbers satisfies

2.

*
Tn — [0 as n — oo, then

lim inf trie) = liminf/xdrn(x) > /xdu(x).

n—00 n n—0o0

This brings us to the problem of minimizing the centroids (first moments)
of measures arising as weak™® limits for the counting measures of totally
positive algebraic numbers. We develop and generalize this approach so
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that it applies to a wide range of problems on symmetric and convex means
of algebraic numbers. It may also be useful for other types of problems on
algebraic numbers.

The Schur-Siegel-Smyth trace problem remains a difficult open question
despite all efforts. As a partial result towards this problem, we gave the
sharp lower bound liminf, _,., A, > 2 for sets of algebraic numbers whose
polynomials do not grow exponentially fast on compact sets of R, of ca-
pacity (transfinite diameter) 1, see Corollary 2.6 of [15] and Theorem 2.6
here.

We use the generalized Mahler measure to measure the size of integer

polynomials over a certain set. The classical Mahler measure of a polynomial
P.(2) =an[[i_ (2 — agn), an # 0, is defined by

1 2m 4 n
M(P,) :=exp <§/0 log | P, (e")| dt) = |a,| Hmax(l, |tk nl)s
k=1

where the last equality is a consequence of Jensen’s formula. The Mahler
measure was generalized to compact sets of capacity 1 by Rumely [20]. We
employ a similar generalization, which was introduced in [15] to obtain an
“if and only if” theorem on the equidistribution of algebraic numbers near
arbitrary compact sets in the plane.

Consider an arbitrary compact set £ C C with logarithmic capacity
cap(E) = 1, see [25, p. 55]. In particular, cap(D) = 1 and capacity of a
segment is equal to one quarter of its length [25, p. 84]. Let ug be the
equilibrium measure of E [25, p. 55], which is a unique probability mea-
sure expressing the steady state distribution of charge on the conductor E.
Note that pg is supported on the boundary of the unbounded connected
component Qg of C\ E by [25, p. 79]. Two important examples for us are
dup(e™) = 5=dt and

dﬂ[0,4] (.1') = d—x, T € (0,4).
x4 — x)

Consider the Green function gg(z,00) for Qg with pole at oo (cf. [25,
p. 14]), which is a positive harmonic function in Qg \ {co}. Note that
gp(z,00) = log|z|, |z| > 1, and gpg(z,00) = log|z — 2 + V22 — 4z| —
log2, z € C\ [0,4]. A natural generalization of the Mahler measure for
P.(z) = a,[[}_1(z — axn), a, # 0, on an arbitrary compact set E of
capacity 1, is given by

(1.3) Mg(P,) = |a,| exp Z 9E(apn, 00)

apn€QE
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If no ag, € Qp then we assume that the above (empty) sum is equal to
zero. It is clear that Mg(P,) > |a,| > 1 for any P, with integer coefficients
and a,, # 0. If Mg(P,) does not grow fast with n — oo, which is specifically
expressed by condition (2.9), then the roots of P, are equidistributed in F,
meaning that 7,, — pp. This allows us to obtain the lower bound (2.10) of
Theorem 2.6 for the symmetric means of such algebraic numbers.

The elementary symmetric functions in the roots of P,(z) = a, [[;_,(z —
Qkn) = > p_oar2” are expressed through the coefficients by

m An—m
(1.4) Om 1= Z Ay Qg - - Gy = (—1) :

o ) G,
1<)2<...<J)m

Thus the Schur-Siegel-Smyth problem is equivalent to a statement on the
growth of |a, 1| with n, and it is natural to consider higher symmetric
functions o, and the asymptotic behavior of the coefficients a,_,, for a
fixed m € N when n — oo.

