Math 4233
SOLUTIONS TO SECOND EXAM
Thursday, July 19, 2012

1. Find the solution of the following heat conduction problem. Explain the steps you take in solving this
problem in as much detail as possible.

(1a) dup —ugy =0 , 0<z<2 , t>0
(1b) u (0, )

(1c) u(2,t) =

(1d) u(x,0) = 4sin (6mx)

e We first use separation of variables to find a suitable family of solutions of the heat equation
satisfying the first two boundary conditions. Thus, we look for functions of the form

(Le) u(z,t) =X ()Y (¢)
that will satisfy (1a), (1b) and (1c¢). Substituting (1e) into (1a) and dividing the result by X (z)Y (¥)
we obtain
Y X
4 =2
Y X

Since the left hand side does not depend on z and the right hand side does not depend on t, we
conclude that both sides must be equal to a constant, which we shall denote by —\?. We are thus
led to

X"=-XNX = X(z)=Asin(Ax+4)
. A2 A2
Y———Y = Y({t)=Ce Tt
Imposing the boundary condltlons at = 0 on the expression (le) we find
0=u(0,t) = ACe~ *Ftgin (0)) = 6=0 (for non-trivial solutions)
Taking then § = 0 and imposing the boundary condition at = 2 we find
nm

2
0=u(2,1t) = ACe™ 'sin 2\) = A= 5 o n= 1,2,... (for non-trivial solutions)

Thus, any function of the form
ni 2 ni 2
On (2, 1) — e~ 1(F) tgin (%x) — (%) tgin (%l‘) , n=12...

will satisfy equations (1a) - (1c). Moreover, any linear combination of the functions ¢,, will continue
to satisfy equations (1a) - (1c). We thus set

(lf) Z ane % tgin (%x) =

and try to choose the coefficients a,, so that the final boundary condition (1d) is satisfied. Plugging
(1f) into (1d) we obtain

o0
4sin (67x) Z ane —(%#)"0 gin (%x) = nz::l ap Sin (%x)

From this we conclude that the coefficients a,, should coincide with coefficients of sin ("—2”:10) in the
Fourier-sine expansion of the function on the right hand side on the interval [0, 2]. Thus, we set

2 [F nmw
a":Z/O 451n(67rm)sm(L )dx
2
n
—4/0 sm(67rx)sm<2 )dw

1



By the orthogonality properties of the Fourier-sine functions
2 (F . (6r \ . /nm Gpd 1 ifn=6
7 ; sin | -~ | sin (Tx) T=3Y0 ifn £6

{4 ifn=12
an =

we find

0 otherwise
Thus,

<\ 2
u(z,t) = e~ () tgin (2mx) = de™™" " sin (27x)



2. Find a stable, time-independent solution of

(2a) 4up — Upy =0 , 0<t , 0<z<2
(2b) w(0,t) =2
(2¢) u(2,t)=-2
and explain how you would employ it to develop a solution of
(2d) dup — Ugy =0 , O<zxz<2 , t>0
(2e) u(0,t) =1
(2f) u(2,t) =—1
(2g) u(z,0) =g (z)
(You can use results obtained in Problem #1 in your answer.)
e Suppose u(t,x) = uss (x) is a time independent solution of (2a), (2b) and (2c). Then since
%uss (x) = 0, we must have
2
ddz;‘*‘ =0, o us(0)=2 ,  uu(2)=-2
The differential equation implies that wus, is a linear function of x
Tl 0 s wp=Act B
dx? o

If we then impose the boundary conditions at x = 0 and = = 2, we see that constants A and B
must be chosen so that

(2h) Uss = 22+ 1

This will be our steady state solution.
We now set

(21) u(z,t) = uss (z) + ¢ (z,1)
and regard ¢ (x,t) as representing the discrepancy between the actual solution w (z,t) and the

eventual, steady-state solution of (2d)—(2g).
Plugging (2i) into (2d) yields

Ot — Pz =0 , 0<t , 0<x<2
(since %uss =0= aa—;uss) and the boundary conditions (2e), (2f) and (2g) require
1=u(0,t) =uss (0) +¢(0,8) =14+ ¢(0,t) = ¢(0,t)=0
d=u(l,t) =ue () +¢(L,t) = -1+ ¢(1,t) = ¢(1,t)=0
g(x)=u(x,0) =up () + ¢ (2,0) = 22+14+¢(2,00) = ¢(z,0)=9g(x)+22—-1
We need ¢ (x,t) to satisfy

