APPENDIX G

Solutions to Problem Set 7

1. (Problem 6.4.2 in text)

Use the method of characteristics to show that the solution of

(G.1) uug +uy =0 u(z,0) = f(=)
is given implicitly by
(G.2) u=f(xr—uy)

and verify this result by direct differentiation. In what region is this solution valid?

The differential equations satisfied by the characteristic curves (x(t), y(¢), u(t)) are

gl—f = u(t)
(G.3) ﬁ - 1
% = 0

u(t) = 01
(G.4) y(t) = t+0Cs
l‘(t) = Cit+0C;s

Let t = 0 be the value of the parameter ¢ when characteristic curves pass through the plane y = 0 and let
(20,0, u,) be the point where the characteristic through (z,y, u) passes through this plane. We then have

Ci = U
(G.5) Cy = 0
03 = Lo
Our initial conditions u(z,0) = f(z), implies that
(G.6) Cy =uo = f(x,)
We can thus rewrite (G.4) as
r = f(e)t+x,
(G.7) y = t
u = f(xo)

We can use the last two equations to replace f(xz,) by u, z, by f~! (u), and ¢ by y in the first equation.
This leads u

r=uy+ [ (u)
or

(G.8) u=f(xr—uy)

It is apparent from (G.8) that
w(@,0) = f(z+0) = f(z)
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On the other hand,

0

7 = e
0

gy = WG

Tt is thus clear that (G.8) is indeed the solution of (G.1) and (G.2).
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2. (Probelem 6.4.4 in text)

In a rotating fluid problem it is required that a function v(r, 7) be found in the region 0 < r < a, 7 > 0,
satisfying

vy — (1 — %) (rv), = 0
(G.9) v(r,0) = 0
v(a,7) = a
Use the method of characteristics to obtain the solution
(G.10) vo= e, rzaeT
v = 0 , r<ae "

Sketch the two families of characteristics and discuss the nature of solutions near the point r = @ and 7 = 0.

Set
w=vr
Then PDE in (G.9) is equivalent to
1 w
(G.11) ~v, - (1_72) w=0

or

with boundary conditions

w=20 , when7=20
w = a® when r = a

(G.12)

bl

The differential equations satisfied by the characteristic curves |, (¢) = (7(¢), r(¢), v(t)) are

a =
(G.13) ar

I
Og|g —
|
~

The last equation leads to
(G.14) w(t) =

Notice that the differential equation for r(¢) takes a radically different form when w(t) = ¢; = 0. We shall
handle this special case first.

Case 1. ¢1 = 0.

If w(t) = ¢4 = 0 we have from (5)

dr_ _

dt
or

o
or

log|r| = —t+ 1

or
(G.15) r(t) = roe”t
The differential equation for 7(¢)
(G.16) r_y

dt
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easily integrates to
(G.17) ) =t+7.

Fixing ¢ = 0 to correspond to the point along the characteristic curve where 7 = 0, we get the following one
parameter family of characteristic curves passing through the line 7 = w = 0;

T(t) = 1
(G.18) r(t) = reet
w(t) = 0

Note that r(7) never quite vanishes. This implies that

(G.19) 0=w(t) =v(t)r(t) = v(t) =0

We conclude from this that if (7, r) is any point in the (7, 7)-plane lying on a curve of the form

T(t) = 1
(G-20) r(t) = ree? , 0<r, <a
then
(G.21) v(r,r) =0
Case 2. ¢1 #£ 0.

We will now proceed with a construction of a general solution of the differential equations of the character-
istics:

(G.22) dr

I
Og|g —
|
~

) = t+1

(G.23) o) = w

Inserting the last result into the differential equation for r(t) yields

dr  w,

G.24 — = -
( ) dt r "
or
rdr
=dt
w, — r?

