NORMS EXTREMAL WITH RESPECT TO THE MAHLER MEASURE

PAUL FILI AND ZACHARY MINER

ABSTRACT. In this paper, we introduce and study several norms which are constructed in
order to satisfy an extremal property with respect to the Mahler measure. These norms are
a natural generalization of the metric Mahler measure introduced by Dubickas and Smyth.
We show that bounding these norms on a certain subspace implies Lehmer’s conjecture
and in at least one case that the converse is true as well. We evaluate these norms on a
class of algebraic numbers that include Pisot and Salem numbers, and for surds. We prove
that the infimum in the construction is achieved in a certain finite dimensional space for
all algebraic numbers in one case, and for surds in general, a finiteness result analogous
to that of Samuels and Jankauskas for the t-metric Mahler measures.

1. INTRODUCTION

1.1. Background. Let K be a number field with set of places M. For each v € Mg lying
over a rational prime p, let || - ||, be the absolute value on K extending the usual p-adic
absolute value on Q if v is finite or the usual archimedean absolute value if v is infinite.
Then for o € K*, the absolute logarithmic Weil height A is given by

[Kv : Qv] +
h(a) = —— X lo Q
where log™ t = max{logt,0}. As the right hand side above does not depend on the choice
of field K containing «, h is a well-defined function mapping Q" — [0, 00) which vanishes

precisely on the roots of unity Tor(@x). Related to the Weil height is the logarithmic
Mahler measure, given by

vEME

m(a) = (dega) - h(a),
where deg o = [Q(a) : Q]. Perhaps the most important open question regarding the Mahler
measure is Lehmer’s conjecture that there exists an absolute constant ¢ such that

(1.1) m(a)>c¢>0 forall acQ\ Tor(Q").

The question of the existence of algebraic numbers with small Mahler measure was first
posed in 1933 by D.H. Lehmer [§]. The current best known lower bound, due to Dobrowolski
[4], is of the form

log log d 5 _ _
m(a) > (Cm) forall aeQ”\ Tor(Q")

where the implied constant is absolute.
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The Weil height h naturally satisfies the conditions of being a metric on the space
G=0Q"/Tor(@")

of algebraic numbers modulo torsion, and in fact, viewing G as a vector space over QQ written
multiplicatively (see the paper of Allcock and Vaaler [I]), it is easy to see that h is a vector
space norm. The study of the Mahler measure on the vector space of algebraic numbers
modulo torsion presents several difficulties absent for the Weil height, first of which is that
while m also vanishes precisely on Tor(@x), unlike h, it is not well-defined on the quotient
space modulo torsion. To get around that difficulty, Dubickas and Smyth [6] first introduced
the metric Mahler measure, which gave a well-defined metric on G satisfying the additional
property of being the largest metric which descends from a function bounded above by the
Mahler measure on Q. Later, the first author and Samuels [10, 12] defined the ultrametric
Mahler measure which satisfies the strong triangle inequality and gives a projective height
on G. It is easy to see that the metric and ultrametric Mahler measures each induce the
discrete topology on G if and only if Lehmer’s conjecture is true.

In this paper we will introduce vector space norms on G which satisfy an analogous
extremal property with respect to the Mahler measure as the metric Mahler measure does.
Before presenting our constructions, let us fix our notation. We denote the LP Weil heights
for 1 <p < oo by

K, :Q, 1/p
mia) = (X FE S ogall ) o ek,
vEME

noting that the classical Weil height satisfies 2h = h; (see [1]) and is well-defined, indepen-
dent of choice of K. For p = oo, we let

hoo(a) = sup [log |lal,] for a€ K™,
vEMK

noting that this height serves as a generalization of the (logarithmic) house of an algebraic
integer (see Section below for more details). Analogously, we have the LP Mahler
measure defined on Q to be my(a) = (dega) - hy(a), where my = 2m is twice the usual
Mahler measure.

For an algebraic number o € @X, we let a € G denote its equivalence class modulo
torsion. Let d : G — N be given by

dla) = min deg(a,
CETor(QX)

where (a ranges over all representatives of the equivalence class . The minimal logarithmic
Mahler measure is defined to be the function m : G — [0, 00) given byE|

m(a) = d(a)h(a).
(Recall that h,, is constant on cosets modulo torsion, so that h,(c) = hy(a) for all & € Q)
More generally, we define the minimal logarithmic LP Mahler measure
mp(@) = d(a)hy(ev).

1The usual Mahler measure is not defined on G , thus our use of m for the minimal Mahler measure should
result in no confusion.
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This function is called minimal because it yields, for any element o € G, the minimal
logarithmic LP Mahler measure amongst all of the representatives in @X of our « € G
that is,
mp(a) = min  my(al).
C€Tor(Q™)

Let us now recall the construction of the metric Mahler measure m : G — [0,00) of
Dubickas and Smyth [6]. This construction may be applied to any height function as in [7]
and will in general produce metrics defined on G modulo its zero set. The (logarithmic)
metric Mahler measure is defined by

3

n
(@)= _inf > m(ew),
i=1

where the infimum is taken over all possible ways of writing any representative of ¢ as a
product of other algebraic numbers. This construction is extremal in the sense that any
other function g : G — [0, 00) satisfying

(1) g(a) < m(a) for all @ € G, and

(2) g(aB™) < gla) + g(B) for all a0, B € G, (Triangle Inequality)

is then smaller than 7, that is, g(a) < m(a) for all a € G. Equivalently, lifting to @ in
the natural way, it is easy to see that m satisfies the same extremal property with respect
to the logarithmic Mahler measure. This extremal property is characteristic of the metric
construction for height functions [6), [7, [L0].

1.2. Main results. The space G has a vector space structure over Q (written multiplica-
tively), so we might ask if there exists a vector space norm satisfying the same extremal
property with respect to the Mahler measure. We define the extremal norm m,, associated
to m,, to be:

n
mp(a) = inf > " |rilmy(c),
a:allmo&" =1

where the infimum is taken over all ways of writing a as a linear combination of vectors
a; € G with r; € Q. (Observe that my,(a”) # |r|mp(a) for general o € G and r € Q*, so
that in general the metric construction m, and the norm construction m, will not agree.)
We prove that m,, is a well-defined vector space norm on G which is extremal amongst all
seminorms with respect to the Mahler measure, in the sense that if g : G — [0,00) is a
function satisfying

(1) g(a) < my(ax) for all @ € G,

(2) g(aB™) < g(@) + g(B), and

(3) g(a") = |r|g(e) for all @ € G,r € Q,
then g < my, that is, g(a) < my(ax) for all a € G.

