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Abstract
EDWARD RICHMOND: Recursive structures in the cohomology of flag
varieties
(Under the direction of Prakash Belkale)

Let G be a semisimple complex algebraic group and P be a parabolic subgroup of GG and
consider the flag variety G/P. The ring H*(G/P) has interesting combinatorial structures
with respect to the additive basis of Schubert classes. For example, if G = SL(n) and P is
a maximal parabolic, then G/P is a Grassmannian and the structure constants of H*(G/P)
with respect to the Schubert classes are governed by Schur polynomials and the Littlewood-
Richardson rule. We consider the flag varieties associated to the groups G = SL(n) and
Sp(2n) and take P to be any parabolic subgroup (not necessarily maximal). We find
that H*(G/P) exhibits Horn recursion on a certain deformation of the cup product. Horn
recursion is a term used to describe when non-vanishing products of Schubert classes in
H*(G/P) are characterized by inequalities parameterized by similar non-vanishing products
in the cohomology of “smaller” flag varieties. We also find that if a product of Schubert
classes is non-vanishing on this deformation, then the associated structure constant can be
written as a product of structure constants coming from induced maximal flag varieties.

We also look at a generalization of Horn recursion to the “branching” Schubert calculus
setting. Consider a semisimple subgroup G C G and an induced embedding of flag varieties
G /15 — G/P. We construct a list of necessary Horn conditions to determine when the

pullback of a Schubert class is nonzero in H*(G/P).
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CHAPTER 1

Introduction
Let G be a connected semisimple complex algebraic group and let P be a parabolic
subgroup containing some fixed Borel subgroup B and consider the homogeneous space
G/P. If W is the Weyl group of G, let W7 be the set of minimal length representatives
of the coset space W/Wp where Wp denotes the Weyl group of P. For any w € WT,
define [A,] to be the cohomology class of the Schubert variety A, := BwP C G/P. It
is well known that the elements of W parameterize an additive basis of the cohomol-
ogy ring H*(G/P) = H*(G/P,Z). The general problem we address is to determine the

2 ..., ,w* € WP and assume that

product structure with respect to this basis. Let w!, w
> p_qcodim A x = dim G/P. Then [];_,[A,x] = ¢[pt] for some structure constant ¢ € Zx.
The two questions we ask are: Under what conditions is ¢ # 0 and more specifically, can

we explicitly compute ¢? Equivalently, we can ask: When is the intersection of general

translates

glAwl N gQsz n---N gsAws

nonempty? and if so, how many points are in the intersection?

Horn’s conjecture [8] on the Hermitian eigenvalue problem provides an interesting an-
swer to the first question in the case where G = SL(n) and P is a maximal parabolic.
In this case, G/P is the standard Grassmannian Gr(r,n). The result is that a product
of such classes in H*(Gr(r,n)) is non-vanishing if and only if the s-tuple (w!,w?, ..., w®)

satisfies a certain list of linear inequalities called Horn’s inequalities. Remarkably, Horn’s



inequalities themselves are indexed by the non-vanishing of similar products in smaller
Grassmannians (Horn recursion). Hence s-tuples with nonvanishing structure constants
can be determined by a “cohomology free” algorithm. Horn’s conjecture was proved by the
work of Klyachko [11] and the saturation theorem of Knutson-Tao [12]. Belkale [2] later gave
a geometric proof of Horn’s conjecture set in the context of intersection theory. Purbhoo-
Sottile [15] have shown that any G/P where P is cominuscule (i.e. the associated simple
root to the maximal parabolic P occurs with coefficient 1 in the highest root) exhibits Horn
type recursion as well. A general discussion about the connection of Horn’s inequalities to
other topics can be found in [6,7].

The second question on computing structure coefficients has also been studied. Classi-
cally, structure coefficients for the Grassmannian can be realized as Littlewood-Richardson
numbers [13,17] which have nice combinatorial formulas. There has been much work to pro-
duce analogues of Littlewood-Richardson rules for other flag varieties G/P. In particular,
a rule for isotropic Grassmannians (with respect to a symplectic or orthogonal form) was
proved by Stembridge in [20] and for general (co)minuscule flag varieties by Thomas-Yong
in [21].

In the first part this thesis we consider partial flag varieties G/P for the groups G =
SL(n) and Sp(2n). We find that G/P exhibits Horn recursion on a certain deformation of
the cup product and that the structure coefficients are a product of structure coefficients
coming from induced maximal flag varieties. This deformation can be described by the
notion of Levi-movability initially defined in [3]. Let L be the Levi subgroup of P C G. We
say (w!,w?,...,w*) is Levi-movable (or L-movable) if > 7_; codim A, x = dim G/P and for
generic (11,12, . ..,1ls) € L® the intersection (;_; l;(w") 1A, meets transversally at the point
eP € G/P. If (w',w?,...,w®) is L-movable, then the associated structure coefficient ¢ # 0,
however the converse is generally not true. The notion of L-movability defines a new product

on the cohomology of G/P denoted (H*(G/P),®¢). This new product is commutative,



associative and satisfies Poincaré duality. In the case of cominuscule flag varieties, the
usual product and new product coincide (see Section 2.1.2 for more details). We also briefly
consider the entire cohomology ring H*(SL(n)/P) and construct some necessary criteria
for all non-vanishing products of Schubert classes.

In the second part of this thesis, we generalize Horn recursion and Levi-movability to
branching Schubert calculus. Consider the following restatement of the original question
found the beginning of this chapter. Let G be a connected semisimple complex algebraic
group and consider the diagonal embedding of G — G?®. For any parabolic subgroup
P C G, we have the induced embedding ¢ : G/P — (G/P)*. If Ay := (Mg, A2, ..o Ays)

is a Schubert variety of (G/P)*, we can ask: Under what conditions is

¢"([Aw]) # 07

This question is equivalent the original question: When is [[;_;[A,x] # 07 Instead of the
diagonal embedding, consider the setting where G is any semisimple algebraic subgroup of
G. Choose parabolic subgroups P and P such that ¢ : G/P — G/P. We can now ask
the same question: If w € WP, under what conditions is ¢*([Ay]) # 0? The mathematics
addressing this more general setting is called “branching Schubert calculus”. In this thesis,
there are three main results on this topic. First, we construct a list of necessary inequalities
which generalizes Horn’s inequalities. Second, we generalize the notion of Levi-movability
and give a numerical condition to determine when w € W is Levi-movable given that
¢*([Aw]) # 0. Finally, we construct a second list of necessary Horn inequalities which
generalizes the Levi-Horn recursion established in the first part of this thesis. Note that
these Horn inequalities are only necessary conditions. It is an interesting question to ask in

what cases are they sufficient.



1.1. Results for type A flag varieties

The homogeneous space SL(n)/P corresponds to a partial flag variety F¢(a,n) for some

set of integers a := {0 < a; < ag < --- < a, < n} and the set W7 can be identified with
Sp(a) == {(w(1),w(2),...,w(n)) € Sp | wi) <w(i+1)Vid¢a}

where S, denotes the permutation group on [n] := {1,2,...,n}. We denote type A Schubert

cells by Xy, 1= Ay

1.1.1. Horn recursion for F/(a,n)

Assume that the associated structure constant to (wl, w?, ..., w*) € S,(a)® is nonzero

and for any i € [r], consider the projection f; : Fl(a,n) — Gr(a;,n). The expected
dimension of the intersection (V;_; fi(X,x) in Gr(a;,n) is nonnegative and hence for any

i € [r], we have

ZZ(n—ai—i—j—wk(j)) < ai(n — a;). (1.1)
k=1 j=1
We find that F¢(a,n) exhibits Horn recursion on the boundary where the inequalities (1.1)

are equalities. Before we state the first main result, we need the following definition of

induced permutations:

Definition 1.1.1. For any permutation w € S,, we define the associated permutation to
any ordered subset A = {a1 < a2 < --- < aq} C [n] of cardinality d by the following:

Let wa(k) = #{a € A | w(a) < w(ax)} and define the permutation

wa = (wa(l),wa(2),...,wa(d)) € Sy.



Set ap = 0 and a,+1 = n and let b; := a;—a;—1. Consider the subset 4; := {a;—1+1 < a;—1+

2 <---<ai}. Forany w € Sy(a) and {i < j} C [r+ 1], define w; ; := wa,ua; € Shi+b (b;).

Theorem 1.1.2. Let (w',w?,...,w*) € S,(a)® be such that

) " codim X, = dim Fé(a,n). (1.2)
k=1

Then the following are equivalent:

(i) 17—, [Xwr] = a nonzero multiple of a class of a point in H*(Fl(a,n)) and

ZZ(”—CLMLJ— (J)) ai(n —a;) Vi€ [r]. (1.3)

k=1 j=1

(ii) The s-tuple (w',w?, ... w*) is L-movable.

(iii) T1;_1[ X | = a nonzero multiple of a class of a point in H*(Gr(b;, b; +b;)) V {i <
7

gy < lr+1].
(tv) For any {i < j} C [r+ 1] the following are true:

(iva) The sum Y ;_; codimX, r = dim Gr(b;,b; + b;).
2
(ivb) For anyl < d < b; and any choice (u',u?, ..., u®) € Sq(b;)* such that [[;_;[Xx] =
a nonzero multiple of a class of a point in H*(Gr(d,b;)), the following inequality
is valid:

s d
(b ok ( wﬁj(uk(z))) < db. (1.4)

k=1 I1=1
Note that (iii) < (iv) is immediate by Horn’s conjecture applied to the Grassmannians
Gr(bs, bj+b;). Hence we will prove Theorem 1.1.2 by focusing on (i) < (i1) and (ii) < (ii7).

The main object we use in the proof is the tangent space TzF¢(a,n) at the standard partial

flag E. We find that the tangent subspaces of Schubert cells corresponding to a L-movable



s-tuple decompose nicely with respect to a certain decomposition of the tangent space of
Fl(a,n). Fix a splitting Q1 & Q2 & - -- @ Qr41 of C" such that E,, = Q1 Q2 --- & Q.

Then there exists a natural decomposition

r+1
TipFl(a,n) ~ @ Hom(Q;, Q).

1<j

In Propositions 3.2.5 and 3.2.7, we show that for any [ € L and w € S, (a),

r+1
Tep(lw ' Xy) ~ €D (Hom(Qi, Q)) N T, (lw™' Xy)).
1<j
Hence (w',w?,...,w®) is L-movable if and only if (;_; T5(l;(w") ' X,,) is transversal in

each summand Hom(Q;, Q;) € TpF{(a,n) for generic (I1,1,...,ls) € L.

1.1.2. Necessary conditions for the standard product on H*(F{(a,n))

A natural question to ask is: Does the full product structure on H*(F¢(a,n)) exhibit
Horn recursion? The answer to this question at this point is unclear. We begin a discussion
on this question by constructing a new set of inequalities in which the inequality (1.1) is
a special case. The techniques used to produce these necessary inequalities are inspired
by the work of Purbhoo-Sottile in [15]. Consider the projection of T:F/(a,n) onto any
vector space V. Indeed, if T;F¢(a,n) — V is a surjection of vector spaces, any transversal
intersection of subspaces in TzF¢(a,n) will be projected to a transversal intersection in
V. We apply this technique to the natural geometry of TzF/¢(a,n) and construct a set of
necessary conditions. For any w € S,(a), let A, := {w(aj + 1), w(a; +2),...,w(n)} and
define

Pl (1) == #{p € A, | p < wia; + wi(l) - 1)}



where wj; is the image of w under the map S, (a) — Sp(a;).

Theorem 1.1.3. For any (w',w?, ... ,w®) € Sy(a)® such that [[;_,[X,x] # 0, we have

that

“(n— a4y — PL0) S an—a;) Vi <3} C I (15)
k=1 [=1

Note that if i = j, then pk/(I) = w;(I) — [ and hence the inequalities (1.5) are exactly the

inequalities (1.1).

1.1.3. Computing structure coefficients for F/(a,n)

Let cy, ,, be the structure coefficient defined by the product

vESH(a)

In the case of the Grassmannian, the coefficients cy, ,, are Littlewood-Richardson numbers

u

which have several nice combinatorial formulas. However computing these coefficients for

Fé(a,n) is much more difficult. We find that if ¢, , is associated to an L-movable 3-

u

« 18 a product of Littlewood-Richardson numbers. It is well known that the

tuple, then ¢,
coefficient ¢, ,, is the number of points in a generic intersection of the associated Schubert
varieties if the intersection is finite. Consider the projection of f; : Fl(a,n) - Gr(a,n).

For any Schubert cell X,, C F¢(a,n) we have the induced Schubert cells X, := f1(Xy) C

Gr(ai,n) and Xy, = X, N fr (V) in the fiber over any point V € X,,. The Weyl

l

group element wy is the image of w under the map S,(a) — Sy (a;). The fiber f{ (V) ~
Fl(ay,n — a1) where a, = {0 < az —a; < --- < a, —a; < n—ar} and wy = wy where
A= U:;“QI A; under Definition 1.1.1. We now state the main result on type A structure

coefficients.



Theorem 1.1.4. Let (w',w?,...,w®) € Sy(a)® be L-movable. If c,c1 and ¢y are the struc-

ture coefficients:

in H*(Fl(a,n)), H*(Gr(a1,n)) and H*(F{(ay,n — a1)) respectively, then ¢ = c1 - ¢y.

In Proposition 4.2.3, we show that if the s-tuple (w',w?,...,w*) is Levi-movable, then so
is (w%, w?/, e wi) Hence we can once again use Theorem 1.1.4 to decompose c,. Thus

computing L-movable structure coefficients completely reduces to computing these coeffi-
cients in the Grassmannians Gr(b;,n — a;—1) for i € [r]. Note that these are not the same

Grassmannians found in Theorem 1.1.2 (447).

1.2. Results for type C flag varieties

Fix C?" a 2n dimensional complex vector space with a nondegenerate skew-symmetric
form. The homogeneous space Sp(2n)/P corresponds to an isotropic partial flag variety
IF(a,2n) for some set of integers a = {a1 < az < --- < a,}. If a consists of a single integer
{r}, we will denote IF(a,2n) by the isotropic Grassmannian IG(r,2n) and if r = n, the

Lagrangian Grassmannian LG(n,2n). The set W can be identified with

S$ (a) :={w e Sop | w2n+1—i)=2n+1—w(i) Vi € [n] and w(i) < w(i+1) Vi ¢ a}.

We denote type C Schubert cells by &, := A,,.



1.2.1. Horn recursion for IF(a,2n)

In this section we state the analogue of Theorem 1.1.2 for IF(a,2n). In this case, the
set a induces a natural partition of [2n]. Let a; := 2n+1—a; and set ag = 0 and ap = 2n+1.

For any k € [r], let

Iy = {ap—1+1lak1+2,...,a}
I, = {ag,ap+1,...,ap_1 — 1}
I = {ar + 1,0, +2,...,a,}.

Clearly 2n] =L U---UI. U TUI, U---UI. Define the unions

k k
Ik::UIi and fk::UI:i and I* := [2n]\(I* U IY).

=1 i=1

For w € Sy, and any subset I C [2n], let w(I) := {w(i) | ¢ € I} C [2n]. Also for any two
sets I, J C [2n], define

1> J|=#{G,5) €IxJ]|i>j}

As in Section 1.1.1, let b; := a; — a;_1 (note that we still take a,41 = n). For w € S (a)

consider the following induced permutations using Definition 1.1.1:
(i) For any {i < j} C [r], denote w; j := wr,ur; € Sp;+b,(bi)
(ii) For any {i < j} C [r], denote w;; := wy, 7, € Sp,+b, (bi)
(iii) For any i € [r], denote w; := wy 7 € Sp,+25,,,(bi)

(iv) For any i € [r], denote w; := w4 € Saq,(a;) where A = I¥ U I,



Similar to (1.1), we consider a necessary numerical condition where IF(a,2n) exhibits Horn
recursion on the boundary of this condition. Let (w',w?, ..., w®) € (5S¢ (a))® be such
that the associated structure constant is nonzero. Let w; denote the projection of w in

SS (a) — SS (a;). For any i € [r], we have that

> codim®, + codim®e < dimIG(ay, 2n) + dim LG(a;, 2;) (1.6)
k=1

Note that the geometric interpretation of (1.6) is different compared to (1.1).

Theorem 1.2.1. Let (w',w?, ..., w®) € (S, (a))® be such that
> codim(®,,) = dim IF (a, 2n). (1.7)
k=1

Then the following are equivalent:

(i) [Ty [@yur] = a nonzero multiple of a class of a point in H*(IF(a,2n)) and

S (T > w* ()] + w (1) > n| = ai2n —a; + 1) Vi € [r]. (1.8)
k=1
(ii) The s-tuple (w!,w?,... w*) is L-movable.

(i1i) The following are true:

(11ia) The products HZ:1[X1U§J] and HZ:l[Xwﬁj] are nonzero multiples of a class of a
point in H*(Gr(b;,b; + b)), V {i<j} C[r].
(i1ib) The products szl[wa] and szl[q)wﬁi] are nonzero multiples of a class of a

point in H*(Gr(b;, b; + 2by+1)) and H*(LG(b;, 2b;)) respectively, ¥V i € [r].

Note that the LHS and RHS of numerical condition (1.8) are equal to the LHS and RHS

of equation (1.6) respectively. As in Theorem 1.1.2 (iv), we can apply Horn recursion to

10



the flag varieties in Theorem 1.2.1 (i3i). Note that for (w},,w?,,..., o

Wi #.) in the second
b b

ii
part of (7iib), we need to apply Purbhoo-Sottile’s cominuscule recursion found in [15]. The
proof of Theorem 1.2.1 follows the same outline as the proof of Theorem 1.1.2 in that we
consider the tangent space TzIF(a,2n) with respect to a certain splitting of C?". The
proof also relies on an important result of Belkale-Kumar from [4] in which they show that
maximal type A Schubert cells (Schubert cells in the regular Grassmannian) can be moved
to intersect properly by generic elements of Sp(2n) C SL(2n). In [19], Sottile shows that

this intersection can actually be made transverse. See Lemma 3.3.8 for a precise statement

of what is needed from their work to prove Theorem 1.2.1.

1.2.2. Computing structure coefficients for 1F(a,2n)

In this section, we give a formula to compute structure coefficients for IF(a,2n). In-
stead of projecting IF (a,2n) onto the first factor as in Section 1.1.3, consider the projection
fr : IF(a,2n) — 1G(a,, 2n) onto the last factor. In this case, the fiber over any point V €
1G(ay, 2n) is isomorphic to the type A flag variety F@(ag, n) where ag ={a1,a9,...,a,-1}.
As in Section 1.1.3, we find that if (w!, w?, ... w*) is L-movable, then the associated struc-
ture constant is a product of the induced structure constants coming from the projection

and fiber. For any w € S (a), let w, denote the projection of w in S$ (a) — S§ (a,) and

let wy := wyr using Definition 1.1.1.

Theorem 1.2.2. Let (w!,w?,...,w®) be L-movable. If c,c, and ¢y are the structure coef-
ficients:
S S S
H[(I)wk] = c[®e], H[(I)w’,f] = cr[Pe], H[lej] = C’Y[Xe]v
k=1 k=1 k=1

in H*(IF(a,2n)), H*(1G(a,2n)) and H*(F@(ag, ar)) respectively, then ¢ = ¢, - 4.
We show in Proposition 4.3.1 that if (w!, w?, ..., w*) is Levi-movable, then so is (w}, w?

S W3 - -

11



Hence we can apply Theorem 1.1.4 to write the constant c as a product of coefficients coming

from the isotropic Grassmannian IG(a,., 2n) and the regular Grassmannians Gr(b;, a, —a;—1).

1.3. Remarks on Levi-movability

We remark that L-movability has been used outside the context of determining co-
homology products. In particular, Belkale-Kumar [3] use L-movability to give a refined
solution to the generalized eigenvalue problem which was initially solved by Kapovich-
Leeb-Millson [9] following works of Klyachko [11], Belkale [1] and Berenstein-Sjamaar [5].
Let K C G be a maximal compact subgroup and let £ denote the Lie algebra of K (note that
K is a real Lie group and ¢ is a real Lie algebra). Consider the space /K where K acts on
£ by the adjoint representation. The goal of the “eigenvalue problem” is to determine which
ki,ks,... ks € /K satisfy the condition that > % | k; = 0. Kapovich-Leeb-Millson [9]
proved that ki, ko, ..., ks satisfy this condition if and only if they satisfy a certain list of
inequalities indexed by s-tuples of (W) with associated structure constant ¢ = 1 where
P runs over all standard maximal parabolic subgroups of G. This initial list is known to
have redundancies for some groups G. Belkale-Kumar showed that it is sufficient to only
consider the subset of these inequalities indexed by L-movable s-tuples. In [16], Ressayre

shows that this list is in fact irredundant.

1.4. Branching Schubert Calculus and Horn recursion

Let G be a semisimple algebraic subgroup of G and choose parabolic subgroups P and
P such that ¢ : G/P — G/P. We ask the question: For which w € W is ¢*([Ay]) # 0?7 In
this thesis, we consider a special choice of P and P based on a fixed one parameter subgroup

of G (ie. an algebraic homomorphism 7 : C* — G’, OPS for short). Fix a maximal torus

12



H C G such that H = G N H. Choose positive Weyl chambers by, 6+ in b, b respectively
where b, § denote the Lie algebras of H, H. Let B, B be the Borel subgroups of G, G

corresponding to this choice of positive Weyl chambers.

