Convergence of Julia polynomials
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Abstract

We study the approximation of conformal mappings with the poly-
nomials defined by Keldysh and Lavrentiev from an extremal problem
considered by Julia. These polynomials converge uniformly on the
closure of any Smirnov domain to the conformal mapping of this do-
main onto a disk. We prove estimates for the rate of such convergence
on domains with piecewise analytic boundaries, expressed through the
smallest exterior angles at the boundary.
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1 Extremal problems in Smirnov spaces and
the associated polynomials

Let G be a Jordan domain in the complex plane, bounded by a rectifiable
curve L of length [. We consider the Smirnov spaces E,(G), 0 < p < oo, of
analytic functions in G, whose boundary values satisfy

1l = ( / |f<z>rprdzr)1/p c
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(see Duren [8], Smirnov and Lebedev [23]). Julia [12] studied the extremal
problem

nf{|[fll, : f € E,(G), F(C)=1)}, (1.1)

where ¢ € GG is a fixed point. He showed that the above infimum is attained
by the function (¢')'/?, where ¢ is the conformal mapping of G’ onto a disk
Dpr := {w : |lw| < R}, normalized by the conditions ¢(¢) =0, ¢'({) = 1. It
is known that one can define sequences of polynomials associated with many
extremal problems. Thus Keldysh and Lavrentiev (cf. [14], [13] and [15])
considered the polynomials @, ,(z) that minimize (1.1) among all polyno-
mials P,(z) of degree n, such that P(¢) = 1. These extremal polynomials
were attributed to Julia by Keldysh and Lavrentiev in [14]. Perhaps, it is
more appropriate to call them Julia-Keldysh-Lavrentiev polynomials. The
goal of such construction is that, provided polynomials are dense in E,(G),
it would furnish the approximation to (¢')'/? by Q,, as n — oo. Keldysh
and Lavrentiev [15] characterized a class of domains for which these desired
properties hold true. Their results are summarized below.

Theorem KL Let 1) = ¢~—t. The following conditions are equivalent:

1. log || is representable in Dg by the Poisson integral of its boundary
values

2. lim [[(¢")? = Quyll, = 0

8. Quyp converge to (¢)/P locally uniformly in G

4. Polynomials are dense in norm in E,(G)

The domains with property 4/ were later named after Smirnov. Although
there is no complete geometric description of such domains, many standard
classes of domains possess the Smirnov polynomial density property. The
widest currently known class is probably that of Ahlfors-regular domains (cf.
Pommerenke [18, Chap. 7]). They are defined by the condition that there
exists a constant C' > 0 such that

|LND,| <Cr,

for any disk D, of radius r, where | - | denotes the arclength measure on

L =0G.



Since Q,, , converge locally uniformly to (¢')*/? in Smirnov domains, they
have no zeros in any fixed compact subset of G for large n, by Hurwitz’s
theorem. Hence the following functions

To(2) = /C (Quyd,  zed, (1.2)

are well defined for p € (0,00), when n is large. Of course, they are well
defined polynomials for any n € N, if p € N. Let || - [[ denote the uniform
(sup) norm on G.

Theorem 1.1 Ifp € N then

1 p— /
6= Tnglloe < 5 (AR +12)"|(6)17 = Qu

Hence ||¢p — Jupllo — 0 as n — oo, when G is a Smirnov domain.

For p = 1, the uniform convergence of .J,,; on G was already observed by
Keldysh and Lavrentiev in [15], but without any estimate. The case p = 2
is of special interest because of its close connections with the Szeg6 kernel
and orthogonal polynomials. Ahlfors [1] considered these polynomials for the
numerical approximation of conformal mappings, and developed interesting
representations for (), o via iterated integrals of Vandermonde determinants.
For p = 2, a similar result to Theorem 1.1 was proved by Warschawski [26].
Gaier [9, pp. 130-131] gave the estimates of the uniform convergence rates for
some smooth domains, based on the results of Rosenbloom and Warschawski
[22]. The explicit rates of convergence for domains with corners are stated
in the following section. Note that the case p = 2 was already considered in
[20], but with a somewhat different normalization for the polynomials.