Our main result is a finiteness theorem for the extremal norm m; analogous to the main

result of [12] for the infimum of the metric Mahler measure. Let K be a number field and
let

Vi ={a":reQand a € K*/Tor(K*)}
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be the vector subspace inside G spanned by elements of K* / Tor(K*). Notice that a € Vi

if and only if for any coset representative a € @X we have o' € K* for some n € N. Let
Mp be the set of places of K, and let S C Mg be a finite set of places of K, including all
archimedean places. Then for any field extension L/K, define

Vis={aeVy:|al,=1forw|ve Mg\ S}

Observe that by Dirichlet’s S-unit theorem, V7, g is a finite dimensional vector space. Our
main result is the following:

Theorem 1. Let o € Vi, where K is Galois. Then there exists a finite set of rational
primes S, containing the archimedean place, such that

mi(a) = > [F: Q] h(ar)
FCK
where ap € Vg, a = [[pcx @r. Furthermore, for each pair of fields E C F C K,
hi(ar) ﬁell‘}gs hi(ar/B).
We may interpret the last sentence of Theorem [1| as saying the norm of each a g is equal
to the quotient norm of aup with respect to any subfield.

For p > 1 we are able to show that m, attains its infimum on roots of rationals by
computing my(a) = hy(a) directly for such numbers in Proposition (See Samuels and
Jankauskas [13] for analogous results on the p-metric construction

In order to prove our main result on the infimum of my, we prove in Section several
results related to heights of algebraic numbers modulo multiplicative group actions very
much related to the results of A.C. de la Maza and E. Friedman [I1], which we interpret
as results about quotient norms. In particular, for L/K and a € Vi, g, we use essentially
the same proof used in [I1] to show in Theorem [4] that the infimum infgey, 4 h(aB7!) is

attained in the closure W,S In Theorem [5, we show that under certain extra conditions
we may find the infimum infgey,, o h(@B™") within Vi g, extending a result of [I1]. In
our final result on quotient norms, Theorem |§|7 we show that for ¢ € Vg we can find an
element 1 € Vi g of minimal height which satisfies both

(1) hi(an™) = ﬂeirvlishl(aﬁ‘l), and
(2) hi(n) + [L: Klhi(an™) = 661%5 (M(B) +[L: Klh(aB™)).

We then construct an S-unit projection which allows us to reduce to finite dimensions,
which we believe is new and of interest in itself as it is a nonincreasing map with respect
to the height.

2The p-metric construction studied in [13] is very different from our metric construction f f. The
p-metric Mahler measure M), is the infimum over all representations & = a; - - - o, of the £ norm of the
vector (m(a1),...,m(ay)). One notable difference between the two constructions is that m, satisfies the
triangle inequality m,(a8) < mp(a)+m,(3), while M, satisfies a p-metric triangle inequality M, (ag)? <
My (a)? + Mp(B)P. However, when p = 1, they are essentially the same: mi(a) = M ().
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1.3. Applications to Lehmer’s problem. Given that the norms m, are extremal with
respect to the Mahler measure, it is natural to ask what applications these norms have to
the Lehmer problem. Define A C G to be the set of 1 # a € G which have a representative
« satisfying the following properties:

(1) « is an algebraic unit.

(2) [Q(a™) : Q] = [Q(a) : Q] for all n € N.

(3) For any proper subfield F of K = Q(c), Norm& («) € Tor(F*).
The conditions of the set .4 are exactly, in the terminology of [9], that a be a unit, repre-

sentableEl, and projection irreducible, respectively. Then in [9, Theorem 4] it is proven that
for any 1 < p < oo there exists a constant ¢, such that

(1.2) mp(a) = (dega) - hy(a) > ¢, >0 forall ac Q" \ Tor(Q™)
if and only if
(1.3) mp(a) =d(a) - hy(a) > ¢, >0 forall ac A

We note that equation ([1.2]) is equivalent to the Lehmer conjecture for p = 1 and the
Schinzel-Zassenhaus conjecture for p = oo [9, Proposition 4.1]. Therefore we formulate the
following conjecture:

Conjecture 1. For each 1 < p < oo, there exists a constant c, such that
(1.4) mp(a) > ¢, >0 forall o€ A
Theorem 2. If Conjecture (1] is true, then (1.2)) holds.

In particular, for p = 1 implies that Lehmer’s conjecture is true, and for p = oo
equation implies that the Schinzel-Zassenhaus conjecture is true.

For p # 2, we are unable to prove the converse to Theorem [2| We nevertheless expect
the result is true and make the following conjecture:

Conjecture 2. If (1.2)) holds, then C’onjecture is true.
However, when p = 2 we are able to prove that:

Theorem 3. There exists a constant co such that
ma(e) = (dega) - ho(a) > ¢ >0 forall aeQ"\ Tor(Q")
if and only if
ma(a) > ca >0 forall ac A

Proof. In [9], we construct a norm || - ||;,,2, and prove in [9, Theorem 4] that bounding

|| - |lm,2 away from zero on A is equivalent to bounding ms away from zero on Q”\ Tor(Q™).
Further, in [9, Theorem 6 et seq.] we prove that ||/, 2 < ma(a) for all a € G. It follows
by the extremal property for mo that

lal|m2 < ma(a) < mo(a)

for all a € G, and the claim now follows. |

3Such numbers are called Lehmer irreducible in earlier drafts.
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The format of this paper is as follows. In Section [2] we prove basic results about degree
functions on G and projections onto subspaces. In Section [3| we construct the extremal
norms m, arrived at by the infimum process, prove a very useful alternative formulation of
m,, in Proposition and examine explicit classes of algebraic numbers for which we can
compute the value of the norms (for example, on surds and in the p = 1 case on Salem and
Pisot numbers). Lastly in Section |4| we study m; in particular and prove our main result
that for any given class of an algebraic number the infimum in the construction of m; is
attained in a finite dimensional vector space.

The authors would like to acknowledge Jeffrey Vaaler for many helpful conversations in
general, and specifically for his contributions to Lemma [£.3] as well as Clayton Petsche and
Felipe Voloch for helpful remarks regarding this same lemma. We also thank the referee of
this paper for many helpful suggestions.

2. PRELIMINARY LEMMAS

2.1. Subspaces associated to number fields. We will now prove some lemmas regarding
the relationship between certain subspaces determined by number fields. Let G = Gal(Q/Q)
and let us define

K={K/Q:[K:Q<oo} and KY={KecK:0K =K Yo e G}.

Let us briefly recall the combinatorial properties of the sets K and K¢ partially ordered by
inclusion. Recall that K and K¢ are lattices, that is, partially ordered sets for which any
two elements have a unique greatest lower bound, called the meet, and a least upper bound,
called the join. Specifically, for any two fields K, L, the meet K A L is given by K N L and
the join KV L is given by K L. If K, L are Galois then both the meet (the intersection)
and the join (the compositum) are Galois as well, thus K is also a lattice. Both lattices
have a minimal element, namely Q, and are locally finite, that is, between any two fixed
elements we have a finite number of intermediate elements.
For each K € IC, let

Vik={a":reQand a € K*/Tor(K"*)}.

Then Vi is the subspace of G spanned by elements of K*/Tor(K*). We call a subspace
of the form Vi for K € K a distinguished subspace. Suppose we fix an algebraic number
o € G. Then the set

{KGIC:O(EVK}

forms a sublattice of I, and by the finiteness properties of & this set must contain a unique
minimal element.