Definition 1.4.1. For any one parameter subgroup 7 of G we have the associated parabolic

subgroup of G defined
PC(r):={geq| %ir% T(t)gr(t)" exists in G}.

We say 7 is a dominant OPS if B C PY(7). Fix 7 to be a dominant OPS of G. Clearly
7 is also an OPS of GG, however it may not dominant with respect to G. Choose v € W
such that 7, := v~!7(¢#)v is dominant with respect to G. We will later see that we do not
need to consider all of W to make such a choice. In [5], Berenstein-Sjamaar define a certain
subset of W denoted Wy which depends only on the choice of positive Weyl chambers b,
6+ (see Definition 5.2.4). It is sufficient to only consider this subset when conjugating 7 to

Ty. Define the map

brw: G/PC(7) — G/PC(r,)

by ¢T7U(QPG(T)) := guPY%(1,). We will denote ¢, ,, P%(1,), PG(T) by ¢, P, P when the

choice of 7 and v are clear. Let
¢*: H(G/P,7) — H*(G/P,7Z)

be the induced map on singular cohomology. In this thesis, we construct a list of necessary
conditions for any (7, v, w) that satisfies ¢*([Ay]) # 0 which are generalizations of the Horn
conditions found in the case of the diagonal embedding. Abusing notation, let v € Ng(H)
be a representative of v € Wiy and consider the twisted embedding of L < L given

by | — v~ v € L where L and L denote the Levi subgroups of P and P respectively.

13



The necessary conditions come in the form of inequalities indexed by (A, 9, w) € OPS(L) x
(WL)rel X Wy, which satisfy a similar non-vanishing condition in H*(L/Q())) associated this
twisted embedding of Levi factors. Here Q(\) := Pi()\) denotes the parabolic subgroup of
L associated to A. This result is stated in Theorem 5.3.8. We remark that this result is
independent of the choice of representative of v € Wiq.

The statement and proof of Theorem 5.3.8 is a generalization of work by Belkale-Kumar
in [3, Theorem 29|, in which they construct these inequalities in the case of the diagonal
embedding. For the diagonal embedding, every dominant OPS of G is also dominant for

G*. Therefore v € Wy can be taken to be the identity; in fact, Wy = {1}.

1.4.1. Levi-movability and branching Schubert calculus

We generalize ideas of Levi-movability to branching Schubert Calculus. We say w € W
is (L, ¢)-movable if dim A,, = dim G/P — dim G/P and the point eP is scheme theoretically
isolated in ¢~ !(viw~tA,) for generic I € L. As with usual Levi-movability, this condition
implies that ¢*([Ay]) # 0, however the converse is generally not true. There are two main
results on this topic. The first is a generalization of the numerical condition in Theorems
1.1.2 and 1.2.1 (¢) < (i9) and is stated in Theorem 5.6.3. The second is a generalization of
Theorem 1.1.2 (i4) = (iv) and is stated in Theorem 5.6.7. We remark that Belkale-Kumar
in [2], establish these results for general G/P in the case of diagonal embedding. Their

results are stated in this thesis in Proposition 2.1.5 and Theorem 5.6.3.

1.4.2. Connections to representation theory

The study of branching Schubert calculus is motivated by its connections to repre-

sentation theory. Let p € b be an integral dominant weight such that the irreducible
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representation (of highest weight p) V), of G' contains a nonzero G-invariant vector. The
set of all such dominant weights generate a convex cone C in a certain real subspace of
h*. In [5], Berenstein-Sjamaar describe C by a system of linear inequalities indexed by
(1,v,w) € OPS(G) x Wy x WF which satisfy ¢7 ,([Aw]) # 0. Part of this condition is that
7 is dominant with respect to G and 7, is dominant with respect to G. This result is stated
in Theorem 5.3.2. For the diagonal embedding, the corresponding picture is to characterize
the convex cone C generated by s-tuples of integral dominant weights (p1, ..., us) of G for

which V), ® --- ® V),, contains a nonzero G-invariant vector.

15



CHAPTER 2
Preliminaries on partial flag varieties

Let GG be a connected semisimple complex algebraic group. Fix a Borel subgroup B and
a maximal torus H C B. Let W := Ng(H)/H denote the Weyl group of G where Ng(H)
is the normalizer of H in G. Let P C G be a standard parabolic subgroup (P contains
B). Let L be the Levi (maximal reductive) subgroup of P. Denote the Lie algebras of
G,H, B, P,L by the corresponding frankfurt letters g,h,b,p,[. Let R C h* be the set of
roots and let R C R denote the set of positive roots. Let R; denote the set of roots
corresponding to [ and let R?’ denote the set of positive roots with respect to By, := BN L.
Let A = {a1,09,...,a,} C RT be the set of simple roots and let {s1,s2,...,8,} € W
denote the corresponding simple reflections. Note that the set A forms a basis for h* and
let {x1,22,...,2,} be the dual basis to A (i.e. «a;(z;) = d;;). Let A(P) C A denote
the simple roots associated to P (the simple roots that generate Rf) Let P; denote the
maximal parabolic subgroup associated to the root {a;} = A\A(P;) and let ng denote the
set of positive roots generated by A(P;).

Let WP be the set of minimal length representatives of the coset space W/Wp where
Wp is the subgroup of W generated by {s; | a; € A(P)}. For any w € WF, define the
Schubert cell

Ay == BwP/P C G/P.

The Schubert cells make up the Bruhat decomposition

G/P= || Aw

weW?P



We denote the cohomology class of the closure A, by [A,] € H*(G/P,Z). The set

{[Ay] | w € WF} forms an additive basis for H*(G/P).

2.1. Levi-movability

The goal of this section is to reduce the problem of determining nonvanishing prod-
ucts in H*(G/P) to problems of determining tranversality on the tangent space of G/P.
Let X1, Xs,...,Xs be smooth connected subvarieties of smooth variety X. We say an

intersection is transversal at a point z € ();_; Xj, if

dim ( ﬂ TxXi) — dim(T, X) — Z codim (T3 X;).
=1 i=1

Our analysis begins with the following important proposition on transversal intersections

on varieties with a transitive group action (see Kleiman [10]).

Proposition 2.1.1. Let G be a complex connected algebraic group that acts transitively
on complex variety X. Let X1,Xs,..., X, be smooth irreducible (not necessarily closed)
subvarieties of X. Then there erists a nonempty open subset of U C G*® such that for
(91,92, --.,9s) € U, the intersection (\;_, g:iX; (possibly empty) is transverse at every point

in the intersection, and (\;_; ¢:X; is dense in (), g: X;.

The following proposition is a basic fact on transversality and Schubert varieties. For a

proof see [3].
Proposition 2.1.2. Let (w',w?, ..., w®) € (WF)5. The following are equivalent.
(1) [Tjza[Awr] # 0 in H*(G/P).

(ii) There exist (91,92, -.,9s) € G® such that the intersection (\;_y g+ is transverse

and nonempty.
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(iii) For generic (g1, 92, ...,3s) € G, the intersection (;_, g\, is transverse and nonempty.

(iv) For generic (p1,pa,...,ps) € P*, the intersection (\i_, pr(w®) 1A, is transverse at

eP.

Part (iv) of Proposition 2.1.2 gives motivation for the following definition found in [3].

Definition 2.1.3. The s-tuple (w',w?,... ,w®) € (WF)* is Levi-movable or L-movable
if
S
Z codim A x = dimG/P (2.1)
k=1
and for generic (I1,lz,...,ls) € L, the intersection (\j_y le(w®) 1A is transverse at the
point eP.

Note that if (w!,w?, ... ,w®) is L-movable, then [[;_;[A,x] # 0. The converse of this

statement is generally not true.

2.1.1. A numerical condition for L-movability

The following character is used in [3] to give a numerical condition to determine when

(wh,w?,...,w*) is L-movable.

Definition 2.1.4. For any standard parabolic subgroup P and w € WT, define the character

Xw = Z B.

BERT\R nw—1R+
Proposition 2.1.5. For any (w',w?,... ,w®) € (WF)*, the following are equivalent.
(a) (wh,w? ... w®) is L-movable.

(b) TIi_1[Ayr] = a nonzero multiple of a class of a point in H*(G/P) under the usual
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cohomology product, and for every a; € A\A(P), we have
(O Xwk) = x1) () = 0. (2.2)
k=1

For the proof see [3, Theorem 15] (We remark that Theorem 5.6.3 in Chapter 5 also implies
Proposition 2.1.5). Let R~ = {—a | @« € RT} denote the set of negative roots in R. The

following is an important lemma connecting the character x,, to the geometry of G/P.
Lemma 2.1.6. For any w € WF, codim(A,) = |[RT\R Nw 'R

Proof. Consider the following Cartan decompositions

g = h@@ga@@g—a

aERt aERt

p = b@ @ ga B @ J-—a
a€ERT ozGRlJr
aceRt

Using these decompositions, we identify the tangent space of G/P at eP with

T.p(G/P)= P 9o
a€RT\R;
Let w € WP and consider the subgroup w~'Bw C G. Since the corresponding Lie algebra
is

wilbw:h@ @ Ja,

acw 1Rt

the tangent space of w lBwP C G /P can be identified with

T.p(w *BwP) = &y I a-
aeRT\RFnw— 1R~
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Since w 'R =w 'Rt Uw 'R~ = R, we have that

T.p(G/P)/T.p(w ' BwP) = P I—a.
a€RT\RFnw—1R+

2.1.2. Deformation of the cup product

In [3], Belkale-Kumar use the notion of L-movability to define a new cohomology prod-
uct @9 on H*(G/P,7Z). We state the definition and some basic facts on the new product.

For any u,v,w € W, let Cyy De the structure coefficient defined by the product

weWw?r

For each a; € A/A(P), consider an indeterminate 7; and define

Ao = 3 (T1 a0 )

weWP *a;€A/A(P)

Extend this operation to a Z[7i]q,ea/a(p)-linear product structure on H*(G/P,Z) ®z Z[7]
where Z[r| = Z[r, T2, ...,7,]. The following are some properties of the product ®. Proofs

for these properties can be found in [3, Section 6].
Proposition 2.1.7. The following are true:
(i) For anyw,u,v € W¥ such that ¢, # 0, (Xw—Xv—Xu)(xi) > 0 for each a; € AJA(P).

(i) The product ® in H*(G/P,Z) ®z Z[t;] is well defined, associative and commutative.
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(iii) For any (wh,w?,...,w®) € (WF)?, the coefficient of [Ay] in [Ay1] ® - © [Ays] is

H (Xw =225 21 X3 )(T4)
7

a; €EA/A(P)
times the coefficient of [Ay] in the usual cohomology product [y _;[Ay].

Definition 2.1.8. Define the product (H*(G/P,Z.),®¢) by

[Au] @0 [Ay] = [Au] © [Ay]

T1=T0==7=0

Note that as Z-modules, (H*(G/P,Z),®¢) = H*(G/P,Z). By Proposition 2.1.5, the new
product ®¢ has standard product structure with the additional condition of setting all non
L-movable structure constants to zero. We would also like to remark that ©&g satisfies

Poincaré duality of the standard product structure.

Proposition 2.1.9. If P is cominuscule in G, then product structure of (H*(G/P,Z),®q)

and H*(G/P,Z) is the same.

For the proof see [3, Lemma 19]. We now consider the groups SL(n) and Sp(2n) in more

detail.

2.2. The special linear group SL(n)

Let SL(n) be the special linear group on the vector space C" with standard basis
{e1,€9,...,ep}. Let H C SL(n) be the standard maximal torus of diagonal matrices of
determinant 1 and let B denote the standard Borel subgroup of upper triangular matrices

(of determinant 1). Then the Lie algebra is

n

b= {t =diag(t1,ta,....tn) | Y _ti =0}

i=1
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and the set of roots is R = {g; —¢; | © # j} C b* where &(t) := t;. The set of positive
roots is Rt = {e; —¢; | i < j} and the set of simple roots is A = {o; 1= &; — i1} It
is well known that the Weyl group W can be identified with S, the permutation group
on [n]. The simple reflections corresponding to A are given by the simple transpositions
s; = (i,i+1). The action of W on h* is given by we; = £,(;). Let P be a standard parabolic
subgroup of SL(n) and let A\A(P) = {aq,, Xy, - - -, A, - We associate P with the subset
a = {ai,as,...,a,} C [n —1]. The homogeneous space SL(n)/P is SL(n)-equivariantly

isomorphic to the space of partial flags

Flla,n) ={Ve=ViCVoC---CV, CC"| dim(V;) = a;}.

Let E, denote the standard complete flag where E; = Span{ej,...,e;} and denote the

standard partial sub-flag by

E::EalgEazg"‘gEaT-

It is easy to see that the map between SL(n)/P and F{(a,n) is given by

gPHgE:gEal ggEaz C--- ggEar-

The set W7 is equal to

Sp(a) = {(w(1),w(2),...,w(n)) € Sp | wi) <w(i+1)Vidga}

as subsets of S,,. Note that the length of any w € W is given by ¢4 (w) := #{i < j | w(i) >
w(j)}. The dimension of F¢(a,n) is equal to >, ; a;(a;+1 — a;) where we set ap = 0 and

ar+1 = n. If a = [n — 1], we denote the set of complete flags by F¢(n). In general, if V'
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is a complex vector space, let F£(V') denote the complete flags on V. We will use script
letters F := (F},..., F¢) € F{(n)® to denote s-tuples of complete flags. For any complete

flag Fe = F1 C F, C ... C F,, € F4(n) and w € S,,(a), we define the Schubert cell by

Xo(Fo) :={Ve € Fl(a,n) [dim(V; N Fy) = #{t < a; s w(t) <j} Vi, j}.

If Fy = gE, for some g € SL(n), then X, (Fs) = gAy. To see this, we consider the Bruhat

decomposition of SL(n)/P = |,cg, @) BwP. If Vo € X{(E,) and b € B, then

dim(bV; N E;) = dim(V; Nb ' E;) = dim(V; N E;) Vi,

Hence X (F,) is a union of B-orbits in F¢(a,n). For each w € S,(a), we have that
wP +— wE, and wE, € X2 (F,). Thus X2 (F,) can only consist of the single orbit BwP. It
is easy to see that the SL(n)-equivariant action on the Schubert cells is exactly gBwP =

ghw = X3, (gF,).

2.2.1. Proof of (i) < (ii) in Theorem 1.1.2

In this section we prove (i) < (i) in Theorem 1.1.2 by showing that (2.2) is equivalent

to (1.3). For any w € Sy, (a), let w; be the image of w under the projection Sy (a) — Sy (a;).

Lemma 2.2.1. Let w,w € Sp(a) and i € [r]. If w; = w; € Sp(a;), then the order of the

following sets are equal:

I[RA\R! Nw™'R"| = |[RN\R/ nuw'RY|.
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Proof. If w; = w;, then

{w(1),w(2),...,w(a;)} = {w(l),w(2),...,w(a;)}
and
{w(a; +1),w(a; +2),...,w(n)} = {w(a; + 1),w(a; + 2),...,w(n)}

as unordered sets. Let A, B C [n]| denote these sets respectively. Then for any o = ¢, —¢p €
R*, we have

wla € RI\Rf ©acAandbe B i 'ae RN\R]

since w™(a),w (a) € {1,2,...,a;} and wi(b),w *(b) € {a; + 1,a; +2,...,n}. This

proves the lemma. ]
Proposition 2.2.2. For any w € Sy(a) and i € [r], we have that Xw(T4;) = codim(X,,).

Proof. For any 8 € RT\R[", the value B(z,,) = 0 if 8 € R[: and [(zq,;) = 1 otherwise.
Since RM\R;" C R*\R{", it suffices to determine the size of RT\R Nw™'R*. By Lemmas

2.1.6 and 2.2.1, the order of this set is exactly equal to codim(Xy,). O

By Proposition 2.2.2, for any i € [r] we have

((Z Xok) — X1)(2a,) = Z codim(wa) — dim Gr(a;,n)
k=1 k=1

= (i(in—aﬂ-j—wf@))) —a;(n—a;) =0.

k=1 j=1

Thus Proposition 2.1.5 proves (i) < (i7) in Theorem 1.1.2.

24



2.3. The symplectic group Sp(2n)

The same notation will be used to describe objects associated to Sp(2n) (i.e. H,B, P, ...).
If the groups SL(2n) and Sp(2n) are considered in the same context, then we will use su-
perscripts H4, BA, P4, ... to denote objects for SL(2n) and H®, B¢, PY, ... for Sp(2n).

Let C?" be a 2n dimensional complex vector space with basis {ej,e,...,e2,}. We

define a skew-symmetric bilinear form ( , ) on €C?" as follows:

(€iseanyi—i) =1ifi<2n+1—14 and (e;,e) =0if j#2n+1—1d.

Define the symplectic group on C?" to be

Sp(2n) :={A € SL(2n) | A leaves the form ( , ) invariant}.

Let H be the standard maximal torus of diagonal matrices in Sp(2n) and let B be the
standard Borel subgroup of upper triangular matrices in Sp(2n). The Lie algebra b is equal

to

h = {t = diag(t1,te, ..., tn, —tn, —tn-1,...,—t1)}

and the set of roots is

R={x(eite)) |i<jtu{x2e; |ie[n]} Ch*

with positive roots

Rt ={eitejli<jlu{2e|ien|}CR

where ¢;(t) = t;. Let A := {a1,a9,...,a,} denote the set of simple roots, where a; :=
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g; — €i41 for i < n and «a,, = 2e,. The Weyl group of Sp(2n) can be identified with the

following subset of Sa;,:

WO = {(w(1),w(2),...,w(2n)) € Son | W(2n +1—1i) =2n+ 1 —w(i)}.

It is easy to see that any w € W is uniquely determined by the set {w(1),w(2),...,w(n)}
and that under the inclusion W C Ss,, the simple reflections corresponding to A are
si= (1,1 +1)(2n —14,2n — i+ 1) for i < n and s, := (n,n + 1). The action of any w € W

on ¢; is given by

we; = gy if w(i) <nand  we; = ey 2414 if W) > n.

Let P be the standard parabolic subgroup of Sp(2n) corresponding to the set of simple
roots A\A(P) := {aa,, Qagy .-, g, } for the set a :== {a1 < az < -+ < a,} C [n]. The
homogeneous space Sp(2n)/P is Sp(2n)-equivariantly isomorphic to the isotropic partial

flag variety

IF(a,2n) ;== {Vo:=V1 C Vo C---CV, CC* | dimV; = a; and V, C V}}

where V*+ := {v € C*" | (v,u) =0V u € V}. Observe that V,, C V.- implies that V; C V-
for alli € [r]. Also note that for any subspace V' C €2, we have that dim V+ = 2n—dim(V).

Thus the maximum dimension of an isotropic subspace in C2" is n. The set W is equal to

S$ (a) == {(w(1),w(2),...,w(?2n)) e WC | w(i) <w(i+1)Vi¢al}.

The length of w € S, (a) is given by £¢(w) := 1 (¢4(w)+|w(I") > n|). For any i € [r], define

a@; = 2n+1—a; and let @ := {ay,...,a,}. The natural inclusion of W¢ C Ss,, gives a well
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defined injection S§ (a) < S3 (a) (there also exists a natural injection S (a) — S5} (aUa)).

Let

IF(2n) == {Fy:=F, CF, C--- C Fy, =C*" | dim F, = i and Fy,_; = F;~ Vi € [n]}

denote the set of complete isotropic flags on C**. Note that Sp(2n) acts transitively on

IF(2n). For any w € S§ (a) and F, € IF(2n), define the Schubert cell in IF(a,n) as

Py (Fo) :={Ve € IF(a,n) | dim(V; N F}) = #{t < a; : w(t) < j} Vi, j}.

If E, is the standard complete isotropic flag on C?" and F, = gF, from some g € Sp(2n),
then

3 (F,) = gAy.

This fact follows from the analogous result for type A Schubert cells since under the natural

inclusion IF(a,2n) < F{(a,2n), we have the scheme theoretic intersection

3 (F,) = X°(F,) N1F(a, 2n).

2.3.1. Proof of (i) & (i7) in Theorem 1.2.1

Similar to Section 2.2.1, we prove (i) < (i) in Theorem 1.2.1 by showing that (2.2)

is equivalent to (1.8). For any w € S¢,(a), let w; be the image of w under the projection

S5n(a) — S5, (az).