2 Symmetric means of algebraic numbers

For motivation and clarity of presentation, we first restrict ourselves to
monic polynomials, following Siegel [22]. Thus we assume for a moment
that P,(2) = 2" +ay,_1,2" ' +...+ao, € Z: (R, 1). Observe that each o,
has (") number of products in the defining sum (1.4). Thus it is natural to

consider the symmetric means
-1
n
S (T1, ..o xy) = o E TjZj, ... %5,, meN
J1<j2<...<Jm

The inequalities of Maclaurin (cf. Section 52 of [8]) give fundamental rela-

tions between symmetric means of nonnegative numbers {x;}! ;:
(2.1) (S <. < (8P < Sy

Note that equality holds in (2.1) if and only if all numbers x; are equal.
Thus in the context of Schur’s problems and their generalizations we always
have strict inequalities in (2.1). Furthermore, (2.1) gives for totally positive
algebraic integers that

n m/n
=1
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For any sequence of polynomials P,(z) = Z apz® € 73 (R4, 1), we obtain

k=0
that
. . ‘an—m7n| BT . Um T .
liminf ——— = liminf —< = liminf S,, > 1,

where we assume that m € N is fixed. This suggests a generalization of the
Schur-Siegel-Smyth trace problem:

Problem B Given a fited m € N, find the smallest limit point £, for the
symmetric means Sy, of roots of polynomials P, € 75(R,,1).

Clearly, we have that ¢; = ¢. We shall investigate relations between
lm, m > 2, and ¢ in the present paper. An immediate consequence of (2.1)
is that £, < (€,)™/* <™ for m < k < 1. On the other hand, Theorem 2.7
of [17] suggests the conjecture £, = ™, m € N. We give more evidence in
support of this conjecture below.

We continue developing the approach to extremal problems on means of
algebraic numbers via the integrals of limiting measures (for the counting
measures of those numbers). Any sequence of the zero counting measures 7,
has a weak™* convergence subsequence by Helly’s Selection Theorem. While
the classical version of Helly’s theorem requires the measures be supported
in a fixed compact set, we can apply the result on each closed disk {z : |z| <
n}, n € N, and construct nested subsequences to obtain a subsequence
of measures weak* convergent on the union of expanding disks that fills
the whole plane C. Details of this argument may be found, for example,
in [10, §1]. Note that the limiting measure 7 obtained in this way may
have unbounded support and may have total mass 7(C) < 1. One of our
main goals is to understand the properties of such weak™® limits that shed
new light on the difficult problems related to algebraic numbers. A natural
class of limiting measures for these problems is described below. Define the
logarithmic energy of a measure p by

Il = / / logv%t'dw)du(t),

see (25, p. 54]. We state the first result under the general assumption that

algebraic numbers have bounded Weil height (absolute Mahler measure).

Theorem 2.1. Suppose that P,(z) = a, [[}_;(z — ax,n) € Z5(C), n € N,
is a sequence of polynomials with T, — T along a subsequence N' C N. If

(2.2) H :=limsup (M (P,))"" < oo

N3n—o0
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then T is a unit measure with finite logarithmic energy. Furthermore, we
have that

(2.3) /logJr |z| dr(z) <log H

and the restriction g := T|p,, where Dg 1= {2 : |z| < R}, satisfies
(2.4) —log2 —27(Dg))log H < I[tg] < (1 — 7(Dg))log4 + 2log H
for all but countably many R > 1.

Thus no loss of mass for the limiting measure occurs in this case, even
though some algebraic numbers may tend to infinity as the degree n in-
creases. Furthermore, finiteness of the energy I[r] carries information on
the distribution of algebraic numbers. In particular, it implies that 7 has no
point masses, reflecting the fact that the algebraic numbers are well spaced.
We remark that (2.2) is equivalent to

n 1/n
(2.5)  limsup|a,|"" < co and limsup Hmax(l, |k nl) < 0.
N3n—oo Non—oo \ ;5

Theorem 2.1 has immediate applications to problems on symmetric means
of algebraic numbers.