Definition 2.1. For any a € G, the minimal field is defined to be the minimal element of
the set {K € K : a € Vi }. We denote the minimal field of a by K.

Note that the action of G = Gal(Q/Q) on G is well-defined (see [1]).
Lemma 2.2. For any a € G, we have Stabg(a) = Gal(Q/K,) < G.

Notation 2.3. By Stabg(a) we mean the o € G such that ca = a. As this tacit identifi-
cation is convenient we shall use it throughout with no further comment.
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Proof. Clearly Gal(Q/K4) < Stabg(a), as af € K, for some £ € N by definition of Vi, .
To see the reverse containment, observe that K, = Q(af) for some ¢ € N. Now, for
o € Stabg(a), we have oo = Ca for ¢ € Tor(Q*). Then if o(af) # of, there would
exist an m € N such that J(O/m) = a!™. Thus, o is contained in a proper supergroup of

Gal(Q/K4), so there would be a proper subfield of K, containing o™, contradicting the
definition of K. O

2.2. Representability. Observe that the action of the absolute Galois group G = Gal(Q/Q)
is well-defined on the vector space of algebraic numbers modulo torsion G, and in fact it is
easy to see that each Galois automorphism gives rise to a distinct isometry of G in the h,
norm (see [9) §2.1] for more details). Let us denote the image of the class a under o € G by
oa. In order to associate a notion of degree to a subspace in a meaningful fashion so that
we can define our norms associated to the Mahler Measure we define the function § : G — N

by
(2.1) da) =#{oa:0€ G} =[G : Stabg(a)] = [Kq : Q)

to be the size of the orbit of o under the Galois action, with the last equality above following
from Lemma 2.2

Observe that since taking roots or powers does not affect the Q-vector space span, and
in particular the minimal field K, the function ¢ is invariant under nonzero scaling in G,
that is, d(a”) = d(ax) for all 0 # r € Q. In order to better understand the relationship
between our elements in G and their representatives in @X, we need to understand when
an o € Vi has a representative a € K* (or is merely a root of an element o™ € K* for
some n > 1). Naturally, the choice of coset representative modulo torsion affects this, and
we would like to avoid such considerations. Therefore we define the function d : G — N by

(2.2) d(c) = min{degCa: a € Q", ¢ € Tor(Q")}.
In other words, for a given a« € G, which is an equivalence class of an algebraic number

modulo torsion, d(a) gives us the minimum degree amongst all of the coset representatives

in @X modulo the torsion subgroup.
A number o € G can then be represented by an algebraic number in K if and only if
d(a) = (). We therefore make the following definition:

Definition 2.4. We define the set of representable elements of G to be the set
(2.3) R={a€G:i(a)=da)}.

The set R consists precisely of the o € G that can be represented by some « € QX of
degree equal to the degree of the minimal field K4 of a.

We recall the terminology from [5] that a number a € @X is torsion-free if afoa &
Tor(@x) for all distinct Galois conjugates oa. Thus, torsion-free numbers give rise to
distinct elements oo € G for each distinct Galois conjugate oo of o in Q.

Lemma 2.5. We have the following:
(1) For each o € G, there is a unique minimal exponent £(a) € N such that o/(®) € R.
(2) For any a € Q°, we have §(ax) | deg .
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3) a € R if and only if it has a representative in @X which is torsion-free.
Y 14

Proof. For a € G, choose a representative o € @X and let
¢ =lem{ord(c/oa) : 0 € G and a/oa € Tor(Q™)}

where ord(() denotes the order of an element ¢ € Tor(@x). Then observe that af is torsion-

free. Now if a number § € @X is torsion-free, then each distinct conjugate o determines
a distinct element in G, so we have

deg 8 = [ : Stabg(8)] = [Ks : Q] = 5(8).

Thus degal = §(af). This proves existence in the first claim, and the existence of a
minimum value follows since N is discrete. To prove the second claim, observe that Q(af) C
Q(v), so with the choice of £ as above, we have §(a) = [Q(af) : Q] | [Q(«) : Q] = deg a for
all @ € Q. The third now follows immediately. O

It is proven in [9] that in fact, the minimal value /() satisfies d(a) = ¢(a)d(ax).

2.3. Projections to distinguished subspaces. Suppose 8 € Vi for a number field K.
In our proof of Theorem it will be necessary to replace an arbitrary representation
B = B1 - - By with another representation 3 = 3} - -- 3/, where each 3. belongs to Vi and
satisfies dh1(B;) < 0h1(B;). To this end, we define an operator that projects an element
a € G onto the subspace V. Let H = Gal(Q/K) < G, and let o1,...,04 be right coset
representatives from Staby(a) < H, with k¥ = [H : Stabg(a)]. Define the map Pk on
elements of G via

& 1/k
(2.4) Pk (o) = (H Ui(a)> .
=1

Lemma 2.6. Let o € G. Then:

(1) Pr(a") = Px(a)".
(2) PK(Ol) € VK.
(3) Px(a) =« for all o € V.

Proof. (1) Px(a") = Pg(a)" follows from its definition in terms of the Galois action on G.

(2) By scaling if necessary, we may assume a € R. Choose a torsion-free representative
a € Q°. Then, the result will follow from Ng(a) = 1%, oi(a), since Ng(a) () € K*. To
see this, note that for « torsion-free, a/o () is never a nontrivial torsion element, so its
orbit in @X and its G orbit coincide.

(3) Again, we may assume « € R, so that a torsion-free representative o € K*. Then
NII({(O‘) = o¥, and Pk (a) = a follows. O
Proposition 2.7. Let K be a number field. Then Py is a projection onto Vi of norm 1
with respect to the LP norms for 1 < p < oo.
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Proof. By Lemma it follows that P2 = Pk is a projection onto V. Then for 1 < p <
Oo?

k
1
1/k
ol Pic) =y (01(0) -+ ou(@) 7 < 1 3 (i) = 1 35 ) = e
since the Weil p-height is invariant under the Galois action. This proves Px has operator
norm || Pg|| <1, and since Vy is fixed for every Pk, we get ||Px| = 1. O

As a corollary, if we let G, denote the completion of G under the Weil p-norm h, and
extend Pk by continuity, we obtain:

Corollary 2.8. The subspace Vi C Gy is complemented in G, for all 1 < p < oo.

As Gy = L%(Y, \) is the L? space for a certain measure space (Y, \) constructed explicitly
in [I], and thus a Hilbert space, more is in fact true:

Proposition 2.9. For each K € K, Pk is the orthogonal projection onto the subspace
Vi C Go.

Proof. Observe that Pk is idempotent and has operator norm ||Pg|| = 1 with respect to
the L? norm, and any such projection in a Hilbert space is orthogonal (see [15, Theorem
I11.1.3]). O

We now explore the relationship between the Galois group and the projection operators
Py for K € K.

Lemma 2.10. For any field K C Q and o € G,
oPyx = Py o.
Equivalently, Pk o0 = 0P, 1.