Lemma 2.3.1. Let w0 € WY C Sy, and i € [r]. If w; = w; € S§ (a;), then the order of
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the following sets are equal:

RIO\RFNw 'RT|=|R"\R nw 'RT|.
l; l;

Proof. If w; = w;, then as unordered sets, we have

(w(1),w(2),...,wa)} = {w1),w2),... ila)}
{w(ai +1),wla; +2),...,w@) = {wla+1),wa+2),... 0@}

(W@ +1),...,w2n)} = {w@+1),...,92n)}

Let A, B,C C [2n] denote these sets respectively and define

AT ={ucAlu<n}, BT :={ueBlu<n}, CT:={ueClu<n}

The set RT consists of roots of the form e, — € or e, + €. If @ = €, — &3, then we have

wla € R+\R: if and only if one of the following are true:
eacAtandbe BTUCT
eac AtUBT andbe CT
If o = g4 + €5, then we have w™la € RJ’\REZ_F if and only if one of the following are true:
eac At andbe ATUBT
eac ATUBT and be AT
Since the same conditions hold for wta € R*\RZ, the lemma is proved. O

Proposition 2.3.2. For any w € S$ (a) and i € [r], we have that

Xuw(Za;) = codim(Py,) + codim (P, ).
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Proof. For any 3 € R+\R[+, the value ((z,,) =01if § € Rf: and [(z4,) = 1 or 2 otherwise.
Define

Ra(as,w) = {a € RNRf Nw™'R* | alz,,) = 2}

By Lemmas 2.1.6 and 2.3.1, we have that

Xuw(Zq;) = codim(Py,) + |Ra(ai, w)|.

Observe that a(z,,) = 2 if and only if @ = ¢, + &, where a < b < a;. Hence we can
identify Rs(a;,id) with the set of positive roots associated to the Lagrangian Grassmannian
Sp(2a;)/Pa, ~ LG(a;,2a;) (i.e. the positive roots of Sp(2a;) where a(x,,) # 0). The
root a € Ry(a;,w) C Ra(aj,id) if and only if w™(a),w™1(b) € {1,2,...,a;}. Note that
it suffices to know the values {w(1),...,w(a;)} in order to determine if o € Ra(a;, w).

Applying Lemma 2.1.6 to LG(a;, 2a;), we have that Ra(a;, w) = codim (P, ). d

Proposition 2.3.2 together with Proposition 2.1.5 immediately implies (i) < (éi) in Theorem

1.2.1.
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CHAPTER 3
Tangent spaces of flag varieties
In this chapter we complete the proofs of Theorems 1.1.2 and 1.2.1 by showing (ii) <
(7i7) in both cases. In the first section, we first give some preliminary facts on the linear
algebra of complex vector spaces. In the second and third section, we prove Theorems 1.1.2
and 1.2.1. In Section 3.4, we look at the connections of Theorem 1.1.2 to a question asked by
Belkale-Kumar in [3]. Finally, in Section 3.5 we prove Theorem 1.1.3 which provides some
necessary criteria for non-vanishing products of Schubert classes in the usual cohomology

ring H*(Fl(a,n)).

3.1. Some complex linear algebra

Lemmas 3.1.1 and 3.1.2 are basic facts about complex vector spaces.

Lemma 3.1.1. Let X = @;_, X; be a complex vector space. Let t = {t1,ta,...,t,} be a
set of distinct positive integers. Define the action of t on X by t(> ;_j xi) = > iy tiz;. Let

V be a subspace of X. Then t(V) =V if and only if V =@;_,(V N X;).

Proof. Assume t(V) = V. Then X can be expressed as the direct sum of ¢-invariant
subspaces X = V @ V' with respect to some inner product. Since the action of ¢ on X is
diagonal, it is also diagonal on V and V1. Therefore V is a direct sum of its eigenspaces and

each eigenspace is contained in an eigenspace of X. The reverse implication is trivial. [

Lemma 3.1.2. Let X = @;_, X; be a complex vector space. Let YL Y2 ..., Y* be vector



subspaces such that Y* = @!_, Y} with Y C X; for alli € [r]. If

dim ]@1 v*) = dim(x) - kzs:_lcodim(Yk) -

then

s

dim ( ﬂ Ylk> = dim(X. Z codim( Yk

k=

[y

for each i € [r].

Proof. By the assumption, we have that

k=1 k=1 =1 =1 k=1

Hence, for each i € [r], we have that dim (ﬂzzl Yf) = 0. We also have that

dim(X) — zs:codim(yk) = Zdlm Y*) — (s —1)dim(X)
= Z (Zdim(y;k)> —(s—1)> _ dim(X;)
i i=1
= Z(Zdlek s—l)d1m(X)>:

=1
For any vector subspaces, it is always true that

s

Zdlm YF) — (s — 1) dim( i)gdim(ink>.

k=1

Thus $;_, dim(Y}¥) — (s — 1) dim(X;) = 0 and hence, for each i € [r], we have

dim ( ﬂ Yk> = dim(X, Z codim( Yk =0.

k=1
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3.2. Tangent space of F/(a,n)

Consider the injective map from F¢(a,n) to the product [[;_; Gr(a;, n) given by
Verm (Vi, Vo, .., Vo).

It is well known that the tangent space of Gr(a;,n) at the point V; is canonically isomorphic

with Hom(V;, C"/V;). This induces an injective map on tangent spaces

Ty,Fl(a,n) — @5 Hom(V;, C"/V3).

=1

Let ij : Vj — Vjy1 and pj : €"/V; — C"/Vj41 denote the naturally induced maps from the
flag structure of V, and let ¢ = (¢1, ¢2,- - , ¢r) denote an element of @;_, Hom(V;, C"/V;).

For any i € [r + 1], let Q; := Span{eqs, ,+1,€q; 1+2---,€q, - This defines a splitting of

C"=Q19Q2® B Qry1. (3.1)

Proposition 3.2.1. The tangent space of Fl(a,n) at the point Vs is given by

Ty, Fl(a,n) = {¢ € @ Hom(V;,C"/V;) | pjo¢; = ¢jr10i; Vj € [r—1]}. (32)
i=1

In other words, the set of ¢ € @;_, Hom(V;, C"/V;) such that the following diagram com-

mutes:

ip—1

i1 9
Vl( ‘/2( ... C Vr

b -

C" Vi~ €V ¢/,

P2 o Pr—

Proof. Since both sides of the equation (3.2) are vector subspaces of @;_; Hom(V;, C"/V;)
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of the same dimension, it suffices to show the LHS C RHS. Since F{(a,n) is homogeneous,
without loss of generality we can assume V, = E,. Fix the splitting of C™ given in (3.1).

We have that
Hom(E,,,C"/E,;) ~ Hom(Q1 ® Q2@ -+ ® Qi, Qi1 © Qit2 @ -+ @ Qrt1).
For any ¢ € @;_, Hom(E,,, C"/E,,) and i € [r] define
V= (e1 + diler), e2 + di(ea), - .., €a, + dilea,))-
It is easy to see that up to first order we have that

T, Fl(a,n) ~ {¢ € @ Hom(E,,, C"/E,,) |V CV§ C--- C V).
=1

Therefore any ¢ € T Fl(a,n) must satisfy the commuting conditions given in (3.2). O

If we consider the splitting (3.1) together with the commuting conditions in (3.2), we have

the following simplification of the tangent space of F¢(a,n) at the point E:

T r+1
TE*,FE(Q, n) ~ @ HOH](QZ‘, Qi+1 ) QH—Q D---D Qr+1) >~ @ HOH](QZ‘, Q]) (33)
i=1 1<j

Note that Hom(Q;, ();) is canonically isomorphic to the tangent space T, (Gr(b;, Q; ©Q;)).
We now describe the tangent space of a Schubert cell X, (F,) C F¢(a,n). To do this we need
the notion of induced flags. For any complete flag Fy € F¢(n) and any subspace V' C C", we
have the induced complete flags on V and C"/V given by the intersection of V' with F, and
the projection C" — C"/V of F,. We denote these induced flags by Fo(V') and Fo(C"/V)
respectively. Consider the following description of the tangent space of a Schubert cell in

the Grassmannian. For the proof see [18, Section 2.7].
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Lemma 3.2.2. Let r < n and w € Sy(r) and let Fy € Fl(n). For any V € XJ(F,) C

Gr(r,n), the tangent space of the Schubert cell at the point V is given by

Ty Xy (Fe) = {¢ € Hom(V,C"/V) | ¢(F;(V)) € Fy(jy—;(C"/V) ¥V j € [r]}.

We generalize this description to Schubert cells on the partial flag variety F¢(a,n). For any

i € [r] and w € Sy, (a), let w; denote the image of w under the projection Sy, (a) — Sp(a;).

Proposition 3.2.3. The tangent space of the Schubert cell Xy, (Fs) at the point Vs is given

by

Tv, Xy (Fo) = {0 € Tv,Fl(a, n) | ¢i(Fj(Vi)) € Fu,(jy—;(C"/Vi) Vi, j} (3-4)

Proof. Similarly to Proposition 3.2.1, both sides of the equation (3.4) are vector subspaces
of Ty,Fl(a,n) of the same dimension and therefore suffices to show the LHS C RHS. Fix
i € [r] and consider the map f : F¢(a,n) — Gr(a;,n) given by f(Vs) = V;. Clearly this map
is surjective and induces a surjective map f, on the tangent spaces at the point V, given
by f«(#) = ¢i. By Lemma 3.2.2, it suffices to show that f.(Tv, Xy, (Fe)) = Ty, X7, (Fs).

However this is true since f(Xg (Fy)) = X2, (Fs). O

Consider the point E € Ff(a,n) and choose F, such that E € X2(F,). We find that if
F, = lw™'E, for some | € L, then the space T Xy (F,) decomposes “nicely” with respect

to the decomposition (3.3).
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3.2.1. Proof of Theorem 1.1.2

Consider the Levi subgroup L C P. It is easy to see that L decomposes into the

product

r+1
L= {(g1,. . grs1) € GL(Q1) % - X GL(Qry1) | [ det(g) =1}).  (35)

=1

Definition 3.2.4. For any partial flag variety Fl(a,n) and w € S, (a), define

Flr w(n) == {Fe € Fl(n) | Fo = lw ' E, for somel € L}.

Proposition 3.2.5. With respect to equation (3.3), if Fo € Flp (1), then

r+1
T X5 (F.) = @ (Hom(Qs, Qj) NTp X (Fe)).
i<j

Proof. Let t = {t1,ta,...,t,4+1} be a set of distinct positive integers. Let ¢ act on C" by

scalar multiplication with respect to the splitting (3.1). Since F, = lw™'E, for some [ € L,

each F;(Eg,) is fixed by the ¢ action. By Lemma 3.1.1, we have

Fj(Ea,) = @ (Fi(Ea,) N Qum)

m=1

and
r+1

Fu,()-i(C"/Ea)) = €D (Fu,)—5(C"/Ea)) N Q).

m=1+1

Therefore, for any ¢ = (41, ¢2, ..., ¢,) € Tp X, (F,), the map ¢; can be written as the sum

b = Z Gmime  Where Gy mo, (F5 N Qmy) C Fo)—i N Qmy- (3.6)

0<m1<e
<mo<r41

35



Note that ¢ny, m, € Hom(Qum,, @m,)- Let t' = {t; j}i<; be a set of distinct positive integers

and let t' act on TzF{(a,n) by

r+1 r+1
t'( Z bij) = Z tijPij
i<j i<j

under the direct sum given in (3.3). By equation (3.6), we have that t'(T5Xg(F,)) =

T7 X5, (F,). Thus by Lemma 3.1.1, the proposition is proved. O

Lemma 3.2.6. Let w € S,(a) and {i < j} C [r+1]. Choose m such that i < m < j and

let

M~ ={w(l),w(2),...,w(an)} and M = {w(am + 1), w(am +2),...,wn)}.

Let

pp =#{ae M | a<w(ai_1+k)} and pf == #{a € Mt | a <w(aj_1 +k)}.

Then for any k € [b;] and I € [b; — 1], we have

wijk)=k+1 & pl+ <w(ai—1 +k)—p, < plt_l

and

wij(k) =k +b; < p <wlai-+k)—py.

Proof. By the definition of w; j, w; ;(k) = k + [ if and only if w(a;—1 + k) is greater than
exactly [ elements in the set {w(a;—1+1),w(a;—1+2),...,w(aj—1+b;)}. This is equivalent
to

w(aj_1 +1) <w(ai—1 +k) <w(aj_1 +1+1)
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which reduces to

P+, Swlaic+k) <pfy +pp.

In the case that [ = b;, we have that w; j(k) = k+b; if and only if w(a;—1 + k) is greater than

every element in the set {w(a;—1 +1),w(a;—1 +2),...,w(aj—1 + b;)}. This is equivalent to

pbt_ +pp < w(ai—1 + k).

O

Proposition 3.2.7. For any {i < j} C [r+1], identify Tg,Gr(b;, Q; ® Q;) ~ Hom(Q;, Q;).

If Fy € FUp,(n), then

Hom(Qi, Qj) N T Xy, (Fe) = T, Xy, ;(Fo(Qi © Q)

where Fo(Q; ® Q) is the complete flag on Q; ® Q; induced from F,.
Proof. For any (¢1,¢2,- -, ¢r) € TpFl(a,n) write

r+1

(G1.62, ) =D _ iy

1<J

under the decomposition (3.3). Fix {¢ < j} C [r + 1] and choose m such that i < m < j.

Then we have

Om = E : ¢m17m2' (3'7)
0<mi<m
m<mo<r+1

Observe that ¢; ; is included in the above summation (3.7). If (¢1, ¢2, -+, ¢r) € Tp X5 (Fe),

then

Im(Fl (@1 @ Q2@+ ® Qm)) C Fu,)—1(Qm+1 & Qm2 ® Qry1) VI E [am].
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Define the set M := {w(1),w(2),...,w(an)} and for any k € [b], let
pri=#{ae M| a<w(a_1+k)}.

Observe that wy,(pr) = w(a; + k) and that M = M~ and p; = p, in Lemma 3.2.6.
Since Fo € FYp, ., (n), we have that pj is the smallest number such that the flag F), (Q1 ®
Q2@ - ® Q) induces the flag Fi(Q;) on Q;. By Lemma 3.2.6, we have that the flag

Fo o) —pi Q1 @ Q2@+ - - ®Qry1) induces the flag F(Q;) on Q; if and only if w; ;(k) =

[+ k . Hence the map ¢; ; in the sum (3.7) of ¢y, satisfies

G (Fe(Qi)) € Fu, (k)1 (Q5) (3.8)

Note that this result is independent of choice of m € {i,i+1,...,7 — 1}. This implies that

Hom(Q;, Q) N T Xy (Fo) C T, Xy, (Fo(Qi @ Qy))-

To see the reverse containment, let ¢;; € TQiX;ij(F.(Qi ® Qj)). We realize ¢;; as an
element of TzF¢(a,n) by setting ¢, = ¢; ; under the sum (3.7) if m € {i,i+1,...,j — 1}

and ¢,, = 0 otherwise. It is easy to see that

d) - (¢17¢27 e 7¢T‘) € HOH’I(QZ‘, Qj) N TE'XrLOU(FO)

O]

Proof of (ii) = (iii) in Theorem 1.1.2: If (w!,w?, ... w®) is L-movable, then for a

generic s-tuple (I1,ls,...ls) € L® we have

lel(ﬂT Xow( FF¥ ) = dim F¢(a,n) Zcodlm Xk (FF) =0
k=1
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where FF = I;,(w*)~'E,. By Proposition 3.2.5 and 3.2.7,

s r+1 s
N (TpX2 (FH) = P ( (M Ta. X (Fok(Qi@Qj)))-
k=1 i<j k=1

Hence by Lemma 3.1.2, for each {i < j} C [r 4+ 1] we have

dim ( () Ta,X3e (FE(Qi @ Q) =
k=1 ?

dim(Hom(Qs, Q5)) — > codim (T, X5 (F(Qi @ Q;))) =0
k=1 N

Thus Proposition 2.1.2(ii) proves (ii) = (i4i) in Theorem 1.1.2. ]

Proof of (iii) = (ii) in Theorem 1.1.2: Assume that Hi:l[Xwﬁj] = a nonzero multiple

of a class of a point in H*(Gr(b;, b;+b;)) for all {i < j} C [r+1]. Since dim(Q;®Q;) = b;+b;,

we can identify the homogeneous space Gr(b;,b; + b;) with SL(Q; ® Q;)/F;; where P ;

denotes the stabilizer of Q); C @; ® Q;. Since F; ; is maximal, by Proposition 2.1.9 we have
Wijr Wi i

that (w} ., w?.,...,wf ) is L; j-movable. Hence for generic F; ; € [[;_; Flp, ok (Qi®Qj),
1,5 W5 5

we have

dim ( M ToXge (Fi’fj.)) = dim(Hom(Qi, Q;)) — > codim(X ¢ (FF; ) =0 (3.9)
k=1 k=1

for each ¢ < j. By Lemma 3.2.8 below, for every ¢ < j, there exists a non-empty open set
Uij € 1=, Flp x(n) such that for every F;; € (Y1, ¥y2, ..., %ws)(Ui;), equation (3.9)

is satisfied. Choose H € ()2} U;,j. Then by Proposition 3.2.7,

i<j
dim(kslT X4 ( Hk) gdlm(ﬂT@Xo f(Qi@Qj))):O

By the codimension condition (1.2), the intersection of the Schubert cells X? , (H k) is trans-

verse at the point E,. Thus Proposition 2.1.2 proves (iii) = (i) in Theorem 1.1.2. 0
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Lemma 3.2.8. Fiz {i < j} C [r+ 1]. Let L;; be the Levi subgroup of the parabolic

P;j CSL(Q; ® Qj) which stabilizes the space Q;. Then for any w € Sy(a), the map
ww . FEL’w (n) - FZLLJ',’LULJ' (Q’L @ Q])

gwen by Yy, (Fy) = Fo(Qi ® Qj) is well defined and surjective.

Proof. Let I = (g1,92,-.-,9r+1) € L with respect to equation (3.5). By the definition of
wj j, we have iy, (lw™1E,) = (gi,gj)w;le.(Qi ® Qj). Thus 1)y, is well defined. Since )y,
is L-equivariant and L acts transitively on F/p, . ., (Qi © Qj), we also have that i, is

surjective. O

3.3. Tangent space of IF(a,2n)

We now describe the tangent space of IF(a,2n) at some point V4. Since IF(a,2n) —

Fl(a,2n), we have a natural injection of tangent spaces

.
Ty, IF (a, 2n) — Ty,F(a,2n) — @ Tv,Gr(a;, 2n).
=1

There is also a natural embedding of IF(a, 2n) — [[;_, IG(a;, 2n). This embedding induces

another map on tangent spaces:

Ty, IF(a,2n) — @T{@IG(CM, 2n) — EBTVZ.Gr(ai, 2n).
i=1 i=1

Let ¢ = (¢1,02,...,¢r) € @i_, Hom(V;, C**/V;). We have the following characterization

of the tangent space of Ty, IF(a,2n) with respect to the above two embeddings:
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Proposition 3.3.1. For any V, € IF(a,2n), the tangent space
Ty, IF(a,2n) ~ {¢ € Ty,Fl(a,2n) | ¢; € Ty;1G(a;,2n)}.
In other words

Ty,IF (a,2n) ~ Ty, F{(a, 2n) N €D Tv,1G(a;, 2n) € @ Hom(V;, C*"/V;).
=1 =1

Proof. We have that IF (a, 2n) = Fl(a,2n) N [];_, IG(a;, 2n) as subschemes of [[;_; Gr(a;, 2n)
and hence the proposition is true for generic V4 € IF(a, 2n). Since IF(a, 2n) is homogeneous,

the proposition holds for all V, € IF(a,2n). O

We now take a closer look at Ty, 1G(d, 2n) for d < n. Consider the map 1 : Hom(V, C?"/V) —

Hom(V, V*) where
The proof of the following lemma can be found in [4].
Lemma 3.3.2. For any V € 1G(d, 2n), we have

TyIG(d, 2n) ~ ¢~ (sym?V*)

where sym?V* C Hom(V, V*) is the space of symmetric bilinear forms on V. Equivalently,

we have
TyIG(d,2n) ~ {¢ € Hom(V,C*"/V) | (v,6(v)) = (v, p(v)) ¥V v,0" € V'}. (3.10)
Recall the definitions of I;, I; and I found in Section 1.2.1. For any i € [r], let

Q; = Span{e; | k€ I;} and Q; = Span{ey | k € I;}
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and

Q = Span{ey, | k € I}.

Clearly Q; = V/Qi* = Qf and we have the splitting;

C"=10Qo 0Q3Q0Q & ©Q® Q. (3.11)

Proposition 3.3.3. With respect to the splitting (3.11), we have the following description

of the tangent space of 1F(a,2n) at the standard partial isotropic flag Ey = E, CEy C

- C Ear :
T, IF(a,2n) ~ P (Hom(Qs, Q;) ® Hom(Qi, Q;)) ® €D (Hom(Qs, Q) @ sym*Q;). (3.12)
i<j i=1

Proof. Since T IF(a,2n) C Tj Fl(a,2n), we have that

r

T3 1F(a,2n) C @Hom(@i, Qj)® @ Hom(Q;, Q;) @ @ (Hom(Q;, Q) ® Hom(Q;, Qi)).

i<j i#j i=1
If ¢ = (¢1,02,...,6r) € Ty IF(a,2n), the condition that ¢; € Tg, 1G(a;, 2n) gives that
(v, ¢i(0)) = (0, ¢i(v)) Y 0,0 € E,.
With respect to (3.11), write
v=qptq@t-tgandio=qa+G¢@+ - +q

and

¢i = ZZ: (@5] + ZT: Pjk + i%,k)
k=1

j=1 k=i+1

where ¢, € Hom(Qj,Qk), ¢jxr € Hom(Q;, Q) and QZN)J' S Hom(Qj,Q). By Lemma 3.3.2,
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we have that

1 T B
$jk € sym’Ey,
j=1k=1
and hence (Z’j,k = gzéz e Thus ¢; is completely determined by the sum
A _ ~ r .
> (¢>j + i+ > bk + ¢j,k))-
j=1 k=i+1

Since ([]2”/QjL = @, we have that

T T

(0,6:(0)) = > (4 655(@)) = D {5, 015 (0)) = (8, ¢i(v)).