Corollary 2.2. If (2.2) is replaced with

1/n

(2.6) limsup |a,|/" < oo and limsupS,,(Jog,
N3n—o0 N3n—oc0

sees JOmn]) < 00

for a fited m € N, and if all other assumptions of Theorem 2.1 hold, then
T 1S a unit measure with finite logarithmic energy.

On the other hand, we show that omitting assumptions may lead to

essentially arbitrary limiting distribution of algebraic numbers.

Theorem 2.3. Given any positive Borel measure p, 0 < pu(C) <1, that is
symmetric about real line, there is a sequence of complete sets of conjugate

algebraic integers such that their counting measures 1, converge weak™ to p.

The above irregular behavior of algebraic numbers may only occur when
the height grows super exponentially and some of the conjugates escape to
infinity as the degree increases, according to Theorem 2.1. As an example
of conjugate algebraic integers with the counting measures converging to
the identically zero measure in the weak™ topology, we mention the roots of
P,(z) = 2P — p! for prime p.

If all algebraic numbers are uniformly bounded for all n € N, then we
can prove the conjectured relation between the limits of symmetric means.
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Theorem 2.4. If the numbers {zx,}}_; C C are uniformly bounded, and

their counting measures satisfy T, — 7 forn € N'C N, then

(2.7) N%inIEOO Sm(Zimy s Znn) = Nlim (S1(Z1my -y 2nm))"

2N—00

= (/ZdT(Z))m, m € N.

In the case of unbounded numbers, we prove the following lower bound
for their symmetric means. It is convenient to consider numbers located in
closed sectors V,,, ;== {z € C: |Arg z| < 7w/(2m)}, where m € N.

Theorem 2.5. For m € N, let the points {zpn}r_1 C Vin be symmetric
about the real line for alln € N C N. If the counting measures T, — T, n €
N, where 7(C) = 1, then

(2.8) B inf Spn(Z1ms s 2n) = < / sz(z))m.

N3n—oco

It is clear from weak* convergence that 7 is symmetric in the real axis,
and is supported in V,, by inheritance. Therefore, we have [ zdr(z) > 0.
Note that (2.8) holds for all m € N when all {z,}7_, C Ry.

Let v, be a weak™ limit of counting measures for algebraic integers that
produce the smallest limit point ¢,, of the symmetric means S,,, m € N.

We have that -
by > </xd1/m(:v)> , meN,

by (2.8). It is plausible that equality holds above for all m € N, but we
were not able to prove this. Furthermore, if ¢ = [ dv,,(z) then the above
inequality and (2.1) give that ¢,, = ¢™. While we cannot show this holds
in general, we can handle an important case of totally positive algebraic

numbers with relatively small generalized Mahler measure (low height).
Theorem 2.6. Let P,(z) = a, [[_,(x — o) € ZE(Ry), n € N CN, be
a sequence of polynomials, and let E C R, be a compact set of logarithmic

capacity 1. If

(2.9) i (Mg(P)" =1

then

(2.10) liminf S, (a1, ...y anpn) > 2™, meN.
N3on—o0 ’ ’

Equality holds in (2.10) for the roots of t,,(x) = 2 cos (narccos((z — 2)/2)).

The key fact used in the proof of this result is that the roots of P, are
equidistributed in E under assumption (2.9), that is 7, — uz by Theorem
2.1 of [15].
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3 Convex means of totally positive algebraic
numbers

Suppose that ¢ : R, — R is a convex strictly increasing function. We now
consider the convex ¢-means of numbers {x;}7_; C R, defined by

(3.1) CO(x1,... ap) = %Zgb(xk)

Another interesting question generalizing the original Schur-Siegel-Smyth
problem is to find the smallest limit point of such convex ¢-means for totally
positively algebraic integers. This problem for means of squares of algebraic
numbers was already considered in the original paper of Schur [21], and
means for ¢(x) = 2™ were studied in the papers of Smyth [23] and [24].
Since ¢ is convex increasing, one immediately finds that

n—00 n—o0

1 n
(3.2) lim inf Cg(al,n, ey Q) > liminf ¢ <E Z ak,n) > ¢(0)
k=1

for any sequence of complete sets of totally positive conjugate algebraic
integers {ay,}7_,, n € N. The following result was proved in [15], see
Corollary 2.6 in that paper. It is based on the equidistribution of algebraic
numbers in E expressed by 7, — g, and the lower bound for the centroid
of equilibrium measure g found in Theorem 1 of Baernstein, Laugesen and
Pritsker [2].