Proof. We prove the first form, the second obviously being equivalent. Let H = Gal(Q/K),
and note that if 7 € H, then 070~ € Gal(Q/0K). Then by the definition of Pg:

)1/k
1/k

ocPkxa =0 (o1 o

= (oo1a---oox)

= (001(0*10)(1 . .ggk(ofla)a) 1/k

= ((0010—1)0a . (UUkU_l)Ja) 1/k

= aK<U a). O
We will be particularly interested in the case where the projections Pg, P, commute

with each other (and thus Pk Py, is a projection to the intersection of their ranges). To that
end, let us determine the intersection of two distinguished subspaces:

Lemma 2.11. Let K, L C Q be extensions of Q of arbitrary degree. Then the intersection
Ve NV, = VkaL.

Proof. Let o™ € K and o™ € L for some m,n € N. Then o™ € KNL,so a € Vknr. The
reverse inclusion is obvious. O
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Lemma 2.12. Suppose K € K and L € K&. Then Px and Py, commute, that is,

Pk P, = Pxnp = PLPk.
In particular, the family of operators {Px : K € K} is commuting.
Proof. 1t suffices to prove Py (V) C Vi, as this will imply that P (V) C Vg NV =
Viknr by the above lemma, and thus that Px Py, is itself a projection onto Vi, implying
Px P;, = Pgnr, and since any orthogonal projection is equal to its adjoint, we find that
Prnr, = Pr Pk as well. To prove that Px(Vy) C Vf,, observe that for a € Vp,

Pr(a) = (oro- - opa) '/

where the o; are right coset representatives of Staby(a) in H = Gal(Q/K). However,
o(Vy) = Vi, for 0 € G since L is Galois, and thus, Px(a) € Vg, as well. But P (o) € Vg
by construction and the proof is complete. [l

From these facts, we derive the following useful lemma:
Lemma 2.13. If K € K%, then §(Pxa) < §(c) for all a € G.

Proof. Let F = K,. Since K € K%, we have by Lemma that Pxa = Pg(Pra) =
Prrra. Thus, Pka € Vgap, and so §(Pra) < [KNF:Q] < [F:Q] =d(a). O

3. EXTREMAL METRIC HEIGHTS AND NORMS

3.1. Construction. The aim of this section is to construct norms extremal with respect to
the minimal Mahler measure. Let us begin by recalling the metric construction, as applied
in [6]:
Definition 3.1. For f: G — [0,00), the metric height associated to f is defined to be the
function f: G — [0,00) given by

f(a = inf Z flay),

a=o oy 4
where the infimum ranges over all possible factorlzatlons a=o1 - a,ing.
Proposition 3.2. Suppose f(a™!) = f(a) for all « € G. Then the function J? satisfies:

(1) fla )<f( ) for all a € G.

(2) fla ) fla) for all € G.

(3) f(aB™Y) < f(a) + f(B) for all o, B € G.

(4) The zero set Z(f ) ={a€eg: f( ) = 0} is a subgroup of G, and f is a metric on
G/Z(]).

It is the largest function that does so, that is, for any other function g which satisfies the

above conditions, we have g(a) < f(a) for all a € G. In particular, if f already satisfies

the triangle inequality, then f: f.

This last property of being the largest metric less than or equal to f we call the extremal
property. The construction of metric heights only uses the group structure of G, and ignores
the vector space structure. If we wish to respect scaling in G as well, we arrive at the notion
of a norm height:
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Definition 3.3. Let f : G — [0,00) be a given function. We define the norm height
associated to f to be the function f : G — [0, 00) given by

n
flay= inf > ] flew),

_ "1
a=ayan” [T

where the infimum ranges over all possible factorizations a = a}* - -- o in G with a; € G
and r; € Q.

Proposition 3.4. The norm height f satisfies the properties:

(1) fla) < fla) for all € G.

(2) f(a) =]r|f(a) for allT € Q and a € G.

(3) flap) < flo)+ F(B) for all o, B € G.

(4) The zero set Z(f) ={a € G : f(a) = 0} is a vector subspace of G.

Thus, f is a seminorm on G, and a norm on g/Z(f) It is the largest function on G that
satisfies the above properties, that is, for any other function g which satisfies the above
conditions, we have g(a) < f(a) for all a € G. In particular, if f is already a seminorm

on G, then f = f.

The proof of Proposition follows easily from the definitions. As above, we refer to
the last part of the proposition as the extremal property of the norm height construction.
Observe that if f satisfies the scaling property f(a") = |r|f(a), then f = f and the
construction is the same.

Proposition 3.5. m,, is a vector space norm on G.

Proof. It only remains to show that the m, vanishes precisely on the zero subspace of
the vector space G, which is {1}. Observe that h, < m,, and therefore, by the extremal
property,

hp(a) < my(a) forall aeg.
In particular, we see that my(a) = 0 if and only if h,(a) = 0, which occurs precisely when
oa=1. ([

Note that as the degree function § is invariant under nonzero scaling, we haxlei that
dhp(a”) = |r|dhy(a) for rational r. Therefore, the metric construction 6h, — 0h, re-
sults in a norm on G. The following result shows that this norm is exactly m,, which is
computationally very useful and will be tacitly used several times in our proofs below:

Proposition 3.6. The norm m,, extremal with respect to the Mahler measure my, is precisely
dhy, that is, my(a) = dhy(ax) for all e € G.

Proof. By Lemma there is a unique minimal ¢ € N such that
d(a’) = §(a).
Then it is easy to see that for a € G, the expression

|s/r| mp(e/*) = |s/r| d(a/*)hy(a")
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is minimized for r/s = ¢, and for that value,
|1/ d(a)hy(e) = 6(a)hy(e).
We may then conclude that

n

p(e) = inf S il mplas) = _inf Zéaz (o) = Shy(a)

- Y% a=oag n
1 noi=1 i
which is the desired result. O

3.2. Explicit values. We will now compute the values of the norms m,, on certain classes
of algebraic numbers.

Recall that a surd is an algebraic number a € @X such that o' € Q* for some n € N.
Call a € G a surd if one (and therefore all) coset representatives of a are surds.

Proposition 3.7. If a € G is a surd, then my(a) = hy(a).

Proof. Observe that d(ar) = 1 for any surd. Since h, < m, is a norm, we have by the
extremal property of m, that

hp(a) < my(a) < mp(a) forall o e€g.

But then -
mp(@) = dhp(a) < d(a)hy(a) = hy(a),
and therefore we have equality. (]

For a comparison of computations of m, on surds with the p-metric Mahler measures,
see [6], [13].
We now consider a class of numbers analogous to the CPS numbers of [6].

Lemma 3.8. Suppose that o € G satisfies my(a™) = nmy(a) for all n € N. Then
my(e) = myp(ex).

Proof. Using Theorem [If we may choose a factorization a = ey - - - ¢, so that

=3 5(ai)hpler)
i=1

By Lemma we have an exponent ¢; = {(ca;) € N such that afi e R for1<i<n. Let
k =lem{/y,...,0,}. Then observe that

k- Ohy( Za Zd > iy (af) = k().