J=1 J=1

The commuting conditions in (3.2) give that {(g;, ¢;;(d;)) = (d;, $;i(q;)) for each j € [r].

Hence if we identify Hom(Q;, Q;) ~ Hom(Q,, Q;) by the dual map, we have

i=1

1<J
Since the dimensions of these vector spaces are equal, we have an isomorphism. ]

We now look at tangent space of the Schubert cell ®;, (F,) C IF(a,2n). For any ¢ € [r] and

w € S§ (a), let w; denote the image of w under the projection S (a) — SS (a;).

Proposition 3.3.4. Let w € SS (a) and let Fy € TF(2n). Let Vo € ®5,(F,) C IF(a,2n).

The tangent space of the Schubert cell @S (Fs) at the point Vs is given by
TV, @5(F) = {6 € T, IF(a,20) | i(Fy(V) € Fuyy 5 (C2/V)) Viojh  (3.13)
Proof. As schemes, we have that ®; (F,) = X (F,) N1F(a,2n) C F¢(a,2n). Therefore

Ty, S, (Fa) = Ty, X5 (Fa) N Ty, IF (a, 2n).
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Since the values {w;(1),...,w;(a;)} for any w € SY (a) are fixed under the projection

SS (a;) — San(a;), the proposition is proved. O

3.3.1. Proof of Theorem 1.2.1

For any w € S (a) and F, € IF(2n) such that E € S (F,), let

Hij(w, Fa) = Hom(Qs,Q;) N T, &5 (F)
Hij(w,F,) = Hom(Q;,Q;) NTs &y (Fe)
Hi(w,F,) = Hom(Qi, Q)N Tz, & (F.)
Si(w, Fy) = sym®Qf NT, 5, (FL)

with respect the decomposition (3.12). The Levi subgroup of PC¢ = P is isomorphic to

C~ GL(Q1) x GL(Q2) x -+ x GL(Q,) x Sp(Q). (3.14)
Note that the action of L& on T 1F(a, 2n) fix the subspaces in Proposition 3.3.3. Similar
to Definition 3.2.4, we have

Definition 3.3.5. For any isotropic partial flag variety IF(a,2n) and w € SS (a), define
IF L (2n) := {Fs € Fl(n) | Fo = lw™*E, for somelc L°}

The following two propositions are the analogues of Propositions 3.2.5 and 3.2.7 for IF(a, 2n).
Proposition 3.3.6. If F, € IF ,(2n), then

Ty, ®(F rEB(HJwF)EBH”wF )@@( EBS(wF)) (3.15)

1<J
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Proof. The proof is exactly analogous to the proof of Proposition 3.2.5 where instead of

using the splitting (3.1) of C", we use the splitting (3.11) of C?". O
Proposition 3.3.7. If F, € IF, ,,(2n), then for any i < j, we have the following:
(i) Hij(w, F) = To, Xy, ;(Fo(Qi © Qj))
(ii) Hijlw, Fu) = To, X3, (Fu(Qi ® Q)
(iii) Hy(w, Fy) = T, X5 (Fo(Qi @ Q))
(iv) Si(w, Fo) = Tg,®%, (Fo(Qi @ Qi)
Proof. Recall that a := {a1,...,a,} where a; := 2n + 1 — a; and consider the inclusion

IF(a,2n) < F¢(a Ua,2n) which maps

ViC---CV,—»WVC---CV,CVEC...CVit

r

Using the natural inclusion of S (a) C S3) (aUa), it is easy to see that @S (Fy) «— X2 (F,).
Since L¢ C LA, for any F, € IF, ,(2n) we can apply Proposition 3.2.7 to X¢ (F,). This

gives

Hi,j(w,F.) = HOm(Qi,Qj)ﬂTE.‘I)fU(F.)
- Hom(Qi,Qj)ﬂTE.X;’)(F.)

= T Xy, ;(F(Qi © Qj))-
Similarly, we have the inclusions

Hij(w, Fy) C T, X5, (Fu(Qi © Q) and Hi(w, Fy) C To, X5, (Fu(Qi @ Q))
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and

Si(w7 FO) - TQZXI%Z’Z (F'(QZ S2) QZ))

Note that by definition, S;(w, Fy) C sym?Q;. Hence

Si(w, Fe)

N

TQzXl%Z,Z (F.(Q’L S5 Ql)) N Sysz;ﬁ
= T, X5, ,(Fe(Qi ® Qi) N T, LG(bi, Qi © Qi)

= T, %5, ,(F(Qi® Qi)).

Calculating dimensions we have

dim @,y = dim X, ; + dim Xy, ; + dim Xy, + dim @y, ;.

By Proposition 3.3.6, the above inclusions must be isomorphisms. ]

Proof of (ii) = (i7i) in Theorem 1.2.1: The proof is the same as the proof of Theorem

1.1.2 (4i) = (i4i) only we use Proposition 3.3.6 and Proposition 3.3.7. O

Before we prove (iii) = (i) in Theorem 1.2.1 we need the following two lemmas which
serve as analogues of Lemma 3.2.8. The first is a technical lemma which is a consequence
of recent work by Belkale-Kumar. For proof see [4, Theorem 34]. For any i € [r] and

w E S£+2bT+1(bi) , consider the set

F(w,i) = {gw " Ee(Qi ® Q) | g € GL(Qs) x Sp(Q)}

Lemma 3.3.8. Let (w!,w?, ..., w®) € (Sl§3+2br+1(bi))s; then the following are equivalent
(7’) szl[ka] 7& 0 in H*(Gr(bla b; + 2b7"+1))

(ii) For generic (FY, F2,... F3) € [[1— F(w*, 1), the intersection (\;_, X2 (FF) is trans-
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verse at Q; € Gr(b;, Q; & Q).

For any {i < j} C [r], consider the following Levi factors with respect to the root system

of Sp(2n):

(i) Let L;; be the Levi subgroup of the parabolic P;; C SL(Q; @ (Q;) which stabilizes

the space @Q;.

(ii) Let L;; be the Levi subgroup of the parabolic P ; C SL(Q; @ Q;) which stabilizes

the space Q;.

(iii) Let L; be the Levi subgroup of the parabolic P; C Sp(Q; ® Q;) which stabilizes the

space ;.
Lemma 3.3.9. For any w € SQC,L(a), the following maps are surjective:
(i) IFpw(2n) — FLlp, ; w,;(Qi © Qj) given by Fo — Fo(Q; @ Qj).

(it) IF [ (2n) — Flf (Qi ® Q) given by Fo — Fo(Q; ® Q])

i,5 Wi, j
(i) IFLw(2n) = IF, 5 (Qi © Q;) given by Fy — Fo(Qi @ Q).

(v) T (2n) — F(1;,1) given by Fe = Fo(Q; ® Q).

Proof. Consider the Levi subgroup L as in (3.14). Clearly LC acts transitively on all the

range sets in items (i) — (iv). Hence the maps are surjective. O

Proof of (iii) = (i) in Theorem 1.2.1: We follow a similar outline to the proof of

(#4i) = (it) in Theorem 1.1.2. Assume part (ii7) in Theorem 1.2.1. Since Gr(b;, b; +b;) and

LG(b;, 2b;) are cominuscule flag varieties, by Proposition 2.1.9, the s-tuples (wi{jw?’j, . wij),
(u‘;ilj,w?j, -, wi ;) and (wl{i,w?’i, ..., w;;) are Levi-movable. By Lemmas 3.3.8 and 3.3.9
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and Proposition 3.3.7, we can find a F € [[;_, IF ,x(2n) such that

dim ( ﬂ TE.@;k(F,’f)) - Z (dim ﬂ H; j(w*, F*) + dim ﬂ Hi,j(wk,F,’f))
k=1 1<j k=1 k=1
+ Z (dlm ﬂ H;(w®, FF) + dim ﬂ Sl(wk,F,k)> =0
i=1 k=1 k=1

By the codimension condition (1.7), the Schubert cells @;k(F.k) intersect transversally at

E. Thus Proposition 2.1.2 proves (iii) = (ii) in Theorem 1.2.1. O

3.4. Horn recursion for (H*(G/P),®)

In [3], Belkale-Kumar give a list of necessary Horn-type inequalities which they call
character inequalities satisfied by L-movable s-tuples. We state this result below in Theorem
3.4.2. They ask if these inequalities are sufficient to determine if a s-tuple is L-movable.

Theorem 1.1.2 answers this question affirmatively for all type A flag varieties.

3.4.1. Refined inequalities for the new product

For any G/ P, let ¢ be any algebraic group homomorphism Z(L) — C*, where Z (L) denotes

the center of the Levi subgroup L C P. We will call any such map a central character of L.

Definition 3.4.1. For any w € WF and central character ¢, define the character

Xo= Y, B

BER(w,c)
where

R(w,c) :={B€ RN\R nw 'RT | el =c)

lzwy —
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Note that
Xo =X
Cc

where the sum runs over all central characters of L such that x{ # 0. Belkale-Kumar

obtained the following result in [3, Thm 32].

Theorem 3.4.2. Let (w',w?,...,w®) € (WP)® be L-movable. Then the following two

conditions are satisfied:

(i) For any central character ¢ of L such that x§ # 0,

> |R(w,¢)] = |R(1,0)] (3.16)
i=1

where | - | denotes the cardinality of the enclosed set.

(i4) For any mazimal standard parabolic Qr, of L and any choice (u*,u?,... u®) € (W®L)s

such that

in H*(L/QL) and any central character ¢ of L such that x{ # 0, the following in-

equality is satisfied for any o, € A(P)\A(QL):

S G (dhay) < X5 () (3.17)
k=1

3.4.2. Horn recursion for (H*(F{(a,n)),®o)

We show that Theorem 1.1.2 implies that the conditions of Theorem 3.4.2 (i), (i7) are

sufficient to determine when (w!,w?,... ,w®) is L-movable for SL(n)/P. Recall that with
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respect to the splitting (3.1), we have the decomposition of L given in (3.5). Hence

r+1
Z(L) = {(217'227 .. ~;Zr+1) € Cr+1 | H ZZk = ]_}
k=1

For any {i < j} C [r + 1], define the central character of L

-1
Ci’j(Zl,Zg, e ,er+1) =z Zj .
If=¢,—¢p € R‘*‘\Rf, then elﬁZ(L) =c¢;;if and only if ;1 < a < a; and aj_1 < b < aj.

Also, all central characters of L such that x{ # 0 are of the form ¢; ; for some i < j. By
Lemma 2.1.6, we have that

|R(w, c;j)| = COdim(Xwiyj)

and hence the equations in (3.16) are equivalent to the equations given in Theorem 1.1.2
(tva). For any i € [r+ 1] and any d € [b;], let P; 4 be the stabilizer of the subspace
Span{eq, ,+1,€a; 142+ ---»>€a;_1+d} © Qi in the group GL(Q;) . Consider the parabolic

subgroup of L:

r—+1

Qr={(91,---,9r41) € GL(Q1) X - X Pg X -+ X GL(Qr4) | ] ] det(g:) = 1}.
=1

The homogenous space L/Qr, ~ GL(Q;)/P; q ~ Gr(d, b;). Observe that the set A(P)\A(Qr)
consists of the single root oy, ,4+4. Calculating the action of u € Si(b;) on x4, ,+q with

respect to the positive roots in R(1,¢; j), we have that

lifa—a;—1 € {u(l),u(2),...,u(d)}
0 otherwise.

Bluza, y+a) = {

where 8 = ¢, — €, € R(1,¢;;). By counting the number of positive roots that are sent

to R(1,¢; ;) under the action of w™!, we find that for any w € S,(a) and u € Sy, (d), the
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character

M&

C
Xw uxaz 1 +d

(b +ul wi,j(u(z))).

=1
In particular, we have that x|/ (uz4, ,+q) = db;. Hence the character inequalities (3.17)

are the same as the inequalities (1.4).

Corollary 3.4.3. Conditions (i) and (ii) in Theorem 3.4.2 are sufficient to determine when
(whw?, ... ,w®) € (WF)$ is L-movable for G = SL(n) and P is any standard parabolic

subgroup.

Remark 3.4.4. Theorem 1.2.1 does not prove the analogue of Corollary 3.4.3 for the group
Sp(2n) since the Horn recursion requires the Purbhoo-Sottile inequalities in [15] for the

Lagrangian Grassmannians found in Theorem 1.2.1 (iiib).

Question 3.4.5. Are conditions (i) and (ii) in Theorem 3.4.2 sufficient to determine L-

movable s-tuples in the case of the Lagrangian Grassmannian?

If the answer is yes, then Theorem 1.2.1 would imply that (i) and (i) in Theorem 3.4.2 are

sufficient to determine L-movable s-tuples in all type C flag varieties.

3.5. A list of dimensional inequalities for F/(a,n)

In this section we consider the entire cohomology H*(F¢(a,n)) and prove Theorem
1.1.3. We start by considering the following lemma which gives an equivalent condition for

a transversal intersection.

Lemma 3.5.1. Let X1, Xo,..., X be smooth subvarieties of a smooth variety X and let
z € ey Xk Then X1, Xa, ..., X intersect transversally at x if and only if the induced

map of vector spaces ) : Ty X — @ _, ToX /Ty X}, is surjective.
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Proof. Note that ker(y) ~ (;_; To Xy C T, X. Then 1 surjective gives the short exact

sequence
0 —> ker(¢)) —= T, X —> @D TuX/To Xy — 0
k=1
and therefore dim();_; 15 Xy) = dim(7, X) — > ;_; codim (T, X). O

3.5.1. Proof of Theorem 1.1.3:

For any V, € Fl(a,n), consider the projection f; : Ty, (F¢(a,n)) — Tyv,Gr(a;,n) ~
Hom(V;,C"/V;) given by (¢1,¢2, - ,é,) — ¢;. Using the proof of Proposition 3.2.3, for

any w € Sy(a) and Fy € F(n), the image of the subspace Ty, (X;,(Fs)) is equal to
[i(Tv, X (F)) = Ty, Xy, (Fe) € Ty, Gr(ai, n).

For any j > i define the map f; ; : Ty, (F¢(a,n)) — Hom(V;, C"/V;) by composing the map

fi with the map p; ; : C"/V; - C"/V;. In other words, for any v € V;, we have

fij((@1, 02, -+ s &) (v) = pijj o ¢i(v).

Note that the map f; ; is surjective since the map f; is surjective. For any (whw?, ... w®) €

Sp(a)® and F € Fl(n)®, we have the corresponding commuting diagram:

Ty,Fl(a,n) v @TV.FK(G,”)/TV. on(F?)
k=1

fij ifij

Hom(V;, €"/V;) —2 @) Hom(Vi, € /V))/ fij (T, X5 (FE))
k=1

where 1 and v;; are diagonal embeddings and ffj coordinate wise projection of f; ;. If
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(w',w?, ..., w®) € Sy(a)® satisfies the condition [;_;[X,x] # 0, then by Proposition 2.1.2
and Lemma 3.5.1, we can choose F € F{(n)® such that the map 1) is surjective. Therefore,
by the commutativity of the diagram, we have that 1); ; is surjective and the images under
Jij of Tv, X7 (FF) C Hom(V;,C™/V;) intersect transversally at the point f; ;j(Va). Lemma
3.5.2 below completes the proof of Theorem 1.1.3 by computing the codimension of the
space fi;(Tv, X5(F.)) € Hom(Vi, €/V;). 0

Let w € S, (a) and {i < j} C [r]. Let the set A, := {w(a;j+1),w(a;+2),...,w(n)}. Define

P () = #{p € AL, | p < wila; +wi(l) — 1)}

where wj; is the image of w under the map S, (a) — Sp(a;).

Lemma 3.5.2. Let w € Sp(a) and {i < j} C [r]. If we denote p(l) := pii (1), then

fii(Tvi Xy (Fe)) = {¢ € Hom(V;, € /Vj) | 6(Fi1(Vi)) © Fpy (C"/V)}- (3.18)

Proof. If ¢ = fi j((¢1, 02, -, ¢r)) € fij(Tv,(Xy, (Fe))), by the definition of p(l) we have

(F1(Vi) € pij(Fu,)—1(C"/ Vi) C Fpoy(C/V;) VL€ [ai].

This shows that the LHS C RHS in equation (3.18). Let ¢ € Hom(V;, C"/V;) be such that
d(F1(Vi)) C Fpy(C*/V;) V1 € [a;]. We construct (¢1,d2, -+, ¢r) € Ty, (X (Fs)) such that

fij((d1, 02, ,¢r)) = ¢. Choose a splitting of

C'"=Q1 Q2P - & Qrs1

such that Vi = Q1 ® Q2 @ - - - ® Qi and identify @n/Vk = Qk+1 D Qk+2 D DQry1 VEkE

[r]. Then for any k € [r], the map ¢ induces a map ¢ : Vi, — C"/V} by the following
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construction.
If k < i, then for any k € [k], define ¢ on Qi by or(Q5) == 0(Q;).

If k > i, then for any k € [k], define ¢5 on Q; by

Q) = o(Qp) for k <

k Qr+19Qk 2B BQr+1

#(Qz) == 0 for k > i.

It is easy to see that (¢1, ¢2,...,¢r) € Ty, Xy, (Fo) and that f; j(¢1, P2, ..., ) = ¢. There-

fore equation (3.18) is satisfied. O
By Lemma 3.5.2, the codimension of f; j(Ty, Xy, (Fe)) € Hom(V;, €C"/Vj) is given by

aj

codim(fi j(Tv, X (Fe))) = ai(n — aj) — i:pfjjj(l) = (n—a;—p (1)
=1 =1

which completes the proof of Theorem 1.1.3.
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CHAPTER 4
Structure coefficients
Kleiman’s transversality theorem [10] says that for generic (g1, ... gs) € G*, the intersec-
tion (N;_; gkA is transverse and dense in the intersection (V;_; gl r. If (wl w?, ... w®) €
(WF)s are such that [[;_;[A,+] = c[Ae] for some positive integer ¢, then for generic

(91,-..9s) € G®, we have

s

v

k=1

= C.

S
ﬂ gre\yr| =
k=1

Let (w!,w?,...,w®) € (WF)* be L-movable. The goal of this chapter is prove Theorems
1.1.4 and 1.2.2 which give a formula for the structure coefficient ¢ as a product of structure
coefficients coming from induced maximal flag varieties in the type A and C cases. Since
the proof in each of these cases is similar, we will go over the type A case in detail and refer

back to this case when needed in the type C case.

4.1. Induced Schubert varieties

Let P; be the standard maximal parabolic of G' containing P associated to the root
aq; € A\A(P) and let L; denote the Levi subgroup of P;. Let Up, be the unipotent radical
of P; and observe that P, = L; - Up,. Since P C P;, there exists a standard parabolic

subgroup @; C L; (Q; contains By, := BN L;) such that Q; = PNL; and P = Q; - Up,.



Consider the projection f : G/P — G/P;. This gives rise to the fibration diagram

|

G/P;

In particular, for any g € G, we have f~'(gP;) = {gpP | p € P;} ~ gL;/Q;. For any
w € WP, there exist w; € WFi and Wy € WL; such that w = w; - w,. Since w, w;, w, are

minimal length, this product is unique [15]. Clearly the image f(Ay,) = Ay,.
Lemma 4.1.1. For any gP; € Ay, we have that f~1(gP;) N Ay ~ ghw., .

Proof. Write g = bw; for some b € B. We have that
FHgP;) N Ay = (bw; P; N Bwyw;) P = bw;(P; N w; * Bww.)P.

Since w; € Wi, the Borel Br, =L; ﬂwi_lei. Hence, under the identification f~1(gP;) ~

gLi/Q;, we have the above expression equal to

bwi(Li N wi_leiwv)Qi = bwi(Li N wi_lei)wai = bwiBLivai = gva.

O
In the next two sections, we show that if (w',...,w?) is L-movable, then the associated
structure constant is a product of the structure constant coming from (wz-l, ...,w)) and
(wh, ..., ws) for certain i € [r].
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4.2. A formula for type A structure coefficients

In this section we focus on the case where G/P = F{(a,n) and i = 1. Hence the
projection we consider is f : Fl(a,n) — Gr(aj,n). The techniques used in this section
are inspired by techniques used by Belkale in his proof of Horn’s conjecture in [2]. Recall
Definition 1.1.1 of induced permutations. Define v := {a;1 +1 < a; +2 < --- < n} C [n]
and for any w € Sy(a), consider the induced permutation w, € S,_,,. For any point
V € Gr(a,n), the fiber f~1(V) is isomorphic to F¢(ay,n — a1) where ay = {az — a1 <
as —ay < -+ < ar —ay}. Applying Lemma 4.1.1, for any w € Sy,(a) and Fy € F¢(n) such

that V e f(X; (F,)), we have that
Xo(F) N f7HV) = X5, (Fa(C"/V)).