The latter equation is easily integrated to produce
—%ln|wo—r2| =t+C

or

(G.25) wy —r? = Ae™?

or

(G.26) r(t) = Vw, — Ae=2t

Our characterisitics are thus curves of the form

) = t+1
(G.27) r(t) = Vw, — Ae %
w(t) = w,

Recalling that
w(t) = r(t)o(t)
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we have
) = t+1
(G.28) r(t) = Vw, — Ae=?
v(t) = Lo

A w,—Ae—2t

The natural thing to do next would be to impose the boundary condition
(G.29) r=v=ua , Yr>0 |,
at ¢t = 7 identify the constants w, and A. However, note that the Cauchy data (G.29) lies on the line

T(t) = 1
(G.30) rt) = a
v(t) = a
which corresponds to the characteristic curve with 7, = 0, w, = a?, and A = 0. Since (G.29) is a

characteristic curve, we can not use it as Cauchy data. By the uniqueness property of characteristics no
other characteristic will pass through the line (G.29).

So here’s the problem. The Cauchy data above the line 7 = 0, 0 < r < a give rises to characteristics that
fill only the region of the (r, 7)-plane lying below the curve » = ae™", while the initial data along the line
r = a, 7 > 0 1s itself a characteristic and so intersects no other characteristics. Thus, we seem to have no
means of determining the characteristic curves of our solution whose projections in the (r, 7)-plane lie the
curve r = ae~” and below the line r = a.

Let’s proceed by ignoring the problem. Actually, what we will do is construct a general solution of the PDE
in (1) from the characteristic curves passing over the line » = a in the (r, 7)-plane and then take impose
appropriate boundary conditions on this general solution.

From (G.28) we see that along any characteristic curve for (1) we have
r? = w, — Ae

wo

r

(G.31) o

v =

with w, and A fixed constants (on any particular characteristic). Suppose P = (ry,7) is a point in the
(r, 7) plane in the region above the curve r = ae™7 and the line r = a. We want to figure out under what
circumstances the characteristic through P will cross over the line » = a. Suppose it crosses this line when
7=1,. Then

a’ = w, — Ae™ %,
or
(G.32) w, = a’ — Ae™ %7
But we also have

= 1w, — Ae™?™

or
(G.33) w, =77 — Ae™?
We can now use (G.32) and (G.33) to eliminate the constants w, and A. One finds
A= on
(G.34) PR it oueth
Wy = 6—27—1_61—27—0
Thus,
1 .2 —271¢ —27,
—a‘e —rie
(G.35) v = 2 =0 -

ry 6—27'1 _ 6_2T°
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Now note have yet to impose any boundary condition on v we have only shifted the ambiguity in the value
of v along the line r = @ to an unspecified number 7,, the value of 7 when the characteristic through
(r1, 7, v1) crosses through the plane r = a. As such we can regard 7 as a constant depending only on
initial conditions. Indeed, we can regard the relation (G.35) as a relation that holds at arbitrary points
ry =7, =7, v1 = v. We thus obtain

la26—27

(G.36) v(r, 7)==

— pe= 270

6—27' _ 6_2T°

It is a simple, albeit tedius, task to confirm that (G.36) is indeed a solution of the PDE in (G.9).

We now (finally) ask the question. Can we match the solution (G.36) to the boundary conditions in (G.9).
The answer is yes; we simply take 7, = 0 to obtain

(G.37) vnr) = Feeer
= ot
Note that
lim, | ge--v(r,7) = 0
(G.38) limyqv(r,7) = a

and this solution is the appropriate one matching the solution in region below the curve r = ae™" and the
data along the line r = a.

O
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3. (Problem 9.3.1 in text)
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4. (Problem 9.3.9 in text)

A two-dimensional Green’s function G(z,y;(,n) for the Laplacian operator on a region D C R? may be

defined by

0? 0?
(G.39) (2 + 5 ) GlavsCon) = 8(a = Oty = )
(G.40) Gz, y;:¢,m)lop =0
Show that in the case of the square region
(G.41) D={(z,y)|0<a< L |, O<y<L} ,
G(z,y;(,n) is given by

sin( Z22¢ ) sin( Iz
G(xayaC’n) = Z;’rf:l %(W(HT)L)

(G.42) x {cosh {w} — cosh [MH

We will solve this problem using series expansions. Recall that when we looked for solutions of