By the extremal property, 5hp(a) < mp(a), so we must have equality, as claimed. O

Definition 3.9. Call T € G a Pisot/Salem number if it has a representative 7 € @X that
can be written as 7 = 71 --- 73, where each 7; > 1 is a Pisot number (that is, an algebraic
integer with all of its conjugates strictly inside the unit circle) or a Salem number (an
algebraic integer with all of its conjugates on or inside the unit circle, and at least one on
the unit circle).
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Proposition 3.10. Every Pisot/Salem number T is representable, that is, T € R.

Proof. 1t is easy to see that for a Pisot/Salem number 7 € G and its given representative
7 > 1 that all other Galois conjugates 7" # 7 have |7/| < |7|. Therefore 7 is torsion-free,
since otherwise there would be a conjugate 7 = {7 for some 1 # ¢ € Tor(@x)7 having the
same modulus as 7, a contradiction. It follows by Lemma that T € R. O

For a Pisot/Salem number 7 € G, it is shown in [0, Theorem 1(c)] that
mi(7") = 2log[r™| for all n e N.
Thus, by Lemma [3.8] above, we have the following result:

Proposition 3.11. Let 7 € G be a Pisot/Salem number with given representative T € @X.
Then
ml(T) = ml(T) = QIOgW.

Since there exist Pisot and Salem numbers of arbitrarily large degree, and for a Pisot or
Salem number 7 > 1 we have hq(7) = (2/ deg 1) log[7], we easily see that the norms h; and
my are inequivalent.

4. THE INFIMUM IN THE mj; NORM

4.1. S-unit subspaces and quotient norms. Let K € K be a number field with places
Mpg. Let S C Mg be a finite set of places of K, including all archimedean places. Then
for any field L, let

(4.1) Vis={aecVy:|al,=1forw|veMg\S}

Then V7, g is the Q-vector space span inside V7, of the S’-units of L, where S’ is the set of
places w of L such that w | v € S. Since we always require that S include the archimedean
places, Vi, s will always include the vector space span of the units of L.

Dirichlet’s S-unit theorem and, in particular, the non-vanishing of the S-regulator, imply
the following result:

Proposition 4.1. If S C Mg as above, then the Q-vector space Vi s and its completion
Vi s have finite dimension #S — 1. For L # K, the space Vi, s has dimension #S" — 1
where S’ is the set of places w of L such that w | v € S.

In what follows below, we will primarily require S to be a set of rational primes, including
the infinite prime. Notice that under these definitions, if K C L, then Vx ¢ C Vi 5. One
of the goals of this section will be to determine the properties of the quotient norm of
Vi.s/Vk s, in a manner inspired by the initial work of A.M. Bergé and J. Martinet [2, [3]
and in particular the more recent work of A.C. de la Maza and E. Friedman [I1].

The main result of this section is the following theorem, which is essentially an analogue
for the norm m; of the main result of [12] for the infimum of the metric Mahler measure:

Theorem Let a € Vi, where K is Galois. Then there exists a finite set of rational
primes S, containing the archimedean place, such that

mi(a) = > [F: Q] hi(ar)

FCK
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where aop € Vg, o0 = HFQK ap. Furthermore, for each pair of fields E C F C K,

hi(arp) = (ar/B).

In other words, the norm of each ap is equal to the quotient norm of ap with respect to

any subfield.

inf hy
BEVE,s

In contrast to the main result of [I2], we are unable to prove that this infimum is in fact
attained in the vector space of classical algebraic numbers G, rather than the completion.
However, our result is strengthened by the fact that the S-unit spaces in which the infimum
is attained are finite dimensional real vector spaces. Therefore, if we must pass to the
completion, we know that the terms in the infimum are limits of the form lim, ., a"™
where o« € G and r,, is a sequence of rational numbers tending to a real limit r as n — oo.

Before we can prove Theorem [I| we must first prove several quotient norm results very
much related to the results of [I1], and then we will construct an S-unit projection which
will allow us to reduce to the specified situation. Let S C Mg be a finite set of places
to be specified later, and consider two number fields K C L. Again let Vg g denote the
vector subspace of Vi spanned by the S-units of K and let V7, g denote the corresponding
subspace of Vz. Now for each v € S let d, = [K, : Q,] be the local degree. Rather than
following the usual convention and considering the places of L which lie above the places
S of K, we will consider the [L : K| absolute values which restrict to each place v (that
is, we will not consider equivalence on L nor weight such by local degrees). Thus we get
#S - [L : K] absolute values on L. Let us fix the a € V g\ Vi g for which we want to
compute the quotient norm modulo Vi g. For a given v € S, order the [L : K] absolute
values on L which extend || - ||, so that

lallor < lefloz < - <|leallo,:K)-
Now we associate to a a vector a € ROXILE] i
©:Vig— RSX[L:K]

o a = (dylog|lellvi)es, 1<i<[L:K]

Note that by the product formula and our normalization above, the sum of the components
of a is zero. By the ordering above, we also have

Ay g < Ay 41
forallv € S and 1 <i < [L: K]. The goal of this section is to prove the following results
which will be needed below:

Theorem 4 (de la Maza, Friedman 2008). For a € Vi g and the vector a = p(a) €
ROXLE] with indices ordered as above,

[L:K]

1

inf hi(aB™h) = Ay il
ﬁGVK’S 1( B ) [LQ] ; 1;3 ’
Equivalently,
[L:K]
Ha”VLys/V;(ﬂs = Z Zav,i )
i=1 'veSs
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where we are loosely using the notation Vi, s/Vi s for the quotient space of the vector spaces

o(Vk.s) C o(V.s) C RS*XIEED endowed with the L' norm.

Remark 4.2. When the authors of [11] claimed the infimum appearing in Theorem occurs
in Vi, g, they use in eqn. (2.19) that for a dense open subset of Vi ¢ = V1 s ® R (the real
span of the image of the logarithmic embedding) the components a,; for a given v may
be assumed distinct. However, this is not always true as the distinct places of L lying
above v might not be [L : K| in number (for example, if v is a finite place which ramifies
or has inertia). Thus we might always have a certain number of equalities amongst the
{ay; : 1 < i < [L: K]} for a given v. However, if we make the very minor modification
of working inside of RS*[ZK] rather than VL.s, then we have no such number theoretic
restrictions and may assume [L : K| distinct places for a given v. After adjusting for this,
the remainder of the proof in [I1] carries through to show the slightly weaker result that
the infimum actually occurs in the completion Vi g.

We make a slight extension of another result of [11]:

Theorem 5. Let o € Vi have nonzero support at only the infinite places and one finite
place v of K. Let W denote the subspace of Vi spanned by the units of K. Then there

exists 3 € W such that
D dylog lew >

e ™) = inf h(er ) = ot o (I tog | +
~YeW
w|oo
We conclude with a new theorem that will be used to describe the infimum of m;:

L
(K : Q]

Theorem 6. For a given o € Vg, there exists 1 € Vi g such that the following conditions
all hold:

(1) hi(an™) = sk M
(2) ha(m) +[L: Kl(an™) = inf (h(8) +[L: K]hi(aB™)).