A natural analogue of the polynomials @), , is given by the best approxi-
mating polynomials Q,,, to (¢')'/? in E,(G):

@) = G,

p:inf{H(gb’)l/p—Pan L Py(¢) = 1}, (1.3)

where the inf is taken over the polynomials P, of degree n. Following the
same convention as for (1.2), we define the functions

Jo(z) = /< (G (D) . (1.4)



It can be readily seen that ng = (Qn2 and jn,g = J,2 (for p =2), because

160172 = Pull, = 1Pally = [[(6)12]],

for any polynomial P, of degree at most n, P,(¢) = 1, see [9, p. 128] and [1].

The explicit representation of (), 2 via the contour orthonormal polynomials

{pn}22, in E5(G) follows from the standard Hilbert space theory (cf. |9,

Chap. III] and [23, Chap. 4]):

Qnalz) = ZZ:nO pk(C)pk(j)7
Zkzo |pk(O|

Thus these polynomials coincide (up to a constant factor) with the partial
sums of the Szegd kernel K (z,¢) = 35 pe(Opr(2) (cf. Szegd [24]). They
can be used for the constructive approximation of the conformal mapping ¢,
see [9], [23] and [20] for the details.

Our interest in anp and jn,p is explained by the fact that one can produce
estimates of the convergence rates for these polynomials. We first state the

analogue of Theorem 1.1 in this case.

n € N.

Theorem 1.2 [fp € N then

<

1 - ~
<5 (8RR 1)) - G,

fo- .

p

Hence || — Jnp|| — 0 as n — oo, when G is a Smirnov domain.

‘ (0.9]

The rates of convergence quantifying this result are studied in the next sec-
tion.

We conclude this section by showing that the zeros of the polynomials
Qpp are typically dense in L. This indicates that the definition J,,, in (1.4)
cannot be extended to G for p € N, as every zero generates a branch point.
Let v, , and 7, , be the normalized counting measures for the zeros of @), ,
and Qw, respectively. They are obtained by placing the point mass 1/n at
each zero of Q,, , and Q,, ,, according to multiplicities. Denote the equilibrium
measure of G (in the sense of logarithmic potential theory) by u [21]. The
following Jentzsch-Szegd type theorem on the asymptotic zero distribution
is stated in terms of the weak™ convergence for measures.
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Theorem 1.3 Let G be a Smirnov domain. Suppose that ¢ cannot be con-
tinued as analytic on G function. Then for any p € (0,00) there exists an
infinite subsequence N C N such that

Dnp — [ asn — oo, n € N.
We conjecture that this theorem also holds for the zeros of @, ,, i.e.,
anpimu asn — 00, n €N,

where N C N is an infinite subsequence. Such asymptotic behavior is generic
for zeros of many extremal polynomials, see [3]. It is possible to prove a con-
verse of Theorem 1.3, i.e., if there is a subsequence of 7, , weakly convergent
to u, then ¢ is not analytic on G (cf. [7]).

2 Convergence in domains with piecewise an-
alytic boundaries

We consider domains with piecewise analytic boundaries in this section,
which are important in applications. An analytic arc is defined as the image
of a segment under a mapping that is conformal in an open neighborhood of
the segment. Thus a domain has piecewise analytic boundary if it is bounded
by a Jordan curve consisting of a finite number of analytic arcs. Let L be
piecewise analytic, with the smallest exterior angle Aw, 0 < A < 2, at the
junction points of the analytic arcs. The following results contain estimates
for the rates of convergence of Qn,p in terms of geometric properties of do-
mains.

Theorem 2.1 If0 < A < 2 then

A

n pE=3, 1 <p< oo,
H((b')l/p — Qmp < n"Ex logn, p=1, (2.1)
D _AQ=D) 1o
I CREV A = <p<L

Note that p > 1/2 works for all X € (0,2). For p € N, we also have

A
N —22x ] -1
6 = Tuplloo < 02{ N (2.2)

n =N, p=273 ....

The constants Cy > 0 and Cy > 0 are independent of n > 2.



The rates of convergence were previously known only in the case of p = 2
for some smooth domains, see [9, p. 131]. This theorem is new for any
p € (0,00). It is worth noting that the exponent A\/(2 — ) for p =1 1in (2.1)
and (2.2) is best possible. Indeed, it is known that this exponent cannot be
improved, in general, for approximation of ¢ in the uniform norm by any
sequence of polynomials (cf. [10] and [11]). We believe that the exponents
of n are also sharp in (2.1) and (2.2) for any p € (1, c0).