Let (w!,w?,...,w*) € Sp(a)® and let F € Fl(n)* be such that (;_; X°,(FF) is not empty.
wy

For any V € N;_; X;k(F,k), we have
1

N X (EE N V) = () Xou(FEE@/V)). (4.1)
k=1 k=1

Note that set (4.1) could possibly be empty. We will show later in Proposition 4.2.6, that

if (w!,w?,...,w®*) is L-movable, then we can choose F € F/(n)® “generic” enough so that

(4.1) is nonempty for all V- € (;_; X, (FF). We first show that an L-movable s-tuple
1

induces a Levi-movable s-tuple in the projection and fiber of f. We have the following

relationships between the lengths of w, w,, and w.

Remark 4.2.1. For any w € Sy, (a), we have

Aw,) = A (w) — A (w) (4.2)
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and for any i € [r — 1],

For any V € Gr(aj,n) and w € S, (ay), define
Y/ :={F, € Fl(n) | V € X, (F.)}.

Lemma 4.2.2. For any V € Gr(ai,n) and w € Sy(a1), the map Yi¥ — FL(C"/V) given by

Fo — Fo(C™/V) is surjective.

Proof. Let Gy := {g € SL(n) | gV = V}. It is easy to see that the map Y{¥ — F{(C"/V)

is Gy-equivariant. Since Gy acts transitively on F£(C™/V'), the map is surjective. O

Using notation at the beginning of this chapter, we can identify F¢(ay,n —a1) = L1/Q1 ~

Py/P. Let Lg denote the Levi-subgroup of Q1 in L;.
Proposition 4.2.3. If (w',w?, ... ,w*) is L-movable, then the following are true:

(i) The s-tuple (wi,w?,... w$) is Li-movable.

S

(i) The s-tuple (w,ly w? T

1s Lo-movable.
w3, ) is Lg

Proof. Since (w!,w?, ..., w®)is L-movable, for generic F € F¢(n)* the intersection [} _, X;If (FF)
is nonempty. By the numerical conditions (1.3), the expected dimension of the set (;_, X;;,f (FF)
is zero. Hence the set ();_; X;,f (FF) is finite and transverse. Since this is an intersection of
Schubert cells in a Grassmannian, by Proposition 2.1.9, it is also Li-movable. This proves
part (7).

For part (i), fix V € Gr(ai,n) and consider [];_, Y‘;Ulf C Fl(n)®. By part (i) and the
assumption, for generic F € [];_, Y‘;Ulf, the intersections ();_; X:;{C (FF) and N, X2, (FF)

are nonempty and transversal. Since f((;_; X2, (FF)) is contained in ();_, X;{“(F‘k)’ we
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can further assume that there exists a Vo € (;_; X;k(F.k) such that f(Vs) = V. By equa-
tion (4.1), Mp—y X0 (FE(C™/V)) is nonempty and finite and by Lemma 4.2.2, the induced
Y
flags F(C"/V) are generic in F/(C"/V)*. Hence the intersection (;_; X2, (F¥(C"/V)) is
vy

transverse. By Proposition 2.1.2, we have that [[;_;[X,] is a nonzero multiple of a class

w’;]
of a point in H*(F¢(ay,n — a1)). By Theorem 1.1.2, it suffices to check that the s=tuple

1 2 s

1 ,,2
by Wy e ey WY

(w ) satisfies the numerical conditions for Lg-movability. Since (w", w=,...,w®)

is L-movable, we have the following numerical conditions (Note that (4.5) requires Theorem

1.1.2 (i4i)):
(ai(n —a;) — E(wf)) = ai(n—a;) (4.4)
k=1
(al(ai - ai_l) — E(wlf,l)) = al(ai — ai_1>. (4.5)
k=1
for any i € [r|. For any i € {2,3,...,r} rewrite the dimension of Gr(a; — a1,n — a1) as

dim(Gr(a; — a1,n —a1)) = a;(n — a;) —ai(n —ay) + Z ar(ag — ax—1) (4.6)
k=1

Combining (4.3),(4.4),(4.5) and (4.6) shows that (w),w?,...,w$) satisfies the numerical

conditions for Lg-movability in Theorem 1.1.2 (7). O

Alternate proof of Proposition 4.2.3 (i7): Consider the list of products given in Theo-

rem 1.1.2 (i4i). Applying Theorem 1.1.2 again to a certain subset of these products implies

that (w%,w%, ..., w5) is Lg-movable. O
We now fix (w!,w?,...,w*) to be L-movable and show that for generic F € F/(n)?,

the intersection (;_, X;s(F,k((D”/V)) is nonempty for every V € (;_; X;f(F.k) Define
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the variety Y C Gr(ay,n) x F¢(n)® by the following:

Y:={(V,F)|Ve ﬂ Xow(FO)}-
k=1

Note that the variety Y is irreducible and smooth. See [2, Section 8] for a similar example

of this result.

Definition 4.2.4. For any (V,F) € Y, we say that (V,F) has property P1 if the intersec-

tion (Np—y X2, (FE(C"/V)) is transverse and (Ni_y X0y (FE(C™/V)) = ey Xk (FE(C™/V)).
v v

k

k
Note that if (V, ) has property P1, then (;_; X2, (F¥) N f~(V) is not empty.
Proposition 4.2.5. Property P1 is an open condition on'Y .

Proof. Consider Y as a fiber bundle on Gr(a;,n) with fiber [];_, Y‘;Ulf over the point V' €
Gr(ai,n). Let Z be the quotient flag bundle on Gr(a;,n) with fiber F£(C™/V')* over the
point V' € Gr(aj,n). By Lemma 3.2.8, the fiber bundle map n : Y — Z given by F —
F(C™/V) is surjective. Choose an open set U C Gr(aj, n) such that fiber bundle Z is trivial.

Over the set U, choose a local trivialization
Zly ~U x Fe(C" )%,

w2

- 1
Since (w, w3, . .

3o . wf/) is Lo-movable, there exists an open subset O C F£(C"~%)® such that

for every H € O, (7, X;,WC(Hf) is transverse and ()7 _; X;§<Hf) =Nie1 Xk (HF). More-
over, we can choose O to be SL(n — aj)-invariant under the diagonal action on F¢(C"~%1)%.
Consider the fiber bundle n=(O) over U. Since O is SL(n — ay)-invariant, n=(O) is inde-
pendent of choice of local trivialization. It is easy to see that n~1(O) is an open set of YV’

and every (V,F) € n~1(O) satisfies property P1. O

Proposition 4.2.6. Let O C Y be an open subset of Y such that every point in O has
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property P1. Let g : Y — Fl(n)® be the projection of Y onto its second factor. For generic

F € Fl(n)®, the set g~ (F) C O.

Proof. The fiber of g over any point F is isomorphic to (;_, X;,f (FF). Choose an open
subset of U C F/(n)® such that for every F € U, the set g~ '(F) is finite. Let ¥ be the
closure of g(Y\O) in Ff(n)®. Since Y is irreducible, we have dim(Y\O) > dim(Y). Since g
is generically finite to one, we have that dim(F£(n)®) > dim(Y) and hence there exists an

open subset U C F£(n)*\Y. For any F € U NU, we have g~'(F) C O. O

4.2.1. Proof of Theorem 1.1.4
Proof. Chose F € F{(n)® generically so that,
S

Xou(F3)| =
k=1

and

(e

By Proposition 4.2.6, the flags F can also be generically chosen so that for any V €

My X;’},f (FF) the point (V,F) satisfies property P1. Therefore the map
S
i ﬂX% (FS) = () Ko (F)
k=1

is surjective. Since the number of points in each fiber f~1(V) is exactly c,, we have that

c=c1-Cy. O

Let wg be the longest element in W and wp be the longest element in Wp. For any

w € Sp(a), define wY := wowwp. Note that w" € S, (a).

Corollary 4.2.7. Let (w,u,v") be L-movable. Then ¢, , = cbl .. - Culu, -

wi,u1

Proof. Since the Poincaré pair (w,w") is L-movable, by Proposition 4.2.3, we have that

(w1, (w")1) and (w., (w),) are Levi-movable. Hence (w;1)" = (w"); and (wy)" = (w"),.
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Apply Theorem 1.1.4 to the triple (w,u,v"). O

Recall that Proposition 4.2.3 says that if (w,u,v") is L-movable then (wy,uw,v;/) is Lo-
movable. Hence we can apply Theorem 1.1.4 to (w-, -, v¥ ). This process gives an inductive
way to write cy, ,, as a product of Littlewood-Richardson coefficients coming from the Grass-

mannians Gr(b;,n — a;—1) where i € [r].

Corollary 4.2.8. The non-zero structure coefficients of (H*(F(n),Z.),®g) are all equal to

1.

Proof. Since F¢(n) is the complete flag variety, we have b; = a; — a;—1 = 1 for all i € [n].

Hence Gr(b;,n — a;—1) is projective space where all structure coefficients are equal to 1. [J

Remark 4.2.9. Analogues of Theorem 1.1.4 exist for any projection f; : Fl(a,n) —

Gr(ai,n) and fiber

f;l(V) ~Fl((ay,...,ai-1),a;) x Fl((ait1 — a;, ..., ar — a;),n — a;).

with corresponding induced coefficients. The proof is similar to that of Theorem 1.1.4. Com-

paring these formulas gives many interesting relations between type A structure coefficients.

4.3. A formula for type C structure coefficients

The arguments in this section are very similar to those in the previous section. We
focus on the case where G/P = IF(a, 2n) and ¢ = r. Consider the projection f : IF(a,2n) —
IG(ar,2n). Clearly, the image f(®5 (F,)) = @y, (F,). For any V' € IG(a,,2n), the fiber
i) = FE(ag,V) ~ F@(ag,ar) where ag ={a1 <ay<---<ap1}. UV e f(P,(F,)),

then

O, (F) N fHV) = X5 (Fa(V)
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where wy := wrr (Recall the definition of wr in Section 1.2.2). Analogous to Proposition
4.2.3, we show that Levi-movable s-tuples induce Levi-movable s-tuples in the projection
and fiber of f. Let Lg denote the Levi subgroup of @, in L, under the identification

FE(a,(Yj, a) =~ L,/Q,. Note that for any w € S¢ (a), the length (€ (w) = £4(w,) + € (w-).

Proposition 4.3.1. If (w',w?,...,w®) € (59(a))® is L-movable, then the following are

n

true:

S
s

(i) The s-tuple (w},w?

= ) is Ly-movable.

LW

S

(ii) The s-tuple (wy,w S

., w?) is Lg-movable.

2
Joe
Proof. Note that part (i7) of the proposition is an immediate consequence of applying the

results in Theorem 1.2.1(7ita) to Theorem 1.1.2. To prove part (i), note that the s-tuple

(wl,w?, ... w) satisfies the numerical condition in Theorem 1.2.1(7) since (w!, w?, ..., w®)
is L-movable. It suffices to show that (w!,w?,...,ws) satisfies the codimension condi-
tion (1.7). To see this, we combine the codimension conditions of (wﬂly,wg, ., w)) and
(wh,w?, ..., w?). O

Fix (w!,w?, ..., w®) to be L-movable. We show that for generic F € IF(2n)*, the
intersection (;_; X¢ (F (V) is nonempty for every V'€ (;_; ®° (Fk) Define the variety

Y¢ C 1G(ay,2n) x IF(2n)* by the following:

YO ={(V,F)| Ve ﬂ o7 (FY)}-
k=1

Definition 4.3.2. For any (V,F) € Y, we say that (V,F) has property P2 if the inter-

section (_y X (Fk(V)) is transverse and (;._ 1XO (FFV) =Ny X (Fk(V))
Note that if (V, F) has property P2, then (\;_; ®°,(FF) N f~*(V) is not empty.
Proposition 4.3.3. Property P2 is an open condition on Y.
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Proof. The proof is exactly analogous to the proof of Proposition 4.2.5. Here we use the fact
that (w},w?,...,ws) is Lg-movable and that the map Y|y — FU(V)® given by (V,F)
F(V) is surjective. O
Proposition 4.3.4. Let O C Y be an open subset of YC such that every point in O has

property P2. Let g : Y — IF(2n)® be the projection of YC onto its second factor. For

generic F € TF(2n)*, the set g~ (F) C O.

Proof. This follows from the proof of Proposition 4.2.6 and the fact that the map g is

generically finite to one. O

4.3.1. Proof of Theorem 1.2.2

Proof. Once again, this follows from the previous section using the proof of Theorem 1.1.4

replacing Proposition 4.2.6 with Proposition 4.3.4. O
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CHAPTER 5
Branching Schubert calculus and Horn recursion

In this chapter we address a more general version of the original question found at
the beginning of Chapter 1. Let G be a semisimple algebraic subgroup of G and choose
parabolic subgroups P and P such that ¢ : G/P < G/P. If [A,] is a Schubert class in
H*(G/P), we can ask: Under what conditions is ¢*([Ay]) # 07 In [3, Theorem 29], Belkale-
Kumar construct a list of necessary criteria in the form of inequalities in the case of the
diagonal embedding G/P «— G/P = (G/P)*. We find that their work generalizes to the
setting where G is any semisimple algebraic group containing G. In this thesis, the choice of
P and P are dependant on a fixed one parameter subgroup of G. In the first three sections
we give background information for this problem. In the last three sections we state and

prove the main results.

5.1. Dominant weights and parabolic subgroups

We reestablish many of the objects associated to G initially defined in Chapter 2. Fix
a torus H C G and let R C h* be the root system of G and choose a set of positive roots
R*. Choose a set of simple roots A C RT. For any a € RT, let t, € b denote the unique
element such that a(t) = (t,,t) for all t € h where (,) denotes the Killing form on §. Define
E :=R{ts | « € A} C b be the real span of the t,. Let hy :={z € E | a(z) > 0 Va € A}
denote the corresponding positive Weyl chamber in IE. Let B denote the Borel subgroup
with respect to the choice of positive roots RT and let W denote the Weyl group of G. Let

7 € OPS(G) (i.e. an algebraic group homomorphism 7 : C* — G) and define the associated



tangent vector in g to be

,_dT

= —(1 .
T dt()eg

Observe that if 7 € OPS(H), then 7 € IE C h. We say 7 is dominant with respect to G if

7 € by. Let P%(7) be the associated parabolic subgroup defined by:
PYr):={geq | }iH(l) 7(t)gr(t)"! exists in G}.

We say that PY(7) is standard if B C PY(1).

Proposition 5.1.1. Let 7 € OPS(H). The parabolic subgroup P%(t) is standard if and

only if T is dominant with respect to G.

Proof. Consider the map exp : b — B. Since B is generated by exp(b), it suffices to show
7 is dominant if and only if lim; .o 7(¢) exp(X)7(¢)~! exists for all X € b. To do this, we

show the limit exists for a basis of b. Consider the Cartan decomposition

b=hHa @ga.

acRy

If X € h we have that 7(¢) exp(X)7(t) ! = exp(X) since 7 € OPS(H) and hence the limit

above exists. If X € g,, then
7(t) exp(X)7(t) " = exp(Ad(7 () (X)).
Observe that 7(t) = exp(7Int). By a simple calculation, we have
Ad(T(8))(X) = Ad(exp(7 Int))(X) = exp(ad(7 Int)(X)) = t¥NX

Thus limy o 7(¢) exp(X)7(¢)~! exists if and only if a(7) > 0. This proves the proposition.

O]
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Note that if P%(7) is standard, then its Lie algebra p corresponds to the set of simple roots

A(PE(1)) :={a € A | a(7) = 0}.

5.2. Subgroups and the Weyl group

In this section we give a brief survey of [5, Section 2.2], in which Berenstein-Sjamaar
determine the relative Weyl set W.. The only difference is that we do not require 1 € W.
We provide basic proofs of the statements needed in this thesis. Let G be semisimple
algebraic subgroup of G and let f : G < G denote the embedding of G into G. Fix a torus
H such that H = HNG and let R be the root system of G with respect to H. Consider the
induced map f, : h < bh. Note that f,(E) C E since R C f*(R). Choose a set of positive
roots Rt and simple roots A C R*. Since W acts on the space E, we can ask: How does

this action affect b ¢ E C E?

Definition 5.2.1. Define

Wcom = {U ew ‘ dim f~)+ = d1m(f~)+ N ’Ub+)}

to be the compatible subset of W.
Let B be the Borel subgroup of G with respect to R™T.
Proposition 5.2.2. If v € Weon, then B=vBvinG.

Proof. By the assumption, choose A such that \ € 65’r Nwvhy. This implies that B = Pé()\)
and B C P%(v~'\v) = v~ P¥(\)v. Therefore, we have B C vBv~'NG and thus vBv~'NG
is a standard parabolic of G. To show that B = vBv~ 1N é’, it suffices show that the Lie
algebra of vBv™' NG contains no negative root spaces of the Lie algebra of G. Let 8 € R be

any root corresponding to a root space of the Lie algebra of vBv~' N G. Since R C f*(R),
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there exists an o € RT such that 8 = vf*(«). For any z € 63_ Nwvhy, we have

since v™'2 € h,. Thus 8 cannot be a negative root. O

Define b, := 6+ N vh4+ and note that 6+ = UveWmm hy. The set Weom may be over

determined in the sense that there may exist u,v € Weom such that b, = bh,. Define
W .= NZG(FI)(H)/H CNg(H)/H=W

where Zg(H) is the centralizer of H in G. Note that W is well defined since H C Zg(H).
Proposition 5.2.3. The right action of W on W fizes the subset Weon.

Proof. Let w € Weom and let @ € W. Then by Nwwhy = @ 1h4 Nwh,. Hence, it suffices
to show that W fixes the space 6+. In fact, we will show that W acts trivially on [~)+.
Let i € b, and choose A € OPS(H) such that A\ = h. Let @ € Ny (H) denote any

representative of w € W. We have that

_ d, _ d
wh = %(wo)\(t)wo )‘tzl = %A(mt:l = h.

This proves the proposition. O

We consider the orbit space of Weon, with respect to the action of W. There exists a unique

element in each orbit of minimal length which leads to the following definition.

Definition 5.2.4. Define W be the set of minimal length representatives in Weom of the

orbit space W\Weom -

The following are some basic properties of the set W,¢. For the proof see [5].

68



Proposition 5.2.5. The following are true:

(Z) 64—: U hfu-

VEWel

(it) If b3 N by # O for some v,u € Wy, then v = u.

(i) |Wiet| = 1 if and only if b4 C b

5.3. Flag varieties and the statement of results

Fix 7 € OPS (IEI ) to be dominant with respect to G. Clearly, we have that 7 €
OPS(H), although it may not be dominant with respect to G. Choose v € Wy such that

Lrv is dominant with respect to G. By Proposition 5.1.1, PG(TU) is a standard

Ty ‘= U
parabolic subgroup of G. We simplify notation by denoting PG(T) and P%(7,) by P and

P respectively. Note that P = vPv™' N G. Let

¢rv: G/P — G/P

be the é-equivariant map defined by mapping ¢, (915) = gvP. We will denote ¢, by ¢

when the choice of 7 and v are clear.
Lemma 5.3.1. The map ¢ is well defined and injective.

Proof. Let g1,92 € G be such that g1 P = goP. Abusing notation, let v € Ng(H) be a
representative of v € Wye. Then there exists a p’ = vpv~! such that p’ € P, p € P, and
g1 = go2p'. Hence

g1v = gap/v = gavpv v = goup.

Since P contains H, the map ¢ not depend on the choice of v € Ng(H). Thus ¢ is well

defined. Now suppose g1, g2 € G are such that ¢(g1]5) = ¢(9115). Then there exists ap € P
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such that giv = govp. Hence gglgl = vpv~!. Therefore gglgl € (wPv~'NG) = P. This

proves that ¢ is injective. ]

Consider the induced map on cohomology

¢* : H*(G/P) — H*(G/P).

For any w € W we are interested in constructing a list of necessary conditions given that

¢"([Aw]) # 0. (5.1)

It is sufficient to consider only the case where

¢*([Aw]) = c[A¢] for some ¢ # 0. (5.2)

To see this we consider the diagonal embedding

¢:G/P—G/PxG/P

given by gP — (¢(gP),gP). If (5.1) is satisfied, then

ueW?P

where ¢, € Z>o. If ¢}, # 0, then we have that

" ([Awu)]) = 6" ([Aw]) - [Auv] = ci[Ac]

where u” € WP is the Poincaré dual of u € WF. Hence determining (5.1) is equivalent

to determining when qg*([A(MUV)]) is a nonzero multiple of a class a point. By replacing G

70



with G x G, and ¢ with ¢, we see that determining (5.1) is equivalent to determining (5.2).

5.3.1. Applications to Representation Theory

The motivation for studying the pullbacks (5.1) comes from representation theory. Let
X € b’ be an integral dominant weight of G and let V, denote the corresponding irreducible
representation of G of highest weight x. We ask the question: For which x does V, contain
a nonzero G-invariant vector? In [5], Berenstein-Sjamaar give an answer to the asymptotic

version of this question.