Theorem 3.1. Let P,(2) = a, [[1—1(z — axn) € Z5(R,) be a sequence of
polynomials. Suppose that E C R, is a compact set of capacity 1. We also
assume that ¢ : R, — R, and that ¢(x?) is convexr on R. If

lim (Mg(P,))Y" =1

n—oQ

then

o1 u Y p(x)de
h,?i%ﬂfnggb(“k’“)z/o el —a)

Setting ¢(x) = ™, m € N, we obtain

1 toamdr 1-3-...-(2m—1)
lim inf — apt > = 2™ )
n—oo n ; = o m/z(d— ) m!

Equalities hold in the inequalities of Theorem 3.1 for the roots of t,,(z) =
2 cos (narccos((x — 2)/2)) .
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From a more general perspective, we show that the limiting measures
for algebraic numbers with bounded convex means have finite energy as a

consequence of Corollary 2.2.
Theorem 3.2. Let P,(z) = a,[[;_,(z — axn) € Z5(C), n € N, be a
sequence of polynomials with 7, = T along a subsequence N' C N. If

(3.3)  limsup|a,|'™ < oo and limsup C(larnl,. .., |ana]) < 0o,

N3n—o00 N3n—o0

then T is a unit measure with finite logarithmic energy.

4 Means of algebraic numbers located in sec-
tors

It is also possible to obtain lower bounds for the means of zeros for polynomi-
als with integer coefficients and zeros in sectors W, := {z € C : |Argz| < v},
where v < 7/2. For the arithmetic means S;, one can easily give the follow-
ing bound:

] — 1 — 1 —
- n — éR n > — n
- ’;1 o = — ;1 (Qhn) > - ];1 |t | cOS Y

aol \ ™ cos
|ao] ol
>\ cosvy >

[ ‘an‘l/n‘

If (2.6) is satisfied, then we have a positive lower bound in the above in-
equality. Flammang [6] applied Smyth’s method of auxiliary functions to
bound the smallest limit points of mean trace for algebraic integers located
in sectors, and obtained many explicit results. In fact, [6] gives exact values
of smallest limit points for some sectors.

Note that Theorems 2.1, 2.4 and Theorem 2.5, as well as Corollary 2.2,
are clearly applicable here. In particular, combining Corollary 2.2 with The-
orem 2.5, we obtain the following result on the smallest limit points of

means.

Theorem 4.1. Let P,(z) = a, [[1_,(z — i) € Z5(W,), n € N CN, be
any sequence of polynomials, and let v < w/2. If (2.6) holds then

(4.1) liminf Sy, (cn, .. s Qun) > /zdr(z) >0, v<m7/(2m).

N3n—oo

where each T is a unit measure with finite logarithmic energy, which may be
different for different m € N.
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Considering the whole family of monic polynomials from Z; (W, ), we can
always select a subsequence whose symmetric means provide the smallest
limit point, and for which 7,, = 7. Then (2.6) is satisfied and (4.1) gives us
a (theoretic) lower bound for that limit point.