When all angles at the boundary are the outward pointing cusps, we can
make an even stronger conclusion.

Theorem 2.2 [f A\ = 2 then for any p € (0,00) there exist ¢,r € (0,1) such

that
H (¢/)1/p - Qn,p S C3 an7 n € N. (23)
p
Furthermore, if p € N then
6 — Jupllec < Cag™,  mneN. (2.4)

Here, C3 > 0 and Cy > 0 are independent of n.

It should be mentioned that r cannot be equal to 1 in the above theorem,
because the geometric rate of convergence implies that ¢ is analytic on G [25].
However, this is clearly not possible when G has an outward pointing cusp,
see [5]. A convergence result of similar form was proved in [5] for Bieberbach
polynomials in the Bergman kernel method.

3 Proofs

3.1 Proofs of the results from Section 1

Proof of Theorem 1.1. Using the mapping v := ¢!, we obtain for any
z € (G that

60) = gl = | [ (@0 = iy 0)

#(2)
/0 (&' ((u) = Ty, (¥ (w))) ' (u)du

#(2)
;4 16 (@) — L (6 (w))| [ ()| ],



where the integration is carried over the segment connecting 0 and ¢(z) in
Dpg. Since L is rectifiable, the function under the latter integral belongs to

the Hardy class H'(Dg). Hence we obtain by the Fejér-Riesz inequality (cf.
[8, Theorem 3.13]) that

16(2) — Jup(2)] < & /| 00 = T, @l

—5 [ o0 - @0 i,

If p =1 then we are done. Applying Hélder’s inequality for p > 2, we have

62)— Iua(2)| < 5 [ 610077 = Quat0)] |3 @01 @uatt)) |t
<1 @ - qu| [ @@ ey

q

where ¢ = p/(p — 1). Observe that

p—1 p—1
(&' ()™ (Qup @) < SIS (O Q)P
k=0 k=0
p—1
< (1601 +1Qup®1)" .
so that
-1 ) ) p=1
kpnpkl 1ran1/p - pd)”
g Qur) qs(/L(|¢<t>| F1Qua0)]) 1dt
p—1
< (] +1@malh)

by Minkowski’s inequality. Since H((b’ )1/ P
it follows from (3.1) that

= (J, || |dt])""* = (27 R)V7,

1
16 = Tuolloe < 5 (@R +11Quslly)” ()77 = Qul,-  (32)



Recall that [|Q,,ll, < ||I1]l, = [*/?, by the definition of Q,,,, so that the
inequality is proved. The second statement now follows from Part 2 of The-

orem KL.
|

Proof of Theorem 1.2. Repeating all steps of the proof of Theorem 1.1
up to (3.2), but with J,, and @, , instead of J,, and @, ,, we obtain the
inequality

16— Juslle < 5 (@TR? +1Quslly) || 6077 ~ Gy

p

The proof of the desired inequality is finished by estimating

1@ul < [[@u = @]+ &1, < 1= @], + )],
<[l + 2 || (@)P[|, = 1" + 227 R) 7.

We also have from the definition of Q,,, in (1.3) that

@) = G,

» S ||(¢l)1/p - Qn,pHpa
which tends to 0 as n — oo in Smirnov domains, by Part 2 of Theorem KL.

We connect the analyticity of ¢ on G and the asymptotics for the leading
coefficients of @), in the following lemma.

Lemma 3.1 Let G be a Smirnov domain. Set Qup(2) = Gnp?™ + ... +
aopp, n € N. If ¢ is not analytic on G, then

imsup iy = 33

where cap(G) is the logarithmic capacity of G.

Proof. The idea of this proof is suggested by Blatt and Saff [6]. We first
note that, for any polynomial P,(z) = a,2" + ..., the following holds true

|an| < (Cap<a))_n ||Pn||007 (3'4)



see Lemma 4.1 in [6]. Indeed, if ® is the conformal mapping of 2 := C\G onto
the exterior of the unit disk, normalized by ®(c0) = oo and lim, .., ®(z)/z =
1/cap(G), then

P (2)
o (2)
by the maximum modulus principle for P,(z)/®"(z) in Q. Now let z — oo
to obtain (3.4). It follows from Theorem 1.1 of [19] that