Theorem 5.3.2. Let x € hy be an integral dominant weight of G. Then there exists an
integer N € Z>o such that Vi, contains a nonzero G-invariant vector if and only if for
every (1,v,w) € OPS(G) x Wy x WE such that ¢*([Ay]) # 0, the following inequality is
satisfied:

F*(ow™tx)(7) < 0. (5-3)

What the above theorem says is that the set of such dominant weights generate a convex

cone in b, in which the walls are indexed by the triples (7,v,w) which satisfy (5.1).

5.3.2. Levi subgroups

For any parabolic P = P%(7), we define the Levi subgroup of P by

L=L%r):={g€G| limr(t)gr(t)”" = g}.

We remark that L is a maximal reductive subgroup of P. Define the L-dominant chamber
of h by

bt = {z € E | a(z) > 0 Va € A(P)}.
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Observe that b C bf_. We say 7 € OPS(G) is L-dominant if + € h%. Let By, := BNL
denote the Borel subgroup of L. We say a subgroup @@ C L is a standard parabolic

subgroup if By, C Q. Let R?L C R™ denote the set of positive roots generated by A(P).

Proposition 5.3.3. Let L be the Levi subgroup of a standard parabolic P C G. A subgroup

Q C L is a standard parabolic if and only if Q = PY(\) for some L-dominant A € OPS(H).

Proof. Since P is standard, we have that the Lie algebra of L is equal to

[=bo @ ga @ @ J-a

aER aER

and that the Lie algebra of By, is equal to

bL:h@ @ga-

aeRf

Following the proof of Proposition 5.1.1, the parabolic subgroup @ contains By, if and only

if a(A) > 0 for all & € A(P). O

e
Il
e~
,i)x
2
N
]!

For the rest of this chapter, we fix L := L%(7,) C P and
Lemma 5.3.4. L =vLv™'NG.

Proof. Let g € vLv~' N G. We have that
lim v~ 7 (t)ov tguolr(t) Tle = %in% v () gr(t) e = v gw.

t—0

Thus lim; .o 7(t)g7(t)~' = g and g € L. The reverse argument is the same. O
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5.3.3. Admissibility of one parameter subgroups

The proofs of the results in this chapter require techniques from Geometric Invariant
Theory (GIT). Since the groups we consider are not necessarily reductive and varieties
are not necessarily projective, we will need the notion of an admissible one parameter

subgroup. Consider the variety P/Bp.

Definition 5.3.5. Let A € OPS(P). We say X is P-admissible or admissible if the limit

liné v I \(t)upBr

t—

exists in P/By, for allp € P.
This definition is a generalization of the definition of admissibility given by Belkale-Kumar
in 3] where P/By, = (P/B;)* and v is taken to be the identity. We now give a characteri-
zation of P-admissible A € OPS(H). Consider the cone

Cp:={\eE|vB()\) >0VY3 € R\R} CE.
Lemma 5.3.6. Let A\ € OPS(H). Then ) is P-admissible if and only if A e Cp.

Proof. Let P = U - L be the Levi decomposition of P and let A, := v~ IA(t)v. If X is

P-admissible, then the limit
lim Ay (¢)p By, = lim Ay (t)ud, (t) "I\, (t)IB,
exists in P/By,. Since L/Bj, is compact, A is P-admissible if and only if the limit

. -1
}/g% Av (t)u>‘v (t)
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exists in G . This is equivalent to B(\,) > 0 for all 8 € R*\R". O
Lemma 5.3.7. If A\ € OPS(P) is P-admissible, then \g := pAp~" is P-admissible for any
peP.

Proof. For any p € P, we have the limit
%ir% v~ \o(t)upBr, = %in% v pA(t)pupBr = 7yn% v pov A (#)vo T pupBry.

Since v~ 'pv € P and ) is P-admissible, the above limit exists. ]

5.3.4. The main result on necessary Horn conditions

By an abuse of notation, we fix v € Ng(H) to be a representative of v € Wiy There is
no loss of generality in the final results by making such a choice. Let hi and EJLF denote the
corresponding dominant chambers of ) and 6 with respect to L and L and let W;, = Wp be
the Weyl group of L. We now construct an L-equivariant embedding of Levi flag varieties
given a L-dominant OPS A. By Lemma 5.3.4, we can define (WL)rel as in Section 5.2. The
only difference is that we must consider the roots v~ 'Ry. Let A € OPS(H) be L-dominant
and choose 0 € (W) el such that Ae 6% ﬂm}bi. Consider the standard parabolic subgroups

Q) = PE()\) and Q(\y) := P¥()\y) where g := (v0) ! \vd. Define
oo - L/IQO) = L/Q()

to be the L-equivariant map which takes gbfv(l()()\)) =0 woQ(\y).

Let Rfr C R* denote the set of roots generated by the simple roots A(P). We define
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characters similar to the one in Definition 2.1.4. For any w € W, define the character

Xw = Z .

BERT\R nw—1R+

Also define the character

= Y. B

P\ Bt
BERT\R,

We now state the first main result of this chapter.

Theorem 5.3.8. Let w € W be such that ¢*([Aw]) = a nonzero multiple of a class of
a point in H*(G/P). Then for any admissible, L-dominant A € OPS(H) and (w,?) €
W) s (Wi such that A € §% 0 vobk and (6 ,)*([Ag]) # 0 in H*(L/Q(N)), the
following inequality holds:

(f* (i~ xw) — X)(A) < 0. (5.4)

In particular, we can choose A = 7 € OPS(H). By definition, 7 is P-admissible and

L-dominant, and 7, is L-dominant. Hence 7 € 6% N vhi.

Corollary 5.3.9. For any w € W¥ such that ¢*([Ay]) = a nonzero multiple of a class of

a point in H*(G/P), we have that

(f*(oxw) = X)(7) < 0.
Proof. Observe that Q(7) = L and Q(r,) = L. Thus o is the identity in Theorem 5.3.8.
Since 7, is L-dominant, v is also the identity. O

The inequality in the above corollary is important since we will later see in Section 5.6
that the condition that w is (L, ¢)-movable is characterized by when this inequality is an

equality.
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Remark 5.3.10. Theorem 5.3.8 together with Corollary 5.53.9 generalizes [3, Theorem 29]

where Belkale-Kumar prove this result in the case of the diagonal embedding.

Question 5.3.11. In what cases are the inequalities (5.4) sufficient to determine when

¢*([Aw]) # 0 in Theorem 5.3.87

If the inequalities (5.4) are sufficient, then by Theorem 5.3.2, determining when ¢*([Ay]) #
0 would be equivalent to solving a certain asymptotic representation theory restriction
problem with respect to the embedding v 1Lv C L.

Considering all admissible, L-dominant X in Theorem 5.3.8 produces a highly redundant
list of inequalities. The conclusion can be replaced by an equivalent statement involving
only finitely many A € OPS(}NI). By Proposition 5.2.5, there exists a cubicle division of the

L-dominant chamber of h

L L
h-q- = U hq}
ﬁe(WL)rel
where bg = 6% N v{)hf;. Consider the intersection 6% N Cp. Since Cp is closed, we can

choose a finite collection of admissible, L-dominant A, ..., \s € OPS(ﬁI) such that the
appropriate sub-collection span the cubicles bg NCp. Fix 01,...,0s € (WL)re such that
each (vig) ' Agviy is L-dominant. For every k € [s], let Q denote the standard parabolic
subgroups of L associated to A; and let Q) denote the standard parabolic subgroups of L
associated to (viy) ' Agvdy. For each k € [s], we also have the induced L-equivariant map

on flag varieties

¢k L/Qr — L/Qx
which sends d)k(le) = v v, Q and the induced map ¢, on cohomology.

Theorem 5.3.12. Let w € WT be such that ¢*([Ay]) = a nonzero multiple of a class of a

point in H*(G/P). Then for all k € [s] and w € I/VLQ’c such that ¢7.([Ay]) # 0 the following
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inequality is satisfied:

(f* (iR xw) — X)(Ag) <0,

5.3.5. Proof of Theorem 5.3.8 & Theorem 5.3.12

Clearly Theorem 5.3.8 implies Theorem 5.3.12, so we focus on the reverse implication.
Let A be admissible and L-dominant. Then A € 6% N Cp and therefore lies in one of the

cubicles bg NCp. Choose ¥ € (W) such that = hg N Cp and write

/‘\ = Zak)\k

where the sum runs over the A\ which span hg NCp and ay > 0. For fixed w, the functional
¥ (i) — X is linear on f)g N Cp since X, and x are linear. Hence Theorem 5.3.12

suffices to prove Theorem 5.3.8. O

5.4. Tangent space analysis

The proof of Theorem 5.3.8 relies on the Hilbert-Mumford numerical criterion for
semistability in which we consider certain P-equivariant line bundles on the space P/By.
These line bundles are derived by analyzing the tangent spaces of G/P and G / P at the
points vP and eP respectively. By an abuse of notation we let A, := w™!BwP denote
the Schubert cell shifted by w™!. Consider a generic translate gA,, C G/P. Since G/P
is homogeneous, without loss of generality, we can assume that this translate contains the

point vP € G/P. Note that we still fix v € Ng(H) to be a representative of v € Wi.

Lemma 5.4.1. Suppose vP € g\, for some g € G, then there exists a p € P such that

gy, = vpAy,.
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Proof. By the assumption, there exist p € P and b € B such that v = gw™'bwp~!. Hence

g = vpw b w and gA,, = vpw b wA,, = vpA,. O

By the above lemma, the assumption in Theorem 5.3.8 is equivalent to the condition that
dim(T,, (¢~ (vpAw))) = 0
for generic p € P. Let
s : T,5(G/P) — T,p(G/P)

be the induced map between tangent spaces at the points eP and vP. For any p € P and
w € W, consider the subspace T,p(vpAy,) C Typ(G/P). Analogous to Proposition 2.1.2,
the following proposition in a basic fact that relates nonvanishing cohomology to tangent

spaces.

Proposition 5.4.2. Let w € W¥ be such that

dim A, = dim G/P — dim G/P. (5.5)

Then the following are equivalent.
(i) ¢*([Aw]) = a nonzero multiple of a class of a point in H*(G/P).

(ii) For generic p € P, the induced map

¢« : T.5(G/P) — T,p(G/P)/T,p(vpAy)

18 an isomorphism.

Observe that part (ii) of Proposition 5.4.2 is equivalent to saying the point eP is scheme

theoretically isolated in ¢~!(vpA,,) for generic p € P.
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5.4.1. P-equivariant bundles

In this section, we define several vector bundles on the variety P/Br. Recall that

v~ 1Py C P and define the P-equivariant product bundle

’j';: P/BL X Teﬁ(é/P)

on P/By, where the P action is given by the diagonal action p(pBr,1) = (v~ pvpByr,pl).
Note that while the vector bundle structure of 7 is trivial, the action of P is nontrivial.

Consider the conjugated action of P on G/P given by

p(gP) = vpv~'gP. (5.6)

Clearly this action of P fixes the point vP and thus the vector space T,p(G/P) is a P-
module. Define

TI = P/BL X TUP(G/P)

be the P-equivariant vector bundle on P/Bj, where the action of P acts diagonally (Note
that the action on the first factor is not conjugated). The map ¢, induces a P-equivariant
map © : 7T — T given by (pBr,1) — (pBr, ¢«(l)). Since T,p(G/P) is a P-module, is it

also a Br-module. Hence we can define the P-equivariant bundle

7:=P X B, TUP(G/P)

where (pb, 1) ~ (p,bl). We now show that 7’ and 7 are P-equivariantly isomorphic. Define

§:T' — T by mapping (pBr,1) — (p,p~"1).
Lemma 5.4.3. The map £ is a well defined P-equivariant isomorphism of vector bundles
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on P/Byp.

Proof. We first show & is well defined. For any b € By, we have that

&((pbBr, 1)) = (pb, (pb)~'1) = (p,bb~'p~'1) = (p,p~ 1)

and hence ¢ is well defined. Since 7’ and 7 are vector bundles of the same rank, it suffices
to show that £ is injective and P-equivariant. To show that £ is injective, suppose p,p’ € P
are such that £((pBpr,l)) = £((p'Br,1)). Then there exists a b € By, such that p = p’b. This

implies that £ is injective. The following calculation shows that & is P-equivariant:

£ (pBr, ) = (p'p,p 0" p'1) = ®'p,p~ 1) = p'(p.p 1) = P'&((pBL, 1)).

O]

Observe that for any w € WP the action of By, on G/P given in (5.6) fixes the space vA,,

and hence, T,p(vAy) is a Br-module. Define

Tw =P X By, Tvp(’UAw)

be the corresponding P-equivariant vector bundle on P/Bj,. Note that 7, is a sub-bundle

of T and that f_l(Tw)‘ = pBr, x T,p(vpAy). Consider the P-equivariant map

pBL

£00:T - T/T,.

If equation (5.5) is satisfied, then the rank of the vector bundles 7 and 7 /7, is the same.

Consider the determinant map of line bundles

0 : det(7T) — det(7/Ty)
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induced from the map £o0®©. The map # can be viewed as a P-invariant section of the space

H°(P/By, det(T)* ® det(T /Ty,)). (5.7)

We now have the following addition to Proposition 5.4.2:

Proposition 5.4.4. Let w € WF be such that

dim A,, = dim G/P — dim G/ P.

Then the following are equivalent.
(i) ¢*([Aw]) = a nonzero multiple of a class of a point in H*(G/P).

(ii) For generic p € P, the induced map

¢« : T,5(G/P) — T,p(G/P)/Top(vpAy)

is an isomorphism.

i) For generic p € P, the section € H*(P/By,, det(T)* @ det(T /T, P Joes not vanish
(i) For g

at pBy,.

Note that part (iii) of Proposition 5.4.4 is equivalent to 8(pBy,) # 0 for some p € P.

5.5. Geometric Invariant Theory

We review some basic properties of Geometric Invariant Theory. Let S be a complex
algebraic group acting on a variety X and let I be a S-equivariant line bundle on X. The

following definition is for Mumford’s numerical measure of instability:
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Definition 5.5.1. Let A € OPS(S) be such that for any x € X, the limit limy_o A(t)x
exists. Let xog € X denote this limit. Then the fiber over xgy in IL is fixzed under the action

of A(t). In particular this action X is given by some character z — 2". Define

pl(z, ) =7

The following are some basic properties of u(z, \) (see [14] for details):

Proposition 5.5.2. Suppose v € X and A € OPS(S) are such that the limit limy_o A(t)x

exists in X. Let I, I be S-equivariant line bundles on X. Then:

(i) 1E(g2, gAg ) = pB(x, ) for all g € S.
(it) p"®Y (2, ) = p(w, N) + p (2, X).
(iii) If there exists a o € HO(X, L)% such that o(z) # 0, then p(z,\) > 0.

(iv) If t™(x,\) = 0, then any element of H*(X, 1) which does not vanish at x, does not

vanish at limy_o A(t)x as well.

We apply the above proposition to the situation in Proposition 5.4.4 (ii). Let L :=
det(7)*®det(7 /T,,) denote the P-equivariant line bundle on P/By,. If ¢*([Ay]) = a nonzero
multiple of a class of a point, then Propositions 5.4.4 and 5.5.2 imply that ,u]L(pBL, A) >0
for any P-admissible A € OPS(P) and generic p € P. We prove Theorem 5.3.8 by de-

termining p%(pBr, \) explicitly for certain cases. By Proposition 5.5.2 (i4), it suffices to

consider det(7)* and det(7 /7,,) separately.

5.5.1. Computing Mumford’s number

Since det(7)* is a trivial line bundle on P/Bj, the action of P on the fiber is inde-

pendent of the base point. Hence we only need to consider how P acts on det (T, 5(G/P))*.
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Let x : P — C* be the character such that the action of P is given by pl = x(p)l for any

vector [ € det(T, P(G /P))*. If X is P-admissible and L-dominant, then
T (pBr, ) = dx(N).

Since the tangent vector A € b, it suffices to consider dx‘ﬁ. Recall in Section 5.3, we defined
x= ) B
BeRT\RS
Lemma 5.5.3. The character dX'B =X.

Proof. Consider the Cartan decomposition of Telg(é/P) = @ﬁef%\fzﬁ g_3. Hence b acts

on det(TeIs(é/P)) by —%. Thus b acts on the dual space by Y. O

We now consider the line bundle det(7/7,,) on P/Br. Recall that the P-equivariant
structure of det(7 /7,) is the restriction of its P-equivariant structure under the action
P C vPv~!. Hence we can compute udet(T/Tw)(pBL, A) with respect to the P action and
then consider the restriction to P. For any character v : H — C* (note that any character

on H uniquely extends to a character on By, ), we have the corresponding P-equivariant line

bundle L(v) := P xp, C, where

(p,c) ~ (pb,v(b)ec).

Since any P-equivariant line bundle on P/Bj, can be realized by this construction, there

exists a character x,, : H — C* such that
det(7 /Ty) ~ L(xw)

as a P-equivariant line bundles.
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Lemma 5.5.4. The character dx, = Z 0.
BERT\R Nnw—1R+

Proof. Consider the untwisted line bundle det(v='7 /v~'7,) on P/B, where

v T =P xp, Tep(G/P) and v, =P xB, Tep(Aw)-

By [3, Lemma 6], we have that det(v™'7 /v™17,,) ~ L(Xw). Where

df(w = Z ﬁ

BERT\R nw—1R+
Since P acts on det(7 /7,,) through conjugated group vPv~!, we have that the character
Xw = Xw- [

For any P-admissible, L-dominant \ € OPS(I:[ ), choose v € (Wp)er € W such that
s = (v0)"'A\wd is L-dominant. Let Q@ = PL()\;) € L denote the standard parabolic
associated to Ay and let P = U - L be the Levi-decomposition of P (U denotes the unipotent

radical of P).

Proposition 5.5.5. For any P-admissible, L-dominant A\ € OPS(H) and p = ul € P, we
have

T (pB, N) = — (000 xw) (V)
where W € WLQ is determined by v € IBpw@ C L.

Proof. Let v € Ni(H) be a representative of o € Wr. We remark that the conclusions of
this lemma are independent of this choice. We analyze the action of A on a generic fiber

(p, ¢) of the line bundle IL(x,,). We have that

A1) (D, c) = Ao(B)ul, ) = N (B)ule (1) "IN (1)1, €).
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Write | = dq b, where ¢ € Q and b € By,. Since Q = PE(\;) = 071 PE()\,)d, there exists

a ¢ € PL()\,) such that ¢ = 9~ '¢0. Thus

Ao (D = X () q 000 = Ao (£)g' N, L (E) Ny (£) 520~ 1b.

Define b(t) € OPS(By) by b(t) := b~ 'dA; *(£)w~'b. Combining the above expressions, we
get

M) (P, €) = (Mo ()uro (6) T Ao (B)a' A5 (8) Ao ()00 ™ 0b(2), X (b(1))c).

Since \ is P-admissible and ¢’ € P¥()\,), we get the limit of the expression in the first factor

exists in P. Finally, we write out

Xuw(b(£)) = Xuw (A () ™1) = 0o~ xo (A (2)).

Thus

8T/ T0) (B N) = — f*(vid ™ xw) ().

5.5.2. Proof of Theorem 5.3.8

Proof. Let w € WT be such that ¢*([A,]) = a nonzero multiple of a class of a point in

H*(G/P). This implies that

dim A,, = dim G/P — dim G/ P

and by Proposition 5.4.4, the section §# € H°(P/Br,ILL)" is not identically zero. Hence,

there exists an open subset Zy C P such that §(pBy) # 0 for all p € Zj.
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Let A € OPS(H) be admissible and L-dominant and assume (i, 9) € WE(M) X (WL )rel
satisfy the conditions that A\ € h% N voh% and (¢§v)*([/\w]) # 0. We abbreviate qb/L\’ﬁ by

simply ¢,. For generic | € L, we have that

¢3 ' (IBLwQ) # 0.

Let m: P — L denote the projection of P onto L induced by the Levi decomposition U - L.
Since 7 is surjective, there exists an open subset Z, C P such that for every p € Z), we
have ¢ ! (7(p) BLwQ) # 0. Define

7 = ZyN 7y

Clearly Z is an open subset of P. Choose pg € Z and let py = ugly under the Levi
decomposition. Now choose [ € L such that <Z>>\(ZC~2) € lpBw(Q and consider \g := IN~! €

OPS(P). By Lemma 5.3.7, )\ is P-admissible. By Proposition 5.5.2 (i), we have that

18D (9o Br, ho) = pt D (=1 Lupo B, ) = 1 (V).

_ll_l

By Lemma 5.3.4, we have that v v € L. Since L normalizes U, we have that v’ :=

v U wugv=lv € U and

v_ll_lvpo = v N ougly = o i,

If we let ' = v~ lvly € L, then the Levi decomposition of v~ ~tupy = «/I'. Note that

0 € I'Bpa@Q, since v 1vd € lgBrwQ. By Proposition 5.5.5, we have that

p T (po By, Mo) = pt T (01 topo B, A) = = £ (00~ xw) (V)-
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Finally, since pp € Z and by Proposition 5.5.2 (i7) and (ii7), we have

u(poBr, M) = (X — f* (i~ xw))(A) > 0.