5 Proofs

Proof of Theorem 2.1. For notational convenience, we assume that 7,, con-
verge to 7 in the weak™ topology along the whole sequence N. Our first step
is proving that 7 is a unit measure. If 7(C) = A < 1 then

limsup 7,,(Dg) < 7(Dg) < A

n—oo

for any disk Dg := {2 : |z| < R}, by the weak™ convergence properties of
Theorem 2.1 [3, p. 16]. Hence

liminf7,,(C\ Dg) >1—A>0 forall R> 0.
n—oo

Moreover, for any € > 0 and any R > 1 there is N € N such that

M(P,) > [[max(L, |oxnl) > [] lokal = RO, n>N.
k=1 |og >R
The latter inequality is clearly incompatible with (2.2) when R — oo, so
that 7(C) = 1 follows. Note that 7 may have unbounded support.
Our goal now is to show that the restriction of 7 to every disk has finite
energy. Given R > 1, we define

R 1
Ty 1= Tn|5R = g Oajon-

|Oék,n‘§R

Note that 7, — 7 = 7|5, asn — oo for any R > 0 such that 7(0Dg) = 0,
by Theorem 0.5" of [10, p. 10]. Hence 7, — 7% for all but countably many
R > 1, and we consider only such R below. Furthermore, it is sufficient to
consider R such that 7(Dg) > 0, for otherwise I[rz] = 0 and (2.4) holds
trivially. Let A(P,) = a2"2(V(P,))? be the discriminant of P,, where
V(F,) = H (i — k)
1<j<k<n

is the Vandermonde determinant. Since P, has integer coefficients, A(P,) is
an integer, see [13, p. 24]. As P, has simple roots, we obtain that A(P,) # 0
and |A(P,)| > 1. We now order ay,, as follows

|a1,n| S |a2,n| S e S |amn,n‘ S R < |amn+1,n‘ S cee S ‘Oén,n|-
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Let pn(z) = ap [ [0 (2 — ag,n) and V(]f’n) = H1§j<k§mn(aﬂln — ). Hence

L< AR = lan" V(PP = a2 V2P [T lagn — anal?

1<j<k
mnp<k<n
<|an" PV ] Clokal)?™
mn<k<n
(5.1)
2(n—1)
< V(P Palr D) (Ian\ 11 !%M) :
mn<k<n

where we used that |a;,, — o] < 2max(|a;,l, |akn]) = 2|akn|. Equation
(2.2) implies that

1/n
(5.2)  limsup <|an| H |ak7n|> < limsup (M (P,))"™ = H < oc.

n—00 n—00
mp<k<n

Note that liminf,_, m,/n = liminf,_ .. 7,(Dgr) = 7(Dg) by Theorem 2.1
of [3], as T7(0Dg) = 0. Thus we obtain from (5.1)-(5.2) that

—2/n
~ 2 =Y
_ mi wonn > ATDR)-1 Jim i
(5.3) hggfﬂ/(pn)‘ Dn > 4 hgggolf <\an\ |<k|< |ak7n]>

> 4T(5R)_1H_2.

Let Ky(z,t) :== min (—log |z — t|, M) . It is clear that K(z,t) is a continu-
ous function in z and ¢ on C x C, and that Ky (z,t) increases to — log |z —t|
as M — oo. Using the Monotone Convergence Theorem and the weak™
convergence of 7,, X 7,, to Tg X Tg, we obtain for the energy of 7z that

Ieal == [ [ Yog 2 t] dra(e) dra(t)
~ Jim (lim / Kar(2,1) din(2) d%n(t))

M—o0 \ n—o0

. . 2 M
=, (J:H;o (— 2 KMWW*;))

1<j<k<mn

2 1
< 1 lim inf — E log——M
= ( e n2 8 |ty — oz;w]>

1<j<k<mn

= liminf — lo —— < (1 —7(Dg))log4 +2log H,
mint 5 los ey (1 =7(Dg))log g

where (5.3) was used in the last estimate. This gives the upper bound in
(2.4).
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We continue with the same notation to prove (2.3). Note that

Mn

1
/1og+ 2] d#, = ~ log [ [ max(1, |axal) < log (M(P.)""
n
k=1

Extending log™ || from Dy to a continuous nonnegative function with com-
pact support in C, we use the weak* convergence 7, — 7 and (2.2) to

obtain

/1og+ 2| dri = lim /1og+ 2| d7, < limsup log (M (P,))"" = log H.
n—oo

n—oo

Thus (2.3) follows from the above inequality by letting R — oo.
The lower bound of (2.4) is a consequence of (2.3) and the estimate
below, where we also use that |z —¢| < 2max(|z|, [t|) and 7r(Dg) < 1.