<P,  z€Q,

1Pallos < c1n®?|| Pall,, (3.5)

where ¢; > 0 is independent of n. Therefore,

: 2 1 . ~ 1
lim sup |an7p|1/n S lim Supnﬂool_‘Qn,p”oén < lim SupnﬂooﬂQn,p”p/n _ 1

n—oo cap(G) - cap(G) ~ cap(G)’

because of (3.4), (3.5) and lim, oo [|Qupll, = | (¢))'/P ||,- We assume that

1
lim sup |a, | /" < —
n—»oop | ,pl cap(G)

and show this leads to a contradiction. Consider a sequence of Fekete poly-
nomials F,, n € N, for GG, so that

lim || £,[13)" = cap(G),

see [21, Sect. 5.5]. We define a new sequence ¢, (z) := Gnp(z — () Fno1(2) =
anpz" + ..., n € N. It follows from the extremal property (1.3) that

|7 = Q|| < ]| = (Go—a2)

<@ - Qu,

+ llgnllp,
P P

for p € [1,00). Thus we obtain from the above that

1/n
’ ) §limsup||qn||11,/”
P

n—oo

s (0~ 0,

n—oo

=y~

< limsup |, ,|"/™ lim ||F,_||X" < 1.
n—oo

Consequently,
~ 1/n
d := lim sup H((;ﬁ’)l/p ~ 0| <1, (3.6)
n—o0 p




as hmnﬂoo H (¢,)1/p - Qn,p

that

= 0 by Theorem KL. If p € (0,1) then we have
p

|77 = Qe[| <617 = Qu

and (3.6) follows by a similar argument
Since Qm, converges to (¢')'/? locally uniformly in G' by Theorem KL,
we can write

P p
+lanll
p

Mg

(¢'(= ))Up an( ) = (Q(kﬂ)n,p(Z) — kap(z)) , zeq.

B
Il
—

Thus

TN IS >[N |

IA
i

<N e ((k+Dn)*?

[M]¢

Q (k+1)n,p — anp

Y

i
I

by (3.5). It is clear from (3.6) that there exist co,e > 0 such that d +¢ < 1
and

[CoRm

Hence for p € [1, 00)

< co(d+¢e/2)", n € N.

HQ k+1)n Qimp < H(<Z5/)1/p — Qe 1ynp p+ H(¢')1/p — Qrnp ,
<2/ = Quus| | < 2eald+ /2"
and for p € (0,1)
HQ(k+1 anp = H NP = Quisiyngp :+ H(¢')1/p — Qknp Z

<2[()"7 = Quag|| < 265(d + 2/2)™.
p

It now follows that

@) = Qus||

<03Z ((k+1)n)*? (d+e/2)" < cs Y (d+e)™
k=1

§65(d+5) ., neN.
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The latter estimate is well known to imply that (¢)'/? is analytic on G, see
[25]. Contradiction.

Proof of Theorem 1.3. Consider the monic polynomials Qup(2)/ny, n €
N. Let N be a subsequence such that (3.3) holds along N as a regular limit.
Then we obtain with the help of (3.5) that

1/n 1n 1/n —
lim sup Han/anp = lim [a@y,[" /" limsup Han < cap(G),
nen neN neN
as 1imy, o0 | Quplly = | (¢')'/? |,- Since Q,, converge to (¢')"/? locally uni-

formly in GG, we have
lim #,,(E) =0

for any compact £ C G, by Hurwitz’s theorem. Theorem 1.3 now follows

from Theorem 2.1 of [7] (or Theorem 2.1.7 of [3]).
|

3.2 Proofs of the results from Section 2

Proof of Theorem 2.1. We extend the ideas of [20] for p = 2 to the general
case. Let us continue the mapping ¢ conformally beyond the boundary L,
by using reflections across the analytic arcs L;, L = U, L;. Suppose that
7; is a mapping such that L; = 7;([0,1]), which is conformal in an open
neighborhood of [0, 1]. Then we can find a symmetric lens shaped domain S;,
bounded by two circular arcs subtended by [0, 1], whose closure is contained
in this open neighborhood of [0, 1]. Defining

G =G U UL T(S)),
we extend ¢ into G as follows:

6(2) = B L cns)\G

o (o)

where i = 1,...,m. The boundary dG consists of m analytic arcs I'; that
share endpoints with the arcs L; of 0G:

OGN IG = {z}™,,

11



which are clearly the corner points of dG. Since each 7;, i = 1,...,m, is
conformal and has bounded derivative (together with its inverse) on Sl, we
obtain the inequalities

dist(z,0G) > ¢, 1r<ni<n |z — 2], 2 € G, (3.7)

where dist(z, 0G) is the distance from z to 0G, and
W < elz—t],  ztedq, (3.8)

where |v| is the length of the shorter arc v C OG, connecting z and t. We
denote various positive constants by ¢y, co, etc.