5.6. Levi-movability and Branching Schubert Calculus

In this section we generalize ideas of Levi-movability to branching Schubert calculus.
The main results are generalizations of Proposition 2.1.5 and Theorem 3.4.2 both initially
established by Belkale-Kumar in [3]. Once again, we fix v € Ng(H) to be a representative

of v € Wi in this analysis.

Definition 5.6.1. We say w € W is (L, ¢)-movable if dim A,, = dim G/P — dim G/P

and for generic | € L, the point eP is scheme theoretically isolated in ¢ (vlAy).

Clearly, if w is (L, ¢)-movable, then ¢*([Ay]) # 0, however the converse is not true in
general. Consider the restriction of the line bundle I = det(7)* ® det(7 /7,,) on P/By to
L/By,. Since v~'Lv C L, we can view det(7)* and det(7 /T, as L-equivariant line bundles
on L/By. Let 0 denote the restriction of the section § € H°(P/By, IL)P defined in Section

5.4.1 to L/By,. By Proposition 5.4.4, the following proposition is immediate

Proposition 5.6.2. We have that w € W is (L, ¢)-movable if and only if the section

0 e H'(L/By, L)"

does not vanish for somel € L.
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5.6.1. Generalized Proposition 2.1.5: A numerical condition for

(L, ¢)-movability
The following theorem is a numerical criterion for (L, ¢)-movability which generalizes

the condition stated in Proposition 2.1.5.

Theorem 5.6.3. Let w € WP be such that dim A, = dimG/P — dimG/P. Then w is

(L, $)-movable if and only if ¢*([Ay]) # 0 in H*(G/P) and (f*(vxw) — X)(7) = 0.

By Corollary 5.3.9, for any w € W such that ¢*([Ay]) # 0, we have (f*(vxw) — X)(7) < 0.
Hence (L, ¢)-movability is still a boundary condition to a linear inequality as in the case of
the diagonal embedding. Recall equations (1.1) and (1.6) in Chapter 1 for examples. Before

we can prove Theorem 5.6.3, we need the following lemma.
Lemma 5.6.4. The image of T is contained in Z(L), the center of L.

Proof. By definition, | € L if and only if lim,_o 7(t)l7~!(t) = [. Hence for any s € C*, we

have that

7(s)lr 1 (s) = 7(s)(lim 7(¢)l7 71 (#)) 771 (5) = lim 7(ts)lT L (ts) = L.

t—0 t—0

Hence 7(s)l = I7(s) for all | € L. O

Note that by the same argument, we have that 7, is contained in Z (L), the center of L.

Proof of Theorem 5.6.3: If w is (L, ¢)-movable, then  is non-vanishing in H°(L/By,, L)%,
Hence the center of L acts trivially on IL. By Lemma 5.6.4, the OPS 7 is in the center of L

and thus u"(IBg,7) = 0 for generic | € L. By Corollary 5.3.9, we have that

u(I1B, ) = (f*(vxw) — X)(7) = 0.
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Now assume that ¢*([Aw]) # 0 and (f*(vxw) — X)(7) = 0. The first assumption implies that
for some p € P, the section §(pBr) # 0. If we write p = ul with the respect to the Levi

decomposition P = U - L, then

%ir% To(t)pBr, = PH(I) Tv(t)’LLTv_l(t)Tv(t)lpBL.

Since 7, is L-dominant, we get

lim 7, (t)ur, ' (t) = 1.

t—0

Hence limy_.o 7,(t)pBy, = By, € L/By. Since 7, is central in L and by the second assump-

tion, for generic p € P we have that

W (pBr,7) = (f*(vxw) — X)(F) = 0.

A~

By Proposition 5.5.2 (iv), we have that 6(IBr) = 6(IBr) # 0 since 0(pBr) # 0. By

Proposition 5.6.2, w is (L, ¢)-movable. O

5.6.2. Generalized Theorem 3.4.2: Horn recursion for (L, ¢)-movability

In Theorem 3.4.2; Belkale-Kumar construct a list of necessary Horn inequalities which
are partly indexed by central characters c: Z (E) — C*. In the branching Schubert calculus
setting we consider a different subgroup of L. Recall that L € vLv~! and consider the

subgroup

Z:=ZwLv Y)YNLCuvlv™?

where Z(vLv~!) denotes the center of vLv~!. Clearly we have that Z C Z(L) and note

that in the case of the diagonal embedding, we have that Z = Z(L).
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Definition 5.6.5. For any character ¢ : Z — C* and w € W, define

R(c):={B e R"'\Rf : eﬁ‘Z = c}.

and

R(c,w) = {8 € RA\Rf nw'R" : )| =c}.

Definition 5.6.6. For any character ¢ : Z — C* and w € WF, define the characters

Xop = Z B and X°:= Z B.

BER(c;w) BER(c)
Theorem 5.6.7. Let w € WF be (L, ¢)-movable. Then the following are true:

(i) For any character c of Z such that x¢ # 0, we have

where | - | denotes cardinality of the enclosed set.

(ii) For any L-dominant A\ € OPS(H) and (,0) € Wg()‘@) X (W)l such that A €
bt Nvobk and (qﬁfv)*([Aw]) £ 0 in H*(L/Q(N)) and for any character ¢ of Z such

that x¢ # 0, the following inequality holds:

(f*(wpn~"x5,) = X9)(V) < 0.

Observe that there is no need for P-admissibility in the above theorem since L/By, is a

projective variety. To prove Theorem 5.6.7, we follow the same setup and proof of Theorem
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5.3.8. For any character ¢ of Z define

T¢:={m e T (G/P)|t-m=c(t)ym, Vt € Z}.

Since Z C Z(L), for any character ¢ of Z, the action of L fixes T¢ C T 5 (G/]S) As in
Section 5.4.1, we can define the L-equivariant bundle 7¢ := L/By x T¢ on L/By,. Similarly,
define

T¢:={m € T,p(G/P) | t-m =c(t)m, Vt € Z}

and note that the vLv™! action fixes T¢ since Z C Z(vLv™'). Let 7¢ := L/Bp x T¢
denote the corresponding L-equivariant vector bundle on L/By,. Observe that T is also a
Br-module and hence we can define (7°¢) := L xp, T°. Note that the vector bundle 7°¢ is

L-equivariantly isomorphic to (7). Finally, for any w € W, define

wi={m e Typ(vAy) | t-m =c(t)m, Vt € Z}

and the corresponding sub-bundle 7,5 := L xp, T);, € 7°. Consider the tangent space map

¢ : T.5(G/P) — T,p(G/P).

Since ¢, is P-equivariant, it is also L-equivariant and hence ¢, (TC) c T~

Proof of Theorem 5.6.7 (i): If w is (L, ¢)-movable, then the induced map

¢« : T,p(G/P) — Typ(G/P)/T,p(vlAy)

is an isomorphism for generic [ € L. Consider the decompositions

5(G/P) = @T T,p(G/P) = @TC and  T,p(viAy) @ZTC
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as ¢ ranges over all characters of Z such that R(c) # (. Note that there are only a finite
number of such ¢ and that this condition is equivalent to Y. # 0. Since qﬁ*(Tc) C T¢, we
have that

Gsl e T¢ — T¢/IT¢

is also an isomorphism. By Lemma 2.1.6, the rank of T¢ is equal to |R(c)| and the rank of

T¢/T¢ is equal to |R(c,w)|. This proves Theorem 5.6.7 (7). O

Consider the induced map on vector bundles over L/By,

0°:T¢ — T°)TE.

As in Section 5.4.1, let 6¢ : det(7¢) — det(7¢/T,) denote the determinant map of ©°.

Observe that we can view ¢ as a L-invariant section of the line bundle

det(T°)* @ det(T°/T2).

Proof of Theorem 5.6.7 (ii): If w is (L, ¢)-movable, the map ©¢ is an isomorphism over
an open set of L/By,. This implies that 0°({By,) # 0 for generic [ € L. Following the proof of
Theorem 5.3.8 we have that for any L-dominant A € OPS(H) and (i, %) € WLQ(/\@) X (WL)rel

satisfying the conditions in Theorem 5.6.7, the following inequality is valid:

(f* (i~ 'x5,) — X)(A) < 0.

This completes the proof. O
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CHAPTER 6
Examples of determining L-movability and structure coefficients
In this chapter we give a summary of the induced Weyl groups elements used throughout
this thesis and basic examples of applying Theorems 1.1.2 and 1.1.4 on type A flag varieties
and Theorems 1.2.1 an 1.2.2 on type C flag varieties. There are two major types of induced
Weyl group elements. The first type is by simply taking the image under the projection
WP — WP for any maximal parabolic subgroups P; which contains P. We always denote
the image of w as w;. The second uses Definition 1.1.1 which gives an induced permutation

associated to a subset of [n] or [2n].

6.1. Type A example

6.1.1. Type A permutations

For F¢(a,n), we identify W’ with

Sp(a) == {(w(1l),w(2),...,w(n)) € Sy | w(i) <w(i+1) Vi¢a}.

Consider the example when n = 8 and a = {2,5}. We have the following splitting found in
equation (3.1):

CSZQl@Q2@Q3-



For the following induced permutations, we use short lines “/” to indicate the breaks cor-
responding to the set a = {2,5} and framed boxes to indicate the relevant parts of the

permutation. Let

w=(3,711,4,512,6,8) € Ss({2,5}).

Theorem 1.1.2 (4i7) uses the following induced permutations:

w:(||2,6,8) — wip=(2,511,3,4) € S5(2)
w=([3,7]11,4,51[2,6,8]) — wiz=(2,411,3,5) € S5(2)

w=(3,711,45|12,6,8]) — waz=(1,3,412,5,6) € 5(3)

Theorem 1.1.4 uses the following induced permutations:

3,7]1/1,4,512,6,8]) — wi=(3,711,2,4,56,8) € Ss(2)

w=(

w= (3,7 2,6,8\) - w, = (1,3,412,5,6) € S3(6).

1,4,5\|

The proof of Theorem 1.1.2 (i) < (ii) uses the following induced permutations:

1,4,512,6,8]) — wi=(3,711,2,4,5,6,8) € S(2)

3,7\|

w=(

3,71 1,4,5\|

2,6,8\) — wy = (1,3,4,5,712,6,8) € Sg(5).

w=(

6.1.2. Example

Let n =7 and a = {1,4} and consider the flag variety F¢({1,4},7). Let

w! = w? =(7,2,4,6,1,3,5), w* =(1,3,5,7,2,4,6).
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We apply Theorem 1.1.2 (iii) to show that the 3-tuple (w',w? w?) is L-movable. The

induced Grassmannians are Gr(1,3), Gr(1,3) and Gr(2,4). We have that

wio=wi,=(4,1,2,3) wi,=(1,2,3,4)
wig=wiz=(4,1,2,3) wiz=(1,2,34)
w%’:,, = w%’S = w%g =(2,4,6,1,3,5)
Since the structure constants associated to these induced 3-tuples are nonzero, we have that
(w!, w?,w3) is L-movable. Note that if an induced 3-tuple’s associated structure constant
is unknown, we can apply Theorem 1.1.2 (iv).

We now apply Theorem 1.1.4 to compute the associated structure constant. Consider
the projection f : F€({1,4},7) — Gr(1,7). The fiber f~!(V) is isomorphic to the Grass-
mannian Gr(3,6). We have that

w =w? =(7,1,2,3,4,5,6) w} =(1,2,3,4,5,6,7)

wl = w2 =w’ = (2,4,6,1,3,5)

Hencec=cy-¢c,=1-2=2

6.2. Type C example

6.2.1. Type C permutations

For IF (a, 2n), we identify W with

S$ (a) :={w e Sop | w2n+1—i)=2n+1—w(i) Vi € [n] and w(i) < w(i+1)Vi¢a}.

Consider the example when n = 6 and a = {2,5}. We have the following splitting found in
equation (3.11):
CP?=Q19Q:0Q®Q2® Q1.
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Let

w=(3,611,81114,912,5,1217,10) € S5({2,5}).

Theorem 1.2.1 (iii) uses the following induced permutations:

w=([3,6]1[1,811]14,912,5,1217,10 )
w:(|1,8,11||2,5,12|7,10)
w:(|1,8,11|4,9||7,10)
w:(|1,8,11|4,9|2,5,12\)
w=(3,61]1,811]1]4,9]12,5,1217,10 )
w:(3,6||4,9||7,10)

wio = (2,311,4,5) € S5(2)
= (1,312,4) € S4(2)
W19 =(2,411,3,5) € S5(2)
w1 = (1,213,4) € S{(2)
wWe = (1,3,512,4) € S5(3)

Woo = (1,4,512,3,6) € S§(3).

Theorem 1.2.2 uses the following induced permutations:

wo=

3,6|1,8,11\|

4,9‘|

2,5,12|7,10\)—>

ws = (1,3,6,8,1114,912,5,7,10,12) € S5(5)

w = (| 1,8,11]14,912,5,1217,10 ) — wy = (2,311,4,5) € S5(2).
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The proof of Theorem 1.2.1 (i) < (ii) uses the following induced permutations:

wy = (3,611,2,4,5,8,9,11,12 1 7,10) € S%(2)

ws = (1,3,6,8,1114,912,5,7,10,12) € S5(5)

w = ([3,6]11,81114,912,5,121|7,10]) — @ = (1,213,4) € 57 (2)

,10]) —

w o=

14,9

Wy = (1,3,5,7,912,4,6,8,10) € SG(5).

6.2.2. Example

Let n =4 and a = {2,3} and consider the flag variety IF({2,3},8). Let

w! = (1,7,6,4,5,3,2,8), w?=(3,8,4,2,7,5,1,6), w® = (6,8,5,2,7,4,1,3).

We apply Theorem 1.2.1 (4ii) to show that the 3-tuple (w',w? w3) is L-movable. The
induced Grassmannians are Gr(2, 3), Gr(2,3), Gr(2,4), Gr(1,3), LG(2,4) and LG(1,2). We
have that
wi,=(1,3,2)  wi,=(1,3,2) w,=(23,1)
wi,=(1,3,2)  wi,=(1,3,2) wf,=(23,1)
ol =(1,4,2,3)  w?=(2,4,1,3) @} =(2,4,1,3)
Wi = (3,1,2) w2 = (2,1,3) w3 = (2,1,3)
wiy=(1,3,2,4) @i, =(2,41,3) @}, =(3,4,1,2)

w%,z =(2,1) w%,z =(2,1) wzz =(1,2)
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It is easy to see that the structure constants associated to these induced 3-tuples are nonzero
and hence (w', w?, w?) is L-movable.
We now apply Theorem 1.2.2 to compute the associated structure constant. Consider

the projection f : IF({2,3},8) — IG(3,8). The fiber f~1(V) is isomorphic to the Grass-

mannian Gr(2,3). We have that

w% = (1767 7?4? 57 27378) w% = (3’4’8’277717576) wg’ = (5767 8? 2? 77 173’4)
1 __ 2 __ 3 _
wl =(1,3,2) w? = (1,3,2) w3 =(2,3,1)
2 3)

It is easy to see that ¢, = 1. To compute the structure constant associated to (w3, w3, w3

we fix generic complete isotropic flags F, Ge, He € IF(8) and consider the intersection

(I)ZJ% (Fo)N ‘I’Z,g (Ge)N q)jug (H,).

If we consider the corresponding type A Schubert cells in Gr(3,8) with respect to generic
type A complete flags, we have that the only point in the intersection is the 3 dimensional
vector space V := Span{Fi,Ge¢ N Hy}. It suffices to check that if F,,G,, He are isotropic,
then V is isotropic. Let v1 = f1 + h1 and vo = fo + ho where v1,v2 € V and f1, fo € F} and

hi,ho € HyNV. Then

(v1,v2) = (f1, f2) + (f1, ha) + (h1, fo) + (h1, ha) = (f1, h2) + (h1, f2)

since I and Hy are isotropic. Since V € (I):ul (Fs), we have that V C F; = Ff-. Hence
2

(fi,h2) + (h1, f2) =0

since hi, ho € V and thus V is isotropic. This implies that the structure constant co = 1.

By Theorem 1.2.2, the structure constant associated to (w!, w?, w3) is ¢ = ¢3 - cy = 1.
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CHAPTER 7
Examples in Branching Schubert calculus
In this chapter, we work out some examples regarding Theorem 5.3.8 on branching
Schubert calculus. The embeddings we consider are Sp(2n) C SL(2n), SO(2n) C SL(2n)

and SL(n) C SL(V) where V is an irreducible representation of SL(n).

7.1. The Symplectic group embedding

Let C?" be a 2n dimensional complex vector space with a skew-symmetric bilinear
form. Consider the groups G = Sp(2n) and G = SL(2n) x Sp(2n) and consider the
diagonal embedding

f:Sp(2n) — SL(2n) x Sp(2n)

induced from the natural inclusion Sp(2n) C SL(2n). Please refer to Chapter 2 for details
on these groups. We fix the following objects associated to G = Sp(2n) and G = SL(2n) x

Sp(2n).

H = {diag(ti,to, ... to,ty st 2, t7 )}
b = {diag(ti,to, ... tn,—tn, —tn_1,...,—t1)}
by = {teh|ticRandt; >ty3>--->1t, >0}

2n
H = {t=diag(t),th,....th,) | [[ti=1} xH
=1

2n
b = {t’=diag(t],th,....th,) | D tj=0}xb
=1

by = {t’ebh|ticRandt) >th>--->th )} xbhy



Immediately, we see that f,(h4) C by and hence the relative Weyl set Wye = {1}. We now

work out some examples with respect to certain choices of 7 € OPS(H).

7.1.1. The Isotropic Grassmannian embedding

Fix 7 < n and choose the dominant 7 € OPS(H) defined as

7(t) == diag(t,...,t,1,...,1,t71 ... t71)

where the value of the first r entries is ¢ and the value of the next n —r entries is 1. Clearly,

7 viewed as an OPS of SL(2n) x Sp(2n) gives

f(r(t)) = diag(t,...,t,1,...,1,t7 4 ... t7Y) x diag(¢,...,t,1,..., 1,71, ... t71).

Since Wy = {1}, the OPS 7 is also dominant for SL(2n) x Sp(2n). The parabolic subgroup

of Sp(2n) with respect to 7 is the maximal parabolic PSP(") (1) = P and the parabolic

subgroup of SL(2n) x Sp(2n) is the product of parabolics PSLEMxSp(2n)(r) = pA » pC

where A\A(P4) = {a;, az,_,}. Hence the map of flag varieties is

¢ 1G(r,2n) — Fl({r,2n — r},2n) x IG(r, 2n)

given by V + (V C V+, V). The Levi subgroup of PTC is

L =GL(r) x Sp(2n — 2r)
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and the Levi subgroup of P4 x P¢ is

L={(g1,---,95) € GL(r)* x GL(2n — 2r) x Sp(2n — 2r) | [] detg; =1}.
i=1,2,4

Note that we identify the second GL(r) factor with its anti-diagonal transpose. For the

Levi dominant chambers, we have

b = {teh|tcRandty > - >t and toyg > -+ > £, > 0}

bf_ = {t’Gf)|t§GRandtQZt;_HVi#r,Zn—r}XE_L;.

Since f*(f)i) C bk, the relative Weyl set (Wr)wq = {1}. The map L < L is given by
(91,92) — (91,97 191,92, 92). We consider a particular set of admissible, L-dominant one
parameter subgroups. For any dy € [r—1] and da € [n—7], let Mg, 4, € OPS(H) be defined
by

Ay dy (1) 1= diag (™, ™2 . g™ g7 T2 )

where

if 1<i<dy
if di<i<r
if r<i<r+ds
if r+da<i<n

SO = N W

It is easy to see that Ag, 4, is both L dominant and L-dominant. Since PSPC™) (1) C

pSp(2n)()\d1,d2)’ we have that Ay, 4, is also admissible. The flag varieties

E/Q(Adl,dz) ~ Gr(dy,r) x 1G(dg, 2n — 2r)

and

L/Q(May.a,) =~ Gr(dy,r)? x Gr(da, 2n — 2r) x 1G(da, 2n — 2r).
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We analyze the map

E/Q()‘deQ) — L/Q()\dl,dQ)

on each factor of L/ Q()\dth). This map breaks up into the diagonal embeddings

o1 : Gr(dy,r) — Gr(dl,r)3

and

o2 1 1G(da, 2n — 2r) — Gr(da, 2n — 2r) x IG(dz, 2n — 2r).

Let (w, @) € WP ~ S8 ({r,2n —r}) x SS (r) be such that

dim A, 5y = dim G/P — dim G/P = dimFL({r,2n — r},2n) = 4nr — 3r°.

This condition reduces to £4(w) 4 £ () = 4nr — 3r2. Assume that ¢* ([A(w,a)]) # 0, then

by Theorem 5.3.8, for any

u=(u',... u) € SAd,)? x 5§, (d) x S5, o, (d2)

such that
¢>{(A(u1,u2,u3)) = [Xul] : [XUQ] : [Xu3] #0 € H*(Gr(dy,r))
and
¢§(A(u47u5)) # 0 € H*(1G(dg,2n — 2r))
have that

(F*(u™ X)) — X) (Adra) < 0.
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7.1.2. The Lagrangian embedding

We consider the special case where r = n in the previous section in more detail.