(2j) 4y —oe =0 , 0O0<z<2 , t>0
(2k) ¢(0,8) =0
(21) ¢(2,1) =0
(2m) $(x,0)=g(z)+22—1
From the results of Problem 1 (up to Eq. (1f)), we now that any function of the form
— _(nzx)\2 . (DT
(2n) o (z,t) = ;cne (%)t in <?x)

will satisfy equations (2i) — (21). Imposing (2m) on (2n) yields

ni
+20—2= cysi (—)
g(l‘) i nlC Sin 2.’13



If we multiply both sides by sin (%x) and integrate over the interval 0 < z < 2 we get

/02 (9 (z) +2x — 1) sin (%x) dr = icn/sin (%x) sin (gx) dx = icném,n =Cm
Thus, if we set

Cn = /2 (g(x)+ 2z —1)sin (%Tx) dx
then ’

i nm 2
u(z,t) =—-2x+1+ Z cnef(T) bsin (L;I)

n=1

will satisfy the original PDE/BVP.



3. Find the solution of Laplace’s equation

(3a) Ugy + Uyy = 0
satisfying the boundary conditions
(3b) u(z,0)=0 , wu(x,b)=g(x)
(3¢) uw(0y)=0 , wu(ay)=0
o We set
(3d) u(z,y) =X (2)Y (y)
and substitute (3d) into (3a) and then divide the resulting equation by X (z)Y (y). This yields
1 d’X 1 &Y

X (z) da? (@) + Y (y) dy?

The usual Separation of Variables argument now tells us that

1 d?’X 1 d*y
Xz =T g ae
where C' is a constant. This leads us to the following pair of ODEs
(3e) X"=0CX
(3) Y" = —CY

Next we plug (3d) into the boundary conditions (3c). This lead us to
0=X(O)Y(y) , Yyeloh = X(0)=0
0=X@Y(y) , Vyel0)) = X(a)=0
otherwise, we’d be forced to set Y (y) = 0 for all y € [0, b] and the solution (3d) would be identically
zero for all z and y. Now
X"=CX
has two different kinds of solutions, depending on whether C' is postive or negative.
If C is positive, say C' = A2, then the general soltuion of (3e) will be of the form

X (z) = ¢1 cosh (Ax) + ¢g sinh (Az)

To satisfy X (0) = 0 we’d have to take ¢; = 0, but then we could not also satisfy 0 = (a) =
g sinh (Aa) unless ¢z were also zero. We conclude that C' can not be positive.
So we take C' = —\? < 0. Now

X" =-\C = X =Asin(Az+9) for some A € R, some 6 € [0, 27)
Imposing the first boundary condition
0=X(0)=A4sin() = §=0

because setting A = 0 would otherwise trivialize the solution. Setting § = 0 and imposing the
second boundary conditions leads to

0=X(a) =Asin(ha) = Xla=nr = )\:% , n=12.3,...

What we have so far is that

n?n?

C=-\=— , X (z) = Asin (%x)

a2
We now impose the boundary condition u (z,0) = 0 on our ansatz (3d):
O=u(z,0)=X(x)Y(0) = Y (0)=0

But Y (y) is also to satisfy (3f)

n?n?

a2

Y'=-CY = Y = Y =cjcosh (%y) + co sinh (%y)



The boundary condition 0 =Y (0) forces us to take ¢; = 0.
The preceding arguments have furnished us the following family of solutions of (3a), (3c) and the
first condition of (3b):

On (2,y) = sin (@x) sinh (Ey) , n=123,...
a a

Any linear combination of these functions will continuation to satisfy the PDE and the first three
boundary conditions, and so we set

oo
u(z,t) = nz::l Cp Sin (%x) sinh (%y)
and try to impose the last boundary condition:
(3g) g(x) =u(x,b) = ,;1 Cp Sin (%x) sinh (%b)
Multiplying both sides of (3g) by § sin (%x) and then integrating over [0, a] yields