(aB™Y), and

We now provide the proofs for the above results.

Proof of Theorem [{ Notice that

ZE:GUJ S;j{:avﬁ <-.-< j{:aviLJQ'

vES vES vES

Let k be an index such that

jg:‘lmk <0 SE:E:‘luk+l

veES veS
where we let k = 0 or k = [L : K] if )] cgay1 > 0or Y cga, .k < 0, respectively.
We will assume for the moment that 1 < k < [L : K| and defer the proof for the extreme
cases for the moment. Let X denote the set of x € p(Vik ) C RS*[EK] which satisfy the
conditions:

ap <y < ayper forall veS

va =0,

and
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where we use z, to denote the common value of z, ;, which must be equal for all 7 since x
arises from Vi g. It is easy to see that X is nonempty as it contains, for example,

Ty = Qo k + 7(av,k+1 - av,k:)
Ski1 — Sk
where s; = ) g ay,;. Notice that
[L:K] [L:K] k
[EETED D IHERIED DI (D DITIEFSES HINEES)
i=1 veS veS Ni=k+1 i=1
[L:K] [L:K]
B S1p o7 BNUSPRIPED S o) P
i=1 'ves vES i=1 'vesS

Since x = ¢(n) for some n € Vik g and [L : Q] hi(an™t) = |la — z|1, the result will be
proven if we can show that the above value is minimal for the function F, : R — R given
by y — ||a — y||1 where we again view y as a vector in RS*[L:K] via Yvi = Yo-

The function F, is clearly convex. As remarked earlier, we must work inside of RS*!
in order to be assured of our vectors having distinct components. Observe that for any
¢ > 0 we may find an ¢’ € RS*[L*K] guch that its components aﬁm- for a given v are distinct

L:K]

and further that ||a —ad’[|1 < e. In order that the above computation remains unchanged for
la’ — z||1, we will construct a’ from a by adding sufficiently small ¢; < 0 to each component
ay; for 1 < i < k, and adding sufficiently small ¢; > 0 for k +1 < i < [L : K] in such a
way that ) . €; = 0. We will determine the minimum of Fi; and this will in turn tell us the
minimum of F,. Let Y denote the subset of R defined by

Uy g < Yo <y forall wes,

and ), g1y = 0. Observe that by our choice of @, we have that X C Y. For our vector
from above, observe that by the triangle inequality, we have

Iz —ally = [lz = d[1] < fla = d'lls <,

and hence
|Fu(z) = Fo(2)| < lla—d'[ly <e

Thus, by allowing € to approach 0 we see that in showing F,(z) is the minimum value on
X, it suffices to show Fi/(x) is the minimum value on Y. Notice that Y is an open set of
R® and that our vector z lies in Y so it is nonempty. Notice further that by construction
of a’ the above computation at x works out still to give the same value for Fj, at any
y € Y. Therefore, as F is a convex function of RS which is constant on the open set Y,
we conclude that F,s is minimal on Y, as any convex function which is constant on an open
set attains its minimum on that set, which completes the proof for all 1 < k < [L : K].

For the remaining cases where k = 0 or k = [L : K] we make some trivial modifications
to our set X. For the case k = 0, we let X C ¢(Vg.5) C RIEEIXS he given by

Ty < Gy forall velS
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and

va =0,

where we again use z,, to denote the common value of x, ;. Now we demonstrate that X is

nonempty by constructing
S1

CLU,]_ — %
where s; = ) g ay;. In the case k = [L : K] likewise we take ) ¢z, = 0 and

Ty =

Ty > ay k) forall veS,

to define our set X and observe that we have a point given by

S[L:K)]
Ly = Ay [L:K] — 45

(noting that siz.x) < 0 in this case). The remainder of the proof continues exactly as
above. O

Proof of Theorem [5 This is in essence an application of the above theorem with T substi-
tuted as the subspace; the primary difference is that we wish to show that in this instance,
the infimum claimed is in fact attained in W, rather than W. Suppose without loss of
generality that d, log |||, < 0 so that a, < 0 (for otherwise we may replace a by a~! and
the height is unaffected). Then

s = ZdwlogHan = Zaw > 0.
wloo w|oo

Let X C (W) C RY (where S = {w € My : w | 0o} U {v}) be the set of = satisfying

Ty =0, Ty < ay, forall w]|oo,

wa:Q

w|oo

and

The set X is nonempty as it contains
Ty = ay — s/n forall w | oo,
where n = #{w € Mg : w | co}. But then

la — [l = |ay| + Z |aw — Tw| = |ay| + Z(aw — Ty) = |ay| +

w|oo w|oo

S

w|oo

I

and the claim will follow if we can show that this value is minimal, since [K : QJh1(y) =
l(7)|]1 for v € V. But X is nonempty and is open as a subspace of the hyperplane ¢(W),
where the convex function F' : ¢(W) — R given by y — ||a — y||1 is constant, therefore, it
is the minimum of this function. Since we have an open subset of (W) clearly we have a

B € W such that y = ¢(8) € X and the proof is complete. O
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Proof of Theorem [6 With notation as in Theorem [4] recall that we defined X to be the
set of all vectors z € p(Virs) C RO satisfying:

va =0,

veES

ap <y < ayper forall veS

and

where we use z,, to denote the common value of x,;, which must be equal for all ¢ since
x arises from Vi . It was shown in Theorem {| that for n € o= }(X) C m, we have
the first condition that hj(an~!) is minimized. Our goal will be to show that if we choose
1 € ¢ 1(X) of minimal height, then the remaining two conditions will be satisfied. Let us
determine then what the minimal height of z = (1) € R® can be. For a real number ¢ we
will denote t* = max{t,0} and ¢~ = max{—t,0}, so that t = ¢T — ¢~ and |t| = tT +¢".
Assume for the moment that 1 < k < [L : K| and let

(4.2) €& =0a,,—2, and €, =x) — a:;k.

Note that €,, €;, > 0 since a, < z,. It follows that we may write

(4.3) Ty = Ay + € + €,
and
(4.4) || = |ay k| — € + €.