Ira] = — // log | — t] drn(2) drn(t)
> —// log(2 max(|z|, |t|)) dTr(2) dTr(t)

> —log2 — 2/ (/|Z|>|t log |z| dTR(Z)> drr(t)

> log2— 2/ (/ log |2] dTR(z>> dra(t)
|z|>max(1,|t])
> —log2 — 2/longTR(t) = —log?2 — 27x(Dg)log H.

]

Proof of Corollary 2.2. We arrange the numbers «y,, for this proof as fol-

lows:
|a1,n| Z |O[27n| Z .. Z |aKn,n| Z 1 > |aKn+1,n| Z .. Z |an7n|-

Starting with the case m = 1, we apply the arithmetic-geometric mean

inequality to obtain that

K, 1/n ] K, Kn/n
6 (o) = (o)
k=1 " k=1
Kn/n n Kn/n
n 1
< [ -
()" (5
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where we also used the fact max,cj o) 7/ = €/¢ with = n/K,,. Hence

K, 1/n
limsup (M (P,))"" < limsup |a,|"/" lim sup (H ]cww|> < 00
k=1

N3n—so0 N3n—so0 N3n—so0

by the assumptions and (5.4), so that (2.2) holds. The conclusion of this
corollary for m = 1 now follows from Theorem 2.1.

If the symmetric means in the assumptions are bounded for a fixed m >
2, then we consider two different cases. Suppose first that m < K,, < n. We
argue similarly to (5.4), and apply (2.1) to estimate

K, 1/n
(H ’Oék,n‘) S (Sm(’@l’nl, ceey ’aKn’nD)Kn/(mn)
k=1

<
() i
Note that
n K Kyn/(mn) n Kn/n n Kn/n K
/ n < — <[ — "
m m K,—m+1 K, K,—m+1

< etem.

sy Ol

Hence we obtain that limsup, . (M(P,))""

Theorem 2.1.
The second remaining case is when K, < m < n. We can assume that

< oo as before, and apply

the constant terms ag in polynomials P, are non-zero, for otherwise we can
replace P, with P,(2)/z. Thus we assume that |ag| > 1, which implies that

n

(5.5) I lown

’CLO| 1
k=K, +1 |an| Hk:l |O‘/€,n| |an| szl |O‘k7n|

For n > 2m, we have that

n m n m 2
H |04k,n|: H |Oék,n‘ H ’ak,n‘§< H |ak,n‘) .

k=Kn+1 k=Kn+1 k=m+1 k=Kn+1

It follows from (5.5) and the above estimate that

& [ o AN
H |agn| = k=1 1%kl - (’any H \ak,n|> H |k
k=1 k=1

k=1 HZLKnJrl Q|

and therefore

2

Kn m 2 n
T okl <l (H !ak,nr> <laal (1) Sullanalo-- Janal))
k=1 k=1
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Finally, we obtain that

K, 1/n
lim sup H |t | < limsup |a,|"™ limsup (Sp(|ain, ..., |an7n|))2/n
N3n—o0 kel N3n—oo N3n—oo
< 00,

so that limsup (M(P,))"™ < oo and the result follows from Theorem 2.1
N3on—oo
again.

