LECTURE 23

Green’s Functions for Wave Equations

We shall now develop the theory of Green’s functions for wave equations, i.e., for PDEs of the form

2
(23.1) (%—CV) O(r,t)=f(r,t), Vt>0 |, rev, cp3

Let G (r,t;v4,1,) be any solution of

2
(23.2) (5 - V2 Glrntinnt) == 00— 1)

Multiplying (23.1) by G (r,t;v,,%,) and (23.2) by @ (r,) we get
G (r,t;r,,1,) ((f?—; —c2V2 ) D(ry,t,) — B(ro,10) (a_; —2V2 ) G (r,t;r,,1,)
(23.3)
=G (r,t10,t) f(ro,t0) — P(ro,t,)d (r—1,) 8 (t—1,)

Integrating both sides of (23.3) with respect to r, over a volume V, and over ¢, from 0 to tT = + ¢, we get

B, (G52 — 928 ) avidt, + ¢ [} f,, (BV,G — GVE, @) dV,d,

(23.4) "
= fo fVo G (v v, 1) [ (ro,t,) dVodt, — @ (1)
Now
) %G 0 o oG
(235) %—@6—%— 8_150 (Gﬁ_to_q)ﬁ_to)

and so the integration over ¢, in the first term on the left hand side of (23.4) can be carried out by applying
the fundamental theorem of calculus;

e 9°G 0% 0G
(23.6) / / ( = 6t2)dth0_ /V (Ga_to o )dV

Applying Green’s second identity to the second term on the left hand side of (23.4) we get

tt tt
(23.7) cz/ / (@VZ G —GVL ®)dV,dt, = cz/ / a—G - G@@ dS,dt,
o Jv, ° ° o Jav, dn dn

Inserting (23.6) and (23.7) into (23.5), and moving things around a bit, we get
O(r,t) = ft+ fv G I‘,t;ro,to)f(ro,to)dvodto

25) ke (332 03)

+¢? fo favo (G% - @%) dSodt,

Imposing specific boundary conditions on the Green’s function G (r,t;r,,t) can simplify the evaluation of
(23.8). For example, if we impose the boundary conditions

G(r,tire,t,) = 0, t<t,

(239) %(I‘,t;ro,to) = 0 , <t
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then the upper limit ¢T does not contribute to the evaluation of the second term. We thus have
Blr,t) = [ fo G0 t,) f (X0, t) dVodt,
(23.10) + 1y, (q> (r0,0) 22 (x,t;7,,0) — G (x,t;1,,0) 22 (1‘0,0)) dv,
) oy, (G52 952 s,

Thus, ®(r,t) is completely specified in terms of the Green’s function G (r,t;r,,1,), the values of ® and %
at time ¢ = 0, and the values of ® on the surface bounding V.

Let us now consider the problem of actually finding a function G (r,¢;r,,%,) satisfying

((’?_; _szzo) G(I‘,t;l‘o,to) == 5(t—to)(5(r—ro)
(23.11) G tirat) = 0,  t<t,
%(I‘,t;l‘o,to) = 0 , t<t,

Such a Green’s function would be suitable for solving a Cauchy problem in which the Cauchy data is
specified on the surface t = 7.

We now take the Laplace transform of both sides of the PDE in (1) with respect to ¢,. The Laplace
transform of the left hand side is

9% G
otz

oG
ot

0 |t,=0

— LA

—CZVEDG] = LG - 5G|, o —

= 2L[G]— V2 L[G]

in view of the boundary conditions in (23.11). The Laplace transform of the right hand side of the PDE in
(23.11) is

L(t—1t,)0(r—r,)]

/ e~ (t —1,) 8 (v —r,) dt,
0
= e 5 (r—r,)

We thus get from (23.11)

(23.12) (52 — czvzo) G=e"%(r—r,)
where G = £ [G]. Now (23.12) is equivalent to

5 52 e—st
(23.13) (Vro - C—Z) G=— = d(r—rx,)

and so G should correspond to —e;—: times the Green’s function for the modified Laplacian (V2 — —).
Thus,

—st —Zr—ro|
G(r,t;ry,s) = (—66—2) (_ffmﬁ)
(23.14) (i)

4me?

Recalling that the inverse Laplace transform of e™°7 is §(¢, — 7), we get

(23.15) G tiroty) = —— 5 (t - w)

= A2 v — 1] e