To minimize ||z|; we want to let ), €, be as large as possible, and it is easy to see that
we must have 0 < ¢, < min{a;k,aukﬂ — ay ). Observe that min{a;k,av,kﬂ — Gy} =
Uy~ Qo g1 for suppose the minimum is y Then Uy 1 = 0, and

mln{av,k’ Ay k+1 — av,k} =0y = Ay — Ay gy

Now, suppose min{a;k, Ay fot1— Oy k) = Ay g4+1 — Gy k- Then we must have a, ;, < ay 41 < 0,
and so

min{a;k, Ay k+1 — av,k} = Oy k+1 — Quk = a;k - a;k+1-
Thus in general mln{a;k, Ay k+1 — Quk} = Ay g = Qg Define

=3 (“;k - “;k+1>

vES

to be the largest possible value for ), €,. Our proof will break into two cases. First, assume
that C' > — )" a, 1, and note that this condition is equivalent to

(4.5) PILITED DLIE
v v
Recall that ), a,; < 0 and observe that this is equivalent to

(4.6) Za:k < Za;k.
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Then by equations (4.5) and (4.6)) we may subtract from a,, a real number b, satisfying
(4.7) by > a, ;. and va = Za;k,
v v

and since a, < ay k41 implies that a;k 1 < a;k, the value b, may further be chosen to

satisfy Qpp — by, > 0 for each v. Thus, when C' > —3" a, 1, we define €, to be Qpp — by

and €, to be 0. It then follows that z, = a, i + €y € [ayk, Gy +1] for each v and Y, z, =
v a:k — >, by =0, giving us

lzll =D lavl =D e =) 2a7,,
v v v

and ||z|; is minimal since ), €, is maximized. (Our choices of €, and €] agree with our
previous definitions (4.2)), by observing that x,, = a, ;+€, = ajk—bv. Thus, if a, 1, = —a, .,
then z, = —b, <0, so that ¢, = Ay — Ty = Ty — Ay, and from (4.3)) we get €/, = 0. While
if ayp = aj,w we have 0 < b, < a,, = 0, so that z, = ajk > 0, implying €, = 0, and

_ _ o+ N -
ev—xv_av—%,k_%,k—o—%,k_%-)

Now for the second case, assume that C' < — " a, . Again, in order to minimize ||z
we want to let ) €, be as large as possible; which by construction is equal to C. But we

require
Z(ev + E{U) = - Zav,k (>0)
v

v

in order to have >, x, = 0, so this implies that we will need e, precisely such that
S S
v v v v

Then clearly

lzlly = lav

v

_ZGU‘FZE;:Z’CL%]C —Zav’k—QC
v v v v
= ZQav_Js -2 Z(a;k — 1) = Z 20, jyq-
v v v

So, by (4.5) we may express the minimal height of = in both cases as

izl = max{zza;k,zm;kﬂ}.
v v

Using such a minimal n = ¢~ !(z) € Vk,s we see that the first two claims are satisfied.
It remains to show that the third claim is true, specifically, that
hi(n) + [L : Klhi(an™) < [L : K]hi(c).
Translated into the appropriate L'-norms, this claim is equivalent to:

HxHLl(RS) + la — xHLl(R[LZK]XS) < HGHLl(R[L:K]xS)-
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Where in the term [la — z|[ 1 (gi:x)xs) We view z as a vector in RIL:K]xS

all 7. Writing this expression out, we have

Z]:):v!—i—

equivalently, rearranging these terms,

via z,; = x, for

[L:K] [L:K]

< 22 lawil

[L:K]

(4.8) 2max{2avk,2a k+1}<22<2am+ > a, >

i=k+1

which is clearly true and completes the proof for the cases 1 < k < [L : K|. For the
remaining cases, observe that for & = 0 we have z, < a,,1 and thus it is easy to see that

our minimal height is
> lail =2 2,
v v
and since the right hand side of (4.8) holds for k& = 0, the inequality still holds. The
k =[L : K| case is similar, as a,,[1.x) < ¥, implies our minimal height is

Z || = ZQQI[L:K]‘ -

4.2. S-unit projections and proof of Theorem (1] Let K be a finite Galois extension of
Q with set of places M. We normalize our absolute values by letting || - ||, be the absolute
value which extends |-|, for the rational prime p such that v|p, and let |-|, = ||- HQ[,K”:@”V[K:Q}.
Denote by S a finite set of places to be fixed later which includes all of the archimedean
places. Let Ok be the ring of algebraic integers of K and let Ug be the group of S-units
of K. Since S is finite and contains the archimedean places, we know by Dirichlet’s S-unit
theorem that Ug is a free abelian group of finite rank s = #S — 1. Recall that the class
group is the group of nonzero fractional ideals of K modulo principal ideals. It is well-
known that for number fields, the class group of a number field has a finite order, and we
will denote the order of the class group of K by h. It follows immediately that if for some
finite place v € Mg the ideal

P,={ae K :|al, <1} COg
is not principal, then
(4.9) Ph = (a) c Ok

is a principal ideal of O, since the class of Pﬁ is trivial in the class group.

The goal of this section is to construct a projection Ps : Vi — Vi g, with Vi g defined
by equation , which will be instrumental in the proof of the main theorem. Let S
consist of the following places of K:

(1) The archimedean places of K.
(2) The support of e (all places where a has nontrivial valuation).
(3) The Galois conjugates of the above places under the natural action | - |sn =

lo™ () le-
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It is clear that S is finite. We now proceed to associate a generator to each place outside
of S:

Lemma 4.3. Let K/Q be galois. For any v € Mg \ S, we can find o, € Vi such that
(1) llewlly <1,
(2) |law|lw =1 for allw € Mg\ S with w # v, and
(3) llaw|lw =1 for allw € S.
(4)

hi(ew) = infgevy s h(aw/B).

Proof. If P, = {a € K : ||a||y, < 1} C Ok is a principal ideal, then let 8 be a generator.
Otherwise, let P! = () as in and let B8 = a'/* € Vi. Clearly, 8 has a nontrivial
finite valuation only at v of |3, = p~ /¢, where e is the ramification index of v | p. By
Theorem [5| above, we can find n € Vi g such that

m(Bn) = [log|Bn|ul

weMp

= Z |log |Bw| + Z | log 87| w]

weEMK\S weS

> log |81l

weS

> 1og Bl

weS

- “Og‘5|v| +

= |10g|/8|v| +

)

where the last equality follows from the product formula for . That we have equality in
the third step above implies that either log |8n], > 0 for all w € S or log|5n|, < 0 for all
w € S. By our choice of § we have log|3|, < 0, and hence, by the product formula, all of
the S valuations of #7 must be nonnegative. We therefore can choose o, = 31 and we are
done. 0

Let v € Mg and suppose v | p for the rational prime p. Let G = Gal(Q/Q) be the
absolute Galois group, and let

H = Stabg(v)
be the decomposition group associated to the finite place v. Let a@ € Vi and take
{o1,...,0%} to be a set of right coset representatives for Staby(a) in H (where k = [H :

Staby (a)]) and then define Py : Vg — Vi to be

Pra = (o1(a) - - op ()"

Then by Proposition 2.7, Py is a projection to Vi@ C Vi for F' C K the fixed field of H, of
operator norm 1 with respect to the Weil p-height h, for 1 < p < oo. We will now construct
a system of ay, for each place v € Mk \ S.