Consider the one parameter subgroup

7(t) := diag(t,...,t,t 7, ...t 1)

where the value of the first n entries is t. The parabolic subgroup of Sp(2n) with respect to
7 is the maximal parabolic PS?(")(7) = PS and the parabolic subgroup of SL(2n) x Sp(2n)
is the product of maximal parabolics PSL(2m)xSp(2n) (1) = PA x P Hence the map of flag
varieties is

¢ : LG(n,2n) — Gr(n,2n) x LG(n, 2n).

The Levi subgroup of P¢ is L = GL(n) and the Levi subgroup of P24 x P¢ is

L= {(91792793) S GL(?’L)3 | det aql - det g2 = 1}

1 g). Since n = r, we consider a different set of

The map L — L is given by g — (g,9~
L-dominant one parameter subgroups which serve as an analogue of the OPS Ay ,do found

in the previous section. For any d € [n — 1], let \y € OPS(H) be defined by

Na(t) = diag(t?, ... t2,t,... 6,7 T2 t?)

where the value of the first d entries is t? and the next n — d entries is ¢t. It is easy to see
that

Mg :=diag(2,...,2,1,...,1,—1,...,-1,-2,...,-2)
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and that \g is both L dominant and L-dominant. Since PSP () C PSP(27)()\;), we have
that \g is also admissible. The flag varieties L/Q(A\g) ~ Gr(d,n) and L/Q()\g) ~ Gr(d,n)?
and the map

Gr(d,n) — Gr(d,n)?

is the diagonal embedding.

Let (w,w) € WP ~ S48 (n) x S§ (n) be such that

dim Ay 5y = dim G/ P — dim G/ P = dim Gr(n, 2n) = n>.

Assume that ¢*([Ay,a)]) # 0, then by Theorem 5.3.8, for any u = (ul,u? u?) € S, (d)3
such that

[Xul] : [XuQ] ) [Xu3] #0

we have that

(f* (v X (w.a)) — X)(Aa) < 0.

We explicitly calculate the action of u on M. To do this, we consider the action of u on any

t’ x t € h. Denote t’ with the following twisted index

t* = diag{t], th. .. th, th e thioith g}

»¥“ny Yn4no n

and denote t by its first n terms t = diag{t1,t2,...,t,}. Then u(t’ x t) =

diag{t;l(l), t{u,l(Q) e 7t;1(n)’ t;H»uQ(n)’ . ,t;+u2(2), t;+u2(1)} X dlag{tus(l),tus(m, e ,tu3(n)}.

Hence if we write Ay = )\21 X Ag viewed as a vector in §, then

(f* (™ X)) = X (Aa) = xip ('t u®)AY) + xG (u®Aa) = X(Aa).
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The character

Xip = > B

BERT\R nw—1R+
[

where R denotes the roots of SL(2n) and

X% = > B

BERT\Rnw-1R+
where R denotes the roots of Sp(2n).

Example 7.1.1. Let n = 2 and consider

¢ : LG(2,4) — Gr(2,4) x LG(2,4).

There are five pairs (w,w) € S (2) x S§(2) which satisfy £4(w) + €€ () = 4:

(3,4,1,2) x (1,2,3,4)  (2,4,1,3) x (1,3,2,4) (2,3,1,4) x (2,4,1,3)

(1,4,2,3) x (2,4,1,3)  (1,3,2,4) x (3,4,1,2)
The map on Levi factors is SL(2) — SL(2)3. The OPS A1 induces the embedding of Levi
factors Gr(1,2) — Gr(1,2)3. Hence there are 4 inequalities coming from the following

3-tuples in Sa(1)3:

((2,1),(2,1),(1,2)), ((2,1),(1,2),(2,1)), ((1,2),(2,1),(2,1)), ((2,1),(2,1),(2,1)).

It turns out that all five pairs satisfy these inequalities.

Example 7.1.2. Let n = 3 and consider

¢ : LG(3,6) — G1(3,6) x LG(3,6).

There are 19 pairs (w,w) € S§(3) x S§(3) which satisfy 4 (w) + €€ () = 9. The map
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on Levi factors is SL(3) — SL(3)3.
Gr(1,3) — Gr(1,3)3 and the OPS )\o induces the embedding Gr(2,3) — Gr(2,3)3.
OPS gives a list of 10 inequalities for a total of 20 between A1 and As.

(w, ), we find that 11 of them violate some inequality with respect to A1 or Ag and hence

The OPS A1 induces the embedding of Levi factors

" ([Aqw,w)]) = 0 for these pairs. These are listed below:

Corollary 7.1.3. Consider the pair (w,w) = (2,3,4,1,5,6) x (4,5,6,1,2,3) € SZ(3) x

S§(3). Since ¢ ([A(w,i)]) = 0, we have that a generic 4 dimensional subspace of C® does

(3,5,6,1,2,4) x (1,2,4,3,5,6)
(2,5,6,1,3,4) x (1,3,5,2,4,6)
(1,5,6,2,3,4) x (1,4,5,2,3,6)
(1,4,5,2,3,6) x (3,5,6,1,2,4)
(2,3,4,1,5,6) x (4,5,6,1,2,3)

(1,2,6,3,4,5) x (4,5,6,1,2,3)

(3,4,6,1,2,5) x (1,3,5,2,4,6)
(2,4,6,1,3,5) x (1,4,5,2,3,6)
(2,3,5,1,4,6) x (3,5,6,1,2,4)
(1,3,6,2,4,5) x (3,5,6,1,2,4)

(1,3,5,2,4,6) x (4,5,6,1,2,3)

not contain a 3 dimensional isotropic subspace.

Let €?” be a 2n dimensional complex vector space with a symmetric bilinear form with

basis {e1, e, ..

Let G = SO(2n) be the special orthogonal group with respect to this form and let G =

7.2. The Even orthogonal group embedding

., €2, } such that

(€i,eany1-i) =1 and

<e7;,ej):0ifj7é2n—|—l—i.

SL(2n) x SO(2n). Consider the diagonal embedding

f:50(2n) — SL(2n) x SO(2n)
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induced from the natural inclusion SO(2n) C SL(2n). Note that the objects H,h and H, b
have the exact same description as for the embedding Sp(2n) < SL(2n)x Sp(2n). However,

the positive Weyl chambers 6+ and by are different. We have that

by = {teb|ticRandt; >ty >+ >ty 1 > |ta]}

by = {eh|tiecRandt) >th>--->th 1 xh,.

The set of roots of SO(2n) is

RP ={#(eite;) |1<i<j<n}Ch’

with positive roots (RT)P = {(g; £¢;) | 1 < i < j < n} where &,(t) = t;. Let AP :=
{a1,a9,...,a,} denote the set of simple roots where a; := ¢; — ;41 for i < n and «,, =

€n—1 + €n. Denote the Weyl group of SO(2n) by

WP ={we Sy | w@n+1—i)=2n+1—w(i) and #{w(i) >n | i € [n]} is even}.

Under the inclusion WP C S,,, the reflections corresponding to AP are s; := (4,7 +1)(2n —
i,2n —i+1) for i < n and sy, := (n — 1,n+ 1)(n,n + 2).

Observe that f*(6+) ¢ b4 and hence the relative Weyl set is nontrivial. We have
that Wy = {1,v} C W = W4 x WP where v is the simple transposition (n,n + 1) in
the first factor W4, We now work out some examples with respect to certain choices of

€ OPS(H).
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7.2.1. The orthogonal Grassmannian embedding

Choose the dominant 7 € OPS(H) defined as

7(t) := diag(t,...,t,t 7, ...t 7))

where the value of the first n entries is t. The parabolic subgroup P9 (r) = PP | where

AP\AP(PP) = {a,,_1}. The flag variety

SO(2n)/PP | ~ OGT(n,2n)

where OG™(n, 2n) is the connected set of n-dimensional isotropic subspaces which contains
the standard isotropic flag ET := Span{ey,...,e,}. The OPS 7 is also dominant with

respect to SL(2n) x SO(2n). The parabolic

PSL(?n)XSO(Qn)(T) ~ pA « pDb

n n—

and the flag variety

SL(2n) x SO(2n)/PA x PP | ~ Gr(n,2n) x OG*(n, 2n).

The map

¢ : OGT(n,2n) — Gr(n,2n) x OG™(n,2n)
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is simply the diagonal embedding. Similarly to the Lagrangian Grassmannian, the Levi

subgroup of PP | is [ = GL(n) and the Levi subgroup of PA x PP | is

L= {(91792793) € GL(?’L)3 | det g1 - det g2 = 1}

1

The map L < L is given by g — (g, ", g). For the Levi dominant chambers, we have

Bl = {teh|t;cRandt; > >t,}

b = {eb |t cRandt, >, Vi#n}xpl.

Since the Levi factors and Levi dominant chambers are the same as they are for the La-
grangian embedding, we have that (W7p,),e is trivial and for any d € [n — 1], we can define
the admissible, L-dominant \; € OPS(H) as in the previous section. The flag varieties

L/Q(\g) ~ Gr(d,n) and L/Q(\g) ~ Cr(d,n)® and the map
Gr(d,n) < Gr(d,n)?
is the diagonal embedding. Let (w,w) € W ~ S5 (n) x (WD)Pr?—l be such that
dim Ay ) = dim G/ P — dim G/ P = dim Gr(n, 2n) = n>.

Assume that ¢*([A(,,5)]) # 0, then by Theorem 5.3.8, for any u = (u', u?,u?) € S,(d)?
such that

[Xul] : [XUQ] ) [Xu3] #0

we have that

(f* (4 X (w,a)) — X)(Aa) < 0.
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7.2.2. The twisted orthogonal Grassmannian embedding

In this section, we choose a 7 € OPS(H) which is dominant with respect to G =
SO(2n) but not dominant with respect to G = SL(2n) x SO(2n). Choose the dominant

T € OPS(H) defined as

7(t) == diag(t,...,t,t Lttt

where the value of the first n — 1 entries is ¢ and the value of the nth entry is t~'. The OPS

1

7 is not dominant with respect to SL(2n) x SO(2n), however 7, := v~ 7v is dominant. The

parabolic subgroup P59 (1) = PP where AP\AP(PP) = {a,,} and the flag variety

SO(2n)/PP ~ OG™(n,2n)

where OG™(n, 2n) is the connected set of n-dimensional isotropic subspaces which contains

the isotropic flag E~ := Span{ey,...,e,_1,€ent1}. The parabolic

PSL(Qn)XSO(Qn)(TU) ~ P;LLX « Pé)

and the flag variety

SL(2n) x SO(2n)/PA x PP ~ Gr(n,2n) x OG™(n, 2n).

The map

¢ : OG™(n,2n) — Gr(n,2n) x OG™(n,2n)
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is twisted embedding gE~ +— (qguE~,gE~) = (9ET,gE~) where g € SO(2n). Note that

Im¢ = OG™(n,2n) x OG™(n, 2n).

As with the standard embedding, the Levi factors are L = GL(n) and

L=1{(g1,92,93) € G’L(n)3 | det gy - det go = 1}.

Note that v~ Lv is the Levi factor of PP | and that map L — L is given by g

1

(v7tgv,v71g7 v, g). For the Levi dominant chambers, we have

Bl = {teh|tieRandty > - >ty 1 > —t,}

b = {tebh |t cRandt, >t Vi#n}xbl.

Note that f*(f)f:;) - Ubﬁ and hence (Wp ). is again trivial. The one parameter subgroups
Ag € OPS(H) are still L-dominant, however the parabolic subgroup Q()\g) is not maximal
in L. The flag varieties

i/@()\d) ~ F(({d,n —1},n)

and

L/Q((\)w) ~ FL({d,n —1},n)?

and the map

F({d,n—1},n) — Fe({d,n —1},n)>

is the diagonal embedding. To generate the same Grassmannians as in the untwisted em-

bedding in the previous section consider A, € OPS (H) defined by

Mi(t) = diag(t?,..., % ¢, ..ttt e )
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where the value of the first d entries is 2 and the next n — d — 1 entries is ¢ and the nth

entry is 1. Tt is easy to see that L/Q(N,) ~ Gr(d,n) and L/Q((X,),) =~ Gr(d,n)>.

7.3. Examples from Representation Theory

There are many interesting examples arising from representation theory. We remark
that the examples in this section are inspired by examples worked out in [5]. Let V be a
faithful N-dimensional representation of SL(n). Since SL(n) is a simple Lie group, we have
an embedding

f:SL(n)— SL(V).

Fix the standard objects H,h and b for G = SL(n). Let

V=@V,

peb
denote the weight space decomposition of V' and let m(u) denote the dimension of V,

(Clearly, >, m(p) = N). Choosing a maximal torus H in SL(V) reduces to choosing a

basis for the weight spaces V,,. Fix

BH = {e‘f,eg,...,ei(u)}

a basis for V,, and choose H C SL(V) to be the maximal torus which is diagonal with
respect to the basis B := UMEB* B* of V. It is easy to see that H = H N SL(n) and that

the embedding f, : h < b is given by
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The root system of SL(V') is given by the set

R:{e’g*ff ‘ (M’k)#(y’l)}

where 6;:(2(”’” el”) = ez. Choosing a positive Weyl chamber in § reduces to fixing an
ordering of the basis B. Fix an ordering u < v on the weights of V' and an ordering k£ <[
on each set B*. So (u, k) < (v,1) if u < v and (u, k) < (u,l) if & <. Then the positive

Weyl chamber is

br={t’ebh|ticRande} —c/(t’) >0V (u, k) < (v,1)}

and the set of positive roots is

R* = (e — &} | (uh) < (n1)}.

Let 7 € OPS(H) be dominant with respect to SL(n). Then 7 is dominant with respect to
SL(V) if and only if

ey —el(T) = pu(7) —v(7) 20 Vpu<w

Hence the relative Weyl set Wy C€ W ~ Sy is only dependant on the choice of ordering

1 < v. We now look at some specific examples in more detail.

7.3.1. The representation sym?(C?) of SL(3)

Let n = 3 and let V = sym?(C?) be the second symmetric power of the standard

representation of SL(3). The representation V is 6 dimensional with weights

{(ei+ej) |1 <i<j <3}
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Since all the weight spaces are one dimensional, we only need to fix an ordering on the
weights of V' to determine a positive Weyl chamber. Fix the following ordering on the

weights of V:

1 = 21 Mo = €1+ €3 3 = 2e

M4 = €2 +E3 5 = 2e3 M6 = €1 + €3
If t = diag(t1, t2,t3) € b, then

6

Folt) =D pilt)et = diag(2tr,ty + ty, 2, ty + t3, 23,11 +t3) € b
=1

The condition that t € b is that t; > to > t3 and ¢; € R. Hence fy(hy) Nbhy = {0} and
the relative Weyl set Wy does not contain the identity. If W ~ Sg is the Weyl group of
SL(V), then Wy = {554, S55453} where s; is the simple transposition (7,7 + 1).

Choose the dominant 7 € OPS(H) defined by 7(t) := diag(¢?,t~',t~'). Then 7, is

dominant for SL(V') where v = s5s4s3. We have that

# = diag(2, —1,—1) and 7, = (4,1,1, -2, -2, —2).

It is easy to see that

SL(3)/PS3) (1) ~ Gr(1,3) and SL(V)/P3V)(7,) ~ Fe({1,3},6).

The twisted embedding

¢ : Gr(1,3) — Fe({1,3},6)

is quite mysterious. Naively, one might suspect that Im¢ is equal some fiber over the
projection ¢ : F£({1,3},6) — Gr(3,6). However this is not true since it would imply that

f(SL(3)) stabilizes a 3 dimensional subspace of V', and V is an irreducible representation.
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Consider the Levi-factors

L ={(g1,92) € GL(1) x GL(2) | det gy - det go =1}

and

L={(g1,92.93) € GL(1) x GL(2) x GL(3) | [] detgi =1}.
i=1,2,3

Unfortunately, the twisted embedding L < L is also mysterious which makes applying

Theorem 5.3.8 in a practical way unclear.

Consider the “straightened” embedding ¢ : Gr(1,3) — F£({1,3},6) where we identify
Gr(1,3) with the fiber ¢y ~1(E) C F£({1,3},6) over some fixed 3 dimensional vector space
E C V. Then Gr(1,3) is equal to the Schubert variety X (312456 (Fs) C F({1,3},6) where

F3 = E. Hence, for any w € Sg({1,3}) such that

dim X, = dim F¢({1, 3},6) — dim Gr(1,3) =9,

we have that ¢*([X,]) = c[pt] € H*(Gr(1,3)) where c is given by

[(Xu] - [X(31,2456] = clpt] € H*(FI({1,3},6)).

Therefore the structure constant ¢ = 1 if w = (4, 5,6, 1,2, 3), the Poincaré dual of (312456),
and ¢ = 0 otherwise. This fact is supported by Theorem 5.3.8. Consider the one parameter
subgroup A := diag(t,t,t=2) € OPS (Ef ). The OPS X generates a single inequality which is

violated by all w € Sg({1,3}) such that dim X,, =9 and w # (4,5,6,1,2,3).

Question 7.3.1. Does the cohomology class [Im¢] = [X(312456)] in H*(F(({1,3},6)) in
the above example? If so, then the twisted embedding ¢ : Gr(1,3) — F{({1,3},6) is invariant

at the level of cohomology.
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Remark 7.3.2. The “straightened” embedding in the above example corresponds to choosing
G to be a Levi subgroup of G = SL(V). Let E = Span{ett, et et3} in the above example.
Define G C SL(V) to be the Levi factor of the stabilizer subgroup of the wvector space
E. It is easy to see that G ~ {(g1,92) € GL(3)? | detg; - detgs = 1}. The embedding

¢ : Gr(1,3) — Fe({1,3},6) corresponds to the embedding

G/PC (1) — SL(V)/PS")(r)

where 7(t) := diag(t3,1,1,¢71, ¢t~ t71).

We now consider a different example with G = SL(V) where V = sym?(C?). Choose
the 7 € OPS(H) defined by 7(t) := diag(t,t,t=2). Then 7, is dominant for SL(V') where

v = 8485. We have that

# = diag(1,1, —2) and 7, = (2,2,2, —1, -1, —4).

It is easy to see that

SL(3)/P5E3) (1) ~ Gr(2,3) and SL(V)/P V) (7,) ~ F¢({3,5},6).

Once again, the twisted embedding

¢ : Gr(2,3) — F(({3,5},6)

is quite mysterious and we consider the corresponding “straightened” embedding

¢ : Gr(2,3) ~ X(19356.4)(Fs) — FL({3,5},6).
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It is easy to see that the Schubert variety X(1’273’5’6’4)(F.) = ¢~ Y(F3) where v denotes the

projection ¢ : F¢({3,5},6) — Gr(3,6). For any w € Sg({3,5}) such that

dim X,, = dim F/({3,5},6) — dim Gr(2,3) = 9,

we have that ¢*([X,]) = [pt] € H*(Gr(1,3)) if w = (4,5,6,1,2,3), the Poincaré dual of

(1,2,3,5,6,4), and ¢*([Xy]) = 0 otherwise. We ask the same question as in Question 7.3.1.

Question 7.3.3. Does the cohomology class [Im] = [X(1,2356.4)] in H*(FL({3,5},6))7

7.3.2. The adjoint representation

Finally, we give an example where the weight spaces of V' are not all one dimensional.
Let n = 3 and let V' = sl(3) denote the adjoint representation of SL(3). Note that V' is an

8 dimensional representation with weights

{0, i(&“l — 82), i(é‘Q — 63), i(z’:‘l — 63)}.

The only two dimensional weight space is the 0 weight (ie. the Cartan subalgebra of s[(3)).
Let

Y = diag(1, —1,0) and €3 = diag(0,1, —1)

be a basis for V. Fix the following ordering on the weights of V:

1 = €1 — €2 H2 = €1 — €3 13 = €2 — €3 pa =0
M5 = —€1+¢€2 g = —€1+€3 pr=—E2+¢€3

If t = diag(t1, t2,t3) € b, then

7

f*(t) = Z,U,Z'(t)em = diag(t1 —to,t1 —t3,t0 —t3,0,0,t0 — t1,t3 — t1,t3 — tQ) S b
i=1
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As with the representation sym2C?, we have that f,(h,) Ny = {0} and the relative Weyl

set Wi does not contain the identity. We have that

Whiel = {s157, 515657, 515257, s1528657} C W = Sy

where s; is the simple transposition (7,7 4 1). The since the analysis of the next example is
similar to that of the examples in the previous section, we only construct the embedding.
Choose the dominant 7 € OPS(H) defined by 7(t) := diag(¢?,t~',t~'). Then 7, is

dominant for SL(V') where v = s1s¢s7. We have that

# = diag(2, -1, —1) and 7, = diag(3,3,0,0,0,0, —3, —3).

The flag varieties

SL(3)/P5 ) (1) ~ Gr(1,3) and SL(V)/PS*V)(7,) ~ FI({2,6},8).

Hence we have the twisted embedding ¢ : Gr(1,3) — F¢({2,6},8).
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