Let I'; be an arc of OG with the endpoints zj and 241, and let ¢; € T';
be a fixed point, j = 1,...,m. Note that ¢; divides I'; into I'; and I'?, so

that 0G = Uiz, U?Zl I'.. We obtain from Cauchy’s integral formula for the
continuation of (¢/)"/? into G' that

/ 1p 1 1(\\1/p l/p ~
o=k [ @O, %ZZ/ & zcG.
(3.9)

Hence we need to approximate the functions of the form

/ 1/p
o(2) = /W)) dt (3.10)

t— 2z

in E,(G) norm, where « is any of the arcs F;, withi=1,2and j=1,...,m.

Let © := C\ G. Consider the standard conformal mapping ® : Q — A,
where A := {w : |w| > 1}, normalized by ®(co) = oo and ®'(c0) > 0. We
define the level curves of ® by

L,:={z:]®(2)] =1+1/n}, n € N.

Denote by 7, the part of v from its endpoint ¢; € I'; to the first point £ of
intersection with L, so that v9 C {z: |[®(z)| > 1+ 1/n}. Then 71 :== v\ 7
connects £ with the corner point z; of L. Write

1)) 1/P 1\ 1/P
g(z) = / )~ dt +/ )™ dt =: g1(z) + g2(2). (3.11)

t— =z t— =z

12



We show that ||g1||, — 0 sufficiently fast as n — oo, while g, is well ap-
proximated by polynomials of degree n. To estimate the norm of g;, we need
to know the behavior of (¢’ )1/ P near the corner point z; € L. This is found
from the asymptotic expansion of Lehman [16]. Assume that z; = 0 and that
Ajm, 0 < Aj < 2, is the exterior angle formed by L at this point. Then we
have in a neighborhood of z; = 0 that

¢(z)—¢(0):bz2+*f ~|—0(z2+*d> as z — 0,

where b # 0, and

/ — b 271>\-_1 271A,- -1
¢(z)—2 oA +o (2> as z — 0.
N

Hence there exists a constant ¢z > 0 such that
8 ()" <5 |2, z€ GUG, (3.12)
where we set
1 1
o= ———.
p2=2A;) p
For the endpoints £ € L, and 0 of v, we let
dy =€ = 0] = [¢].
It follows from (3.8) that

71| < cady.
We now estimate that

(1) 1o de "
||gl||§:/ / (1) dt |dz!§04/( M) |dz|,  (3.13)
L|Jm z L ot |t_2‘

t—
by (3.11) and (3.12). Note that if z € L satisfies |z| > d,,, then |t — z| ~ |z|
by (3.7). Consequently,

tle|dt \* dot\?
/ ( L") |dz|§c5/ <" ) o] (3.14)
LA{lezdn} \Jy [t — 2] LA{lz[>dn} \ |2]

p

dpett, 1<p<oo,
§C6 df{“|logdn|, p=1,
-\
bt S <p<l,

13



because o+ 1 > 0 (which defines the latter range for p). On the other hand,
if z € L satisfies |z| < d,, then [t — z| ~ |t| + |z| by (3.7), and we obtain by
using (3.8) that

el de\ P cgdn codp, o p
/ ( 7] |) |dz]§c7/ (/ ; 3) dr (3.15)
Loflzl<dn} \Jy [t — 2| 0 o s+r
cgdn oo codn p
< 07/ ( —ds+/ sa_lds> dr
0 o T r

cgdn a d e — pe\ P
:C7/ < L + (cocln) r ) dr
0 a+1 «

a+1
< cpdh*,

for a # 0. If @ = 0 then we estimate

dtl \* 20~ Y2 at)
[ (LY = [ (] ey,
Lo{le|<dn} \Jo [t = 2] Ln{lz|<dn} \Jm |t — 2|

t)=12 |at) \"
< (¢ dn)pﬂ/ ( M) |dz|
Loflsl<da} \Jy [t — 2]