]

Proof of Theorem 2.3. We show how to approximate an arbitrary Borel
measure g, 0 < p(C) < 1, by the counting measures of algebraic inte-
gers in the weak™® topology. This approximation is sketched below in several
steps of reduction for the problem. The case p(C) = 0 is covered by the
example given after Theorem 2.3. Thus we assume that p is supported in a
compact set £ and p(E) > 0 without loss of generality. Otherwise one can
apply constructed below approximations to the restrictions of y on a family
of expanding disks filling the plane, exactly as mentioned before Theorem
2.1, and obtain the desired weak™ convergent approximations for p in C.
The first step of our approximation scheme uses the Krein-Milman theo-
rem (see [26, pp. 362-363]) to express p as the weak* limit of linear convex

combinations of point masses of the form
J J
th52j7 tj > 07 th = M(E) = M(C) < 17
j=1 j=1

where {z;}7_, C E are selected symmetric about the real line. The latter
requirement of symmetry is achieved by applying the Krein-Milman theorem
to the restriction of u to the upper half-plane, and adding the reflection of
thus obtained discrete measure to approximate p in the lower half-plane
part of its support.

The set of coefficients t; € R, j = 1,...,J, can be simultaneously ap-
proximated by the rational numbers k;/L < ¢; with the same denominator
L € N. Therefore, we can select a set of k; points w;;, ¢ =1,...,k;, on a
sufficiently small circle around z;, for each j = 1,...,J, so that the measure
%Ef;l 0w, ; gives an arbitrary close approximation to ¢;9.,. Furthermore,
this can clearly be done so that all points w; ; are distinct and symmetric
about the real axis. It remains to approximate the resulting discrete measure

5wi’j, K = Zk?j,

1 i=1 j=1

J kj J
Vg =

SIE

J
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by the counting measures for algebraic integers on the third step.

Note that the measure v is a counting (but not unit) measure for the
points w; ; totalling K < L. Therefore, we can approximate this measure by
a sequence of the counting measures 75 for the complete sets of conjugate
algebraic integers {ay i 41} 1" by using the theorem of Motzkin [12], see also
5] for its effective version. For any K € N, we approximate each point w;
as close as we wish by one of the conjugate algebraic integers a; gy1, 1 <
| < K, obtained from Motzkin’s theorem, while let the remaining (K + 1)st
conjugate algebraic integer ok i1 g1 — 00 as K — oo (cf. [12, p. 160-161]
for details). It follows that the resulting measures

K+1
1

TK+1 = Z E :6O‘Z,K+1

=1

converge to p in the weak* topology as K — oo.
O]

Proof of Theorem 2.4. Assume that {z,}}_, C Dg and that 7, 5 7 for a
subsequence n € N’ C N. Multinomial theorem gives

n m
m ki _k k
E 2 = E 21t 202
7,m 1,n*2mn n,n
( ) (k17k27"'7k7n>

Jj=1 ki1+ko+...+kn=m
=m! O-m(zl,nu Z2my - s Zn,n)

m
k1 ko k
+ E (k 3 1 )zmzz’n...znj‘n.
1, 2y -0 vy vp

ki+ko+...Akn=m

3 k;>2

Note that the sum s of multinomial coefficients in the latter summation can

be found by setting z;,, =1, j = 1,...,n, in the above formula, which gives
n m—1
n m(m)—i—s Jl;[o(n Jj)+s

It follows that s = O (n™"1) as n — oo, and that

n m
‘(E z) —mlom(Zin, -y Znn)
J,n m\~1,n, ) “M,Nn

j=1

Since lim,,_,o, m! (;:) /n™ =1, we can divide the above equation by n™ and

<R™O (nm’l) as n — 0o.

let n — oo to obtain the first equality in (2.7), provided one of the limits
in (2.7) exists. But the fact

Im  Si(Z1ms -5 Znn) = /sz(z)

N3n—oo



Asymptotic distribution and symmetric means of algebraic numbers 17

. *
is an easy consequence of the weak* convergence 7, — 7 for n € V.
[

Proof of Theorem 2.5. Consider the half-plane H, = {z € C : Rz < a}.
Given a fixed a > 0, we arrange each set {2, }7_, in the order of increasing
real parts:

Reoip <Nz, < 0.<R2n<a<RNz,110 < ... <Nzpp.
Define 7,, := 7,| g, . It follows that

f 5= rla, nEN, and  lim /n=r(H,)
N3o3n—o0

for any a > 0 such that 7({z : Rz = a}) = 0, by Theorem 0.5’ of [10] and
Theorem 2.1 of [3]. Hence the above equation holds for all but countably
many a > 0, and we consider only such a below.