% /Oa sin (?l’) g (x)dr = i % /Oa Cp, Sin (?x) sin (%x) sinh (%b) dz

¢ sinth (%b) S

[
(e L

n=1
= ¢, sinh (%b)

We conclude if the constants ¢,, are chosen so that

2 “ mm
n= T in | — d
¢ asinh (%b) /0 sm( a ac) 9(x)dz

u(z,t) = Z:l Cp Sin (%x) sinh (%y)

will satisfy Laplace’s equation and all four boundary conditions.

then



4.

(a) Apply Separation of Variables to reduce the problem of finding a solution the following PDE to that of
solving a pair of ODEs.

9% 100 10%

4 Tt ATl
(42) or? * ror 12062 0
e Suppose
(4b) ¢ (r,0) =R(r)T ()
Then substituting (4b) into (4a) yields
d*R 1 dR 1 d*T
(4c) T(Q)W(Tﬂ';T(G)E(T%L?TQR(T)W(G)—0
Multiplying both sides of (4c) by r?/ (T (0) R (r)) yields
r? d’R r dR 1 d*T
rey ez TR @ O TE e =
or
r? d’R r dR 1 d*T
4 i k) N el
(4d) R ez Mt Em e T T gz Y
Since the right hand side of (4d) is independent of r so must be the left hand side; and since the
left hand side of is independent of 6 so must be the right hand side. So both sides are independent
of r and 6; hence both sides equal a constant. Call this constant C'. We then have
r? d’R r dR 1 d*T
raz T Em e W= 1@ e Y
or
r? d’R r dR
4 - —_— =
(4e) R (r) dr? (r) + R(r) dr (r)=0C
1 d*T
af = %y =
(4f) T (0) do? (©)
Multiplying (4e) by R (r) and (4f) by T (0) we obtain
d*R  dR
27 _— =
(4g) e —H"dr CR=0 |,
d*T
4h i T = :
(4h) gz TCT=0

a pair of ordinary differential equations for R (r) and T (0).
(b) Use the results of (a) to formulate an expression for the general solution of V2¢ = 0 on the disc
D = {(z,y) € R? | 2? + y* < 4}. (Hint: the general solution of 2%y" +zy’ — A2y = 0 is y (z) = c12” + oz~
ifA#£0,ory(z)=ci+coln|z|if A=0.)

e Write C' = A\2.We have

2T, ay cos (A0) + bysin (M) if A#£0
@4‘)\11—0 = @(9){ ao + bl i A=0
d’R  dR exrd +dyr™ fA#£0
207 AR o, _ A A
U +Td7“ AR = R(r) { co+dolnlr| fA=0



Products of these solutions (using the same values of A) will be solutions of Laplace’s equation. To
get a more general solution we take general linear combinations of these types of solutions

u(r,0) = (ag + bof) (co + doIn|r]) + Z (ax cos (AB) + by sin (A0)) ear™ + dyr =
A
~ Ao+ Bol + Coln|r| + Dofln|r| + Z (Ax cos (A0) ™ + By sin (A0) 7 + Cy cos (A0) 7~ + D, sin (\6) r_)‘)
A

(c) Can your result in part (b) be simplified by imposing regularity conditions on your solution? (Hint: yes.
But what are the arguments?).

e If we demand the solutions are periodic with respect to 6 (so that w (r,6) = u (r,0 + 27)) we need
to set By = Dy = 0 and restrict A to be an integer.

u(r,0) = Ag+ Coln|r| + Z (A;, cos (nf) r™ + By, sin (nf) r™ + C,, cos (nf) r~™ + D, sin (nf) r~")
n=1
If we demand that the solutions remain continuous as r — 0, we need to get rid of the solutions
involving In |r| and r~™. Thus,

u(r,0) = Ag + Z (A, cos (nd) r™ + By, sin (nd) r")
n=1

would be our simplified general solution.