< 6127/2 dﬁ/? 10 d;LP/QJrI — 6}27/2 10 dn;

as above. Combining (3.13)-(3.15), we have that

ot 1<p<oo,
lgilly < c1n dpt'llogdn|,  p=1,

ot =<p<l

dﬁ(;_” 1<p<oo
_1

<oy di Mlogd,|,  p=1, (3.16)

eEyRR! 1-)

dn ) 5oy <P < 1,

where A = minlgjgm /\j'
The next step is the construction of approximating polynomials P, for gs.
This is accomplished by using Dzjadyk’s kernels (see, e.g., [2]) of the form

n

K, (t,z) = Zai(t)zi, n €N,

=0

14



which approximate the Cauchy kernel. It was proved in Lemma 5 of [4] that
a sequence of such kernels can be selected, so that for any fixed k£ € N, and
for all ¢ € v with |®(t)] > 1+ 1/n, we have

1
t—=z

k

— K, (t, 2)| < iz

z€e L, (3.17)

_n
‘t _ Z‘kJrl’

for all sufficiently large n € N. In particular, (3.17) holds for ¢t € 7,. Define
the polynomials

Pu() = / () Ko (t, =) dt,

1

and estimate
p
L |Jys -z

tleldt] \*
Sclfﬂdﬁp/ ( ‘ | ‘ ]Jl) |d2|,
L Y2 ’t—Z| +

by (3.17) and (3.12). Observe that |t — z| ~ |t| +|z| for t € . Therefore, we
have for k > a + 1/p that

/( [£]*]dit| )”|d < / (/ s*ds )pd
—_— z| < e14 —_— r
L \Jy [t —2[FH! 0 crodn (8T
c16dn c17 p
< 014/ (/ gkt ds) dr
0 c16dn
c15 T c17 p
+cl4/ (r‘k_l/ s ds—l—/ sa_k_lds) dr
c16dn c16dn r

C15
< ¢13 dﬁ(a_k)ﬂ + 019/ rPla=k) gy

ciedn

< ¢y dﬁ(a_k)—ﬂ.
It follows that
1
“92 - Pan S Co1 d?:-ﬁ-l/p S C21 dﬁ(ZiA) . (318)
Combining (3.16) and (3.18), we obtain

1
dg@*k)

lg = Pally < llgrllp +1lg2 = Pally S e § 71
d*[logdy|, — p=1,

1 <p<oo,
(3.19)

15



and

Al 1-A
lg = Pall2 < lgall2 + lge — Pall® < condi ™", 5y <p<1l (320

Recall that d,, = ||, where & € L,, N ;. Applying the results of [16] to
the conformal mapping ¥ := &~ we obtain

2 = U(@(2))-(D(0)) = a (@(z) — D(0)) V4o ((@(z) — DO)) asz 0,

where \;7 is the exterior angle at z; = 0, and a # 0. Thus

d, = €] < co3 miLn |z| < oy NN < eogn T, n € N,
zEe n
and

A

n pE=, 1 <p<oo,

A
lg — Pull, < ca5 § n” 2% logn, p=1, (3.21)

_AQ-D A

n rE-2 7 CESY <p<l,

where n > 2, by (3.19)-(3.20). Hence there exists a sequence of polynomials
@, such that

nip@iﬂ, 1<p<oo,
()2 = Qully < c26 § n Txlogn, p=1, (3.22)
A=)y 1—x
n pr-X) , EIY <p < 1,

for n > 2. Since |((¢/)'? — Q,) o @/}‘p |¢'| is subharmonic in Dy, we have
p

1= Qu(QF = (@' = Q)| = | (@ @) = Quiw(©)| [v'(0)

< 5= - @

p
.
Thus (2.1) follows from (3.22) and the extremal property (1.3) of Qnyp, as

@) = G,

< [[@)"" = (@ = @u(©) + 1)

p p

The second part of the theorem, stated in (2.2), is a direct consequence
of (2.1) and Theorem 1.2.
|
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Proof of Theorem 2.2. We use a combination of methods employed in the
previous proof and in the proof of Theorem 2.1 of [5]. Note that the analytic
arcs can only have a polynomial order of contact at the junction points z;, j =
1,...,m, as explained in Remark 2.3 of [5] and its proof. Thus we have z°-
type outward pointing cusps with some finite ¢ > 1. Applying analytic
continuation via reflection to ¢, we write the Cauchy integral formula (3.9)
for (¢/)'/?, and again reduce the problem to approximation of the function g
in (3.10). The only difference from the proof of Theorem 2.1 is that instead of
the lens shaped domain S; one has to use a symmetric in real axes domain,
bounded by the arcs of y = +Az® and y = +A(1 — x)%, where A > 0 is
sufficiently small (see [5] for the details). In this case, we have

dist(z,0G) > ¢, 11<ni<n |z — 2%, z € dG, (3.23)

instead of (3.7), by Lemma 4.2 of [5].

