LECTURE 10

The Wave Equation and Laplace Transforms

Before discussing the application of Laplace transforms to the solution the Wave Equation, let me first state
and prove a simple proposition about the inverse Laplace transforms of exponential functions.

ProrosiTIiON 10.1.
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Now consider the PDE/BVP
¢tt_cz¢xx = 0
(10.1) é(x,0) = h(x)
6(r0) = pla)
Setting
(10.2) @(x,s):/ e *tp(x, t)dt
0

and taking the Laplace transform of the wave equation, and applying the identity
L (. 1)] = s*®(x, s) — s¢(x,0) — ¢p(2,0)

we find that the equations (10.1) are equivalent to

(10.3) s2®(x,t) — sh(x) — p(x) — L [¢re(z,1)] = 0

Assuming that the (eventual) solution ¢ is sufficiently well-behaved to allow us to reverse the order of partial
differentiation with respect to # and the Laplace transform with respect to ¢, we can rewrite (10.3) as

(10.4) Dy (,5) — i—zq)(x,s) = g(z, )
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where
s
9(r,9) =~ h(z) — ()
Fixing s and regarding (10.4) as an ODE with respect to the variable z, we obtain
yi(z) = e &°
ya(x) = e
as solutions of the corresponding homogeneous problem. The Wronskian of y; and ys 1s

Wi, va)(#) = 10 ()b () — o (2o () = =

According to the Method of Variation of Parameters, the general solution of
— T y2(()gl((,s T oy
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(Al6) = 5 f5 (G 9pac) = +(B< )+ £ 7 e el Oc) e

In order to ensure good (bounded) behavior of ®(z,s) as # — 00, we must take

Als) = & [77 T g(C8)dC
10.6 0 sz
(10.6) Bls) = —£ [ ez i

o (10.5) becomes

@(a, ) ——[/ HE - eﬂ”cilg«,s)dc]

+oo
= —oo [ e Ty s)d¢

Thus,

Ba,t) = L7 [ [HT e He ) + Lp(0)] de]
= Lton et [emeled)de + & [P p) et [LemEle=d] d¢

— 00

(10.7)

Now as we have shown above
L1 [6_0‘5] = i(t—a)

(1 0 ft—a<0
1= as _ —
£ [56 ] = ot a)_{l ift—a>0
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So taking the inverse Laplace transform of (10.7) (and assuming this operation commutes with integration

over ), we get

ooty = - [ w@s (1= =) ac+ o [ a0 (1= e cl)
= 5[ (C—) (- |2 —c)d<’+%/_+°°p<c>9(t—%|x—<|)d<

oQ

where in the last step, we have simply made a change of variable { — ¢/ = ¢{. Only the points {’ where

= C’Zlezct
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contribute to the first integral. And only the points ¢ where

1
t——|e—(|>0 = r—ct<{<z+ct
c

contribute to the second interval. Thus,

s = SBR[ o

—ct
1 r+ct

= %[h[x—l—ct]—l—h[x—ct]]-l-—/ p(¢)d¢

2¢ r—ct