(G.43) Vi(z,y) =0

using separation of variables, we were lead to solutions of the form

(G.44) 8(o.9) = (A6 + Be) (€ 4 De)

or equivalently

(G.45) é(z,y) = (1 sin(Ax) 4 ¢ cos(Az)) (dy sinh(Az) + d2 cosh(Ax))

Noting the boundary conditions (G.40), we might thus try an expansion of the form

(G.46) (z,4;¢,m) Z (y,¢,m)sin (mz’x)

m=1

However, before we start, I should point out that

(G.AT) dr =)= i %Sm (57 sin (mTFC)

m=1

The justification for this formula is as follows. Suppose f(z) is a piecewise continuous function on (0, L)
and let

(G.48) flx) = Z_: app, Sin (mz’x)

be its Fourier expansion. Then using the identities

(G.49) /L sin (mz’x) sin (nLﬂ) de = g(sm,n
0

1s easy to show that

(G.50) Z am sin (mﬂc) / flz

If we now insert the expansions (G.46) and (G.47) into (G.39) we get

i ((_ m;ﬁ m + 382:;1) sin (mzx)) _ i %sin (5F=) sin (mT”C) 3y —n)
m=1

m=0
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Setting the total coefficient of sin (mgx) equal to zero, we get

m?n? Pa, 2 . [(mn

(G51) —TGm + W = ZSIH (T) (S(y — 7])
The coefficients a,,, should thus correspond to

2
(G.52) Uy = Esin (mTﬂ-C) g9(y,n)
where g(y,n) is the Green’s function satisfying

aza(yn) — =gy, m) = d(y—n)
(G.53) g0,n) = 0
g(L;n) = 0

In the preceding lecture, we developed a general formula for constructing Green’s functions for Sturm-
Liouville problems with homogeneous boundary conditions:

[% (;;@;)%) +q(x)] G, Q) = dx={)

(G54) = G(l’,c) — W[u1,u2](€8p(g) ’

ui(Qua(z)

{ uq(z)ua (¢ a< < C
Wlur,ua](O)p(¢)

(<ae<bh

where uy(#) and us(z) satisfy respectively,

[ (s ) + o) i) = 0
w(a) = 0

and

(o) +ae)] o) = 0

Uz(b) = 0 ;
and W [uy, us] (z) is the Wronskian of uy(z) and wus(z).
In the case at hand we may take
ui(y) = sinh (ZF2
G.5b . mr
( ) u2(y) = sinh (T (L— y))
as solutions to the homogeneous equations corresponding to (14), respectively satisfying u1(0) = 0 and
u2(L) = 0. Note that the p(x) = 1 in (G.52) and that
W luy, uo] (#) = (sinh (2F2)) (—2E cosh (%) (L-y)
(G56) — (%7 cosh (*74)) (sinh (** (L — v)))
= =77 (sinh (mm))

In the last step we used the identity
sinh(«) cosh(8) + cosh(«) sinh(3) = sinh (« 4 3)

Thus,
Lsinh(%y) sinh(%(ll—”))
: L 0<y<
(G.57) (1) = 1 L sinn (55 (1 ) sinb( 51 T
_Lmﬂ' sinh(mm) = » n<y<l

Using the identity
sinh(a) sinh(g) = % [cosh (&« 4+ B) — cosh (& — 3)]
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we get
L{cosh( BE(L—y— —cosh{ B (L+y—
g(y 77) — ( ( = Zizjii)nh(m?( Tty 77))) , O<y<y
Heeh(B Loy conlB o)) pay<L
or
L (cosh (2= (L — (y +1n)) — cosh (B (L — |y — 7|
(G58) g(y’ 77) — ( ( L ( ( )) (L ( )))

2mm sinh (mm)

Finally, inserting (G.58) into (G.52), we get

B sin (mg() (cosh (ZZ (L — (y+1n)) — cosh (ZZ (L — |y — 7))

m = mm sinh (mm)

and plugging this expression for a,, into (G.46) yields (G.42).
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