Let @ :  — A be a conformal map of Q := C\G onto A := {w : |w| > 1},
satisfying the conditions ®(o0) = oo and ®’(00) > 0. Define the level curves
of ® by

L, ={2€Q:|®(2)|=u}, u>1.

Let G, := Int L,, u > 1, be the domain bounded by L,,. Denote v, := yNG,,
and 2 := v\ 71, so that 7, lies exterior to L,. Hence the function g, of (3.11)
is holomorphic in G,, and is well approximable by polynomials. Namely,
we obtain from Theorem 3 of [23, p. 145] that there exists a sequence of
polynomials {p, }>°, such that

n -n
|92 = Pulloc < CQW gé%x lg2(2)| v™", n €N, (3.24)

where ¢, is an absolute constant and 1 < v < u. On choosing v = 1 + 2n~*

and v = 14+ n~°, with s € (0,1), we estimate

,t 1/p
TOIPAES P (AU P
2€Gy v |t— 2 min |t — z|
2€Gy,tEY2
C3

dist(Lu, Ly)’
where dist(L,, L,) is the distance between L, and L,. Note that

dist (L, Ly) > ca(u —v)?,
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by a result of Loewner (see [2, p. 61]), which implies
dist(L, L,) > cyn™ 2.

We conclude that

max |ga(2)] < esn®,

and, using (3.24), we obtain that
g2 = Palloe < cen' ™ (1 +n"%)™" < enttse ™ " p e N. (3.25)

For the companion function g; of (3.11), we estimate

[gored] _ 1o
< 3.26
1910 < max/ ]t—Z’ - te% dlst(t L) ( )

since |y1| — 0 when n — oo. We now show that ||¢1]| is sufficiently small.
Indeed, we have by Corollary 1.4 of [18] that

; R— o)
6(1)] < s w166

e R[] __16() — 9()]

t < LR o VA

o0l < d dist(t, L) = dist(t, L)

where z; is the endpoint of v, and the cusp point of L. It follows by Lemmas
4.4 and 4.2 of [5] that

tefha

6(8) = B(2))| < cnexp <_|7)

t— Zj|a_1
S C13 €Xp (—614 [dlSt(t, L)]b) s t € Y1,
where b < 0. Applying these estimates in (3.26), we obtain that

exp (—cyy [dist(, L)]"/p)
[dist(¢, L)]1+1/7

| g1]|0c < €15 max
tev

Since the function 7 '~'/?exp(—ca®), where ¢ > 0 and b < 0, is strictly
increasing on an interval (0, xo), we deduce from the previous inequality that

exp (—euq [dist(t,, L)]*/p)
[dist(t,, L)]1+/e 7

1910 < 15 (3.27)
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where ?, € L, and v = 1+ 2n"* is sufficiently close to 1. It is known that
U := d~! is Holder continuous on A (see Theorem 3 in [17]), so that

dist(t,, L) < ci6(u — 1)% < c1on™7,

for some > 0. Hence we obtain from (3.27) that

191 ]loc < c1gnTVPF exp (—e1gn " /p), neN. (3.28)
Combining (3.25) and (3.28), we have from (3.11) that

19 = pnlloc < c20exp (—can”), n €N,

where r € (0,1) is any number satisfying » < min(1 — s, —s@b). Further-
more, this immediately implies that there exists a sequence of polynomials
{P,(2)} such that

1(¢")/? = Pulloc < cazexp(—can”), n €N, (3.29)

by (3.9). That concludes the proof of (2.3), since by the extremal property
(1.3)

@) = Qu,

<@ = (R PO+ 1)

<i |0 - (P = PO +1)||_ <20 || @) - P

p

o0

Equation (2.4) follows from Theorem 1.2 and (2.3).
|
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