Observe that Sy, (21.ms 220, - -+ 2nn) = 0 and Sy (210, 220, - -5 21,m) = 0
for {zkn}7_; C Vi because all terms in these sums have positive real parts,
and their imaginary parts cancel due to symmetry of {z , }7_;. For the same
reason, we have that 0,,,(21n, -, 2nn) > Om(Z1ms -« - 21,,.m), SO that

Sm(zl,n; ceey Zn,n) > Sm(zl,na sy zln,n) (ln) / (n> :

m m
Since

i () /(") = i (/)" = (7(H)"

oo \m )/ \m )  abeo o/ T ATAHal)
we obtain by the weak* convergence 7, — 7,, n € N, and Theorem 2.4
that

/{/l'gllglof;; Sm(zl,na cee 7Zn,n) 2 (T<Ha))m/1}§ql1£1£ Sm(zl,na s 7Zln,n)

— (r(H,))™ (/ZdTa(z))m.

The concluding step is to let @ — 400 in the above inequality, using

lim 7(H,) =7(C)=1 and lim [ zdr(z)= /sz(Z).

a——400 a—+00

]

Proof of Theorem 2.6. Equation (2.9) implies that 7, — pz by Theorem
2.1 of [15], where pg is the equilibrium measure of E. Hence we obtain that

liminf Sy, (0, .oy Qpp) > </zd,uE(z)) , meN,

N3n—oco
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by Theorem 2.5. Lower bounds for the moments of equilibrium measures
were established in [2]. We apply the change of variable x = t?, and define
the compact set K = {t € R : t* € E}. Then K is symmetric about the
origin, so that [ tdug(t) = 0. Furthermore, duk(t) = dup(t?), t € K, and
cap(K') = 1; see [18, p. 134]. It now follows from Theorem 1 of [2] that

2 2dt
d = [ 24 t>/t2d_ t) = — =2,
/x 1ie () / prc(t) > Hi-22)(t) I

so that (2.10) is proved.

We discussed in Section 1 that the Chebyshev polynomials t,(z) =
2 cos(narccos((z — 2)/2)) for [0, 4] satisfy the assumptions of this theorem.
Moreover, the counting measures 7, — 10,4 = dz/(7+/2(4 — 7)) as n — o0,
which gives

4

d
lim Sy(a1my .-\ Qnp) Tt 2.

n—00 o mJr(d—z)

Combining this with (2.1) and (2.10), we immediately see that equality
holds in (2.10) for all m € N.

O]

Proof of Theorem 3.2. Using convexity of ¢, we have that

N3n—oo N>3n—o0

: 1 :
lim sup ¢ (5 ; \ak,n|> < lim sup C’f(!al,nL oy |amnl) < o0

Since ¢ is also strictly increasing, we conclude that lim, . ., ¢(z) = +o0.

Hence we obtain by the above inequality that

1 n
lim sup — Z |k | < 0.
Non—oo T —1

Thus all assumptions of Corollary 2.2 are satisfied with m = 1, and the

desired conclusion follows.

]

Proof of Theorem 4.1. Since (2.6) is satisfied, Corollary 2.2 gives that any
weak™® limit of the counting measures 7,, for our sequence must be a unit
measure with finite logarithmic energy. The inequality v < 7/(2m) insures
that W, C V,, for each such m € N. Hence all conditions of Theorem 2.5
are satisfied, and (2.8) gives us (4.1), where 7 is a weak*® limit of 7,, along a
subsequence that attains the value of iminf 5,00 S (@1, - - -, @ p). Note
that 7 is supported in W,,, and is different from the point mass dy at the

origin, because 7 has finite energy. Hence [ zdr(z) > 0.
0]
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