MATH 4063-5023
Homework Set 5

1. Suppose that V' is a finitely generated vector space and ¢ : V. — W is a linear transformation. Show
that ¢m (¢) C W is finitely generated.

e Since V is finitely generated it has a finite basis; say, B = {v1,...,v,} is a basis for V. Now
im(¢) = {weWlw=¢) , veV}
{lweW |w=¢(a1v1 + -+ a,v,) , a; € F}
since each vector in V' can be expressed as a linear combination of the v; € B. But then
im(p) = {weW|lw=ameow)+ - +ap(v,) , «a €F} since ¢ is a linear transformation
= span (¢ (v1),..., ¢ (vs))
So im (@) is generated by ¢ (v1),...,¢ (vy). O

2. Suppose S is a subspace of a finitely generated vector space V. Show that V/S is finitely generated.

e Let ps : V. — V/S be the canonical projection. This is a linear transformation between V' and
V/S with image V/S. Therefore, by Problem 1 above, since V is finitely generated, the image
V/S of ps must be finitely generated. O

3. Suppose S is a subspace of a finitely generated vector space V, find a basis for V/S.

e Since S is a subspace of a f.g. vector space, S has a basis Bg = {b1,...,br}. Moreover, the basis
for the subspace S can always be extended to a basis for V. Let

By = {b1,... b by, b}
be such a basis for V. From Problems (1) and (2) above, we know that
V/S =im (ps) = span (ps (b1) ;- - -, ps (bk) ,ps (V1) 5- - -, ps (B],))
Now the for 1 <1i <k, b; € S = ker (ps) and so
V/S = span (Ovs, .. .,0v;s,ps (Dhy1) +--->0s (b)) = span (ps (Vyy1) - ps (b))
So the vectors pg (b}, +1) ,...,ps (b)) span V/S. 1 clain they are also linearly independent. Indeed,
Ov/s = ariaps (Biyr) + -+ anps (b))

= Ps (ak+1b;g+1 +---+ anb;l)
= apyrb +o-anb], € ker(pg) =S

But a vector a1b1+- - o+akbk+ak+1b;€+1+~ -+apb!, can be in S only if 0 = agy1, 0 = agyo, ... ,0=
an. Hence,

Ov/s = arp1ps (pp1) +- +anps (b)) = 0=y =g =---=ap
hence the vectors ps (b}, +1) ,...,ps (b)) are linearly independent. O

4. Suppose S is a subspace of a finitely generated vector space V', show that dim (V') = dim (5)+dim (V/S).

e From the theory of linear transformations we have, since the canonical projection pg : V. — V/S
is a linear transformation

dim (V) = dim (im (ps)) + dim (ker (pg))
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On the other hand,
ker (ps) = S
im(ps) = V/S
and so
dim (V) = dim (V/S) + dim S
|

5. Suppose ¢ : V — W is a linear transformation between two finite-dimensional vector spaces. Show that
im (¢) is isomorphic to V/ker (¢). (Hint: two finite-dimensional vector spaces are isomorphic if and only if
they have the same dimension.)

e Regarding ker ¢ as a subspace of V' we have a canonical projection pyery : V' — V/ ker ¢, and from
Problem 4 above we have

(i) dim V' = dim (V/ ker ¢) + dim (ker ¢)
On the other hand, from our general theory of linear transformations
(ii) dim (V') = dim (im (¢)) + dim (ker ¢)

Comparing (i) with (ii) we conclude
dim (V/ ker ¢) = dim (im (¢))

Because V/ker ¢ and im (¢) are finite-dimensional and share the same dimension, they must be
isomorphic. O