Lemma 4.4. There ezists a set {a, € Vi : v € Mg \ S} such that each o, satisfies the

conditions of Lemma[{.3 above with the following additional property: for any w € S and
0 €G, if |lay|lw # l|awllow then ov # v.
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Proof. For each rational prime p which has a place in My \ S lying above it, pick one
particular place v | p lying above it. Choose a, to be the number constructed by Lemma
above, and let o, = Ppya, where H = Stabg(v) is the stabilizer of the place v in
the absolute Galois group as above. Notice that by the fact that Py has norm 1 and by
minimality modulo Vi g of ), in Lemma[4.3] hi(Prar,) = hi(c,). Since S is closed under
the Galois action, and H fixes the place v, «, still satisfies the criteria of Lemma For
any other place w | p lying above the same rational prime p, observe that there exists 0 € G
with ov = w. Define o, = 07 !(ew,), and repeat this construction for every rational prime
p whose extensions to K lie in Mg \ S. This gives us the entire set of a,, whose existence
we need to establish, and since the Galois action permutes the places v lying over p, the
«, thus constructed all meet the conditions of Lemma [4.3]

It now remains to see that this set has the additional property claimed. This is guaranteed
by the “averaging” over H done by Py in constructing the original o, whose orbit we took
in the above construction. Observe that if o € G fixes the v-adic valuation of a,, then
o € H. Let F C K denote the fixed field of H and view Py as the projection to Vg. Then
o, € Vi is some power of an element of F'*/Tor(F*), so by linearity, we have ca, = a,.
Thus we see that for such o € G, |[oay||w = ||aw|s-1,, unless ov # v, in which case we
have the desired conclusion. O

Corollary 4.5. Forv | p and o, in the set as constructed in Lemma d(aw,) is precisely
the number of places of K which lie over p.

Proof. As seen in the proof, if o(a,) # @y, then ov # v. While, if o(ay) = ay, then
1> ||ay|le = llo(aw)|lv = ||aw]|g—14, Which gives ov = v. O

We are now ready to construct the projection Pg : Vix — Vg g which is fundamental to
the proof of Theorem

Proposition 4.6. There exists a linear projection Ps : Vi — Vi g which satisfies the
following properties:

(1) hi(Psar) < hi(a), so ||Ps|| = 1 with respect to the Weil height norm, and
(2) §(Psax) < §(ax), and thus ||Ps|| = 1 with respect to the Mahler norm.

Proof. For our given S, let {ay, : v € Mg \ S} be the set constructed by Lemma For
each v € Mg \ S, define the map n, : Vg — Q via the requirement that

Hﬁcx;”“('@)HU —1 forall Be Vg

It is easy to see that such a value for n, must exist and be unique, since the v-adic valuations
are discreteﬁ Further, observe that

ny(By) = ny(B) + nu(y) forall B,y € Vik.

4The reader will note that by our choice of e, the function m,(-) is essentially the linear extension of
ord,(+) from K*/Tor(K™) to Vk.
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Define the map
PS : VK — VK,S

a— o H o, (@),
vEMEK\S

That this is well-defined follows from the fact that n,(a) = 0 for all but finitely many v
and from the fact that by our choice of o, and n, (), Psax has support only in S and thus
belongs to the Q-vector space span of the S-units Vi g. It follows easily from the definition
that Pg(8"v*) = Ps(8)"Ps()®, hence Pg is linear.

We will now prove that Pg satisfies the first desired property. Fix our @ € Vi and let
B = Psa € V5. Let T' denote the Galois orbit of supp(a) \ S inside M. The claim is
then that

h(B) <h (ﬁ 1T a;}v> = I (a),
veT
where we will suppress the argument in the exponents n, = n,(c). Denote S’ = Mg \ S.
Then

(4.10) hi(B) = llog|Blu| + Y [log|Blul.

weS wesS’

Now, >~ cs |10g|Blw| = 0, since B € Vi 5. We apply the triangle inequality to the remain-
ing term:

1) S oglBll< Y

weSs wesSs

log |B|w + Z Ny log |y |y
veT

3

weS

Z ny log oy |y | -

veT

Observe that by our choice of e, for v € T' in the lemmas above, we have |ay|,, > 1 for all
w € S and ||y < 1 for all w € S’. Thus,

Z va log |aty|w| < Z Z Iny]log |y |w = Z Z‘nv|(_10g|av|w)a

weS |veT weS veT weS’ veT

where the last equality follows from the product formula. But |a,|, = 1 for all w € S"\ {v}
and ||y < 1, so in fact,

D

weS

va log oty |

veT

>

wes!

va log |aey || -

veT

On observing that |3], = 1 for all w € S, we may write this same expression as:

(4.12) Z valog|avlw < Z log\ﬁ]w—l—valog]aU\w :

weS |veT weSs’ veT

Combining equations (4.10)), , and (4.12), we find that
mp) < > =h1<ﬁHaﬁ”>7

wEMg veT

log |Blw + Z Ny log |ay |w
veT

which is the desired result.
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It now remains to prove the second claim, namely that

s(8) <a(p L a*) = o(a

veT
Suppose for some o € G that 3 # 03 but o(a) = a. Then for some w € S, ||B]|w # ||18|low,

and so we must have
ez n
[[ed e

veT veT
It follows then by Lemma that for some v € T" we must have ov # v and n, # ngy, else
the w-adic valuation would not differ. But then it is easy to see that

Uz
I] e

ueT

#+

w

ow

=l = p~™/¢ # 7" = |l llng =

v agv

where e is the ramification index of v | p. Thus any contribution the [[,., ag* term might
have towards decreasing the orbit of a = B[], @ by equating two w-adic valuations of
a for w € S will nevertheless result in distinct v-adic valuations for some v € T and thus
the new orbit will be at least as large, proving the claim. U

We are now ready to prove Theorem

Proof of Theorem[1l Let o € Vi, where K is the Galois closure of the minimal field of a.
Let Px : G — Vi be the projection to Vi, S the set constructed above for K so that in
fact a € Vi g, and Pg : Vi — Vi g the projection defined in Proposition where Vi g
is the Q-vector space span of the S-units in K* modulo torsion. Notice that in fact, for
some set S’ C Mg, we have

U{wGM@:wM}EMK}: U{wEM@:w|p€MQ}
vES peS’

by the requirement that S be closed under the Galois action. S, as a set of places on K,
meets the criteria set forth in the theorem statement. Let P = PsPyx : G — Vg g. By
Lemma and Propositions and we have that 0hy(PB) < 0hi(B3) for all 8 € G.
Since P is linear and o € Vi g, note that o« = Pe, so if we have a factorization of o into
a; €Gfori=1,...,n, then

a=a; o, = a=(Paj) - (Pay),

and Pa; € Vi g for all i = 1,...,n. Then by our established inequalities for Px andPg
with respect to dhq,

Zn: 5h1(PaZ-) S Zn: (5h1(a,~).
=1 i=1

Hence we may take the infimum within Vi g. Associate to each term in the infimum its
minimal subspace Vg g C Vi g containing it for F' C K. If we have more than one term for
any given minimal subspace Vg g, notice that the § values are equal and we can combine
any such terms by the triangle inequality for hy. Thus, the first part of the claim is proven.
The remaining criterion easily follows from observing that the choice of ap can be made
in accord with Theorem [Gl O
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