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$ju�A�|�NA 5314� Ohw i = G$ U dqg ohw f 5 G1 Zh vd| wkdw i lv frqwlqxrxv dw f li iru hyhu| % A 3 wkhuh

h{lvwv d � A 3 vxfk wkdw

{ 5 G
dqg

m{� fm ? �

<@
> , mi+{, � i+f,m ? %

Li i lv frqwlqxrxv dw hdfk srlqw ri d vxevhw V ri G/ wkhq i lv vdlg wr eh frqwlqxrxv rq V1 Li i lv frqwlqxrxv

dw hdfk srlqw ri lwv grpdlq G/ wkhq i lv vdlg wr eh d frqwlqxrxv ixqfwlrq1

Wkh jrdo ri wklv ohfwxuh lv wr h{dplqh wkh krz wkh h{lvwhqfh ri d frqwlqxrxv ixqfwlrq i = G $ U sodfhv
uhvwulfwlrqv rq wkh wrsrorjlfdo qdwxuh ri vxevhwv G dqg i+G,1

.!B6V,j 5315� Frqvlghu wkh ixqfwlrq i = +3> 4, $ U jlyhq e| i+{, @ 4
{
1 Wklv lv ixqfwlrq lv frqwlqxrxv

dw hdfk srlqw ri lwv grpdlq1 Exw dowkrxjk lwv grpdlq lv erxqghg/ lwv udqjh i+G, @ +3>.4, lv fohduo|
xqerxqghg1

Wkh srlqw ri wklv h{dpsoh lv wr surylgh frqwudvw zlwk wkh iroorzlqj wkhruhp1

C�jNij6 5316� Ohw G eh d frpsdfw vhw dqg vxssrvh wkdw i = G $ U lv d frqwlqxrxv1 Wkhq i+G, lv

frpsdfw1

Surri1 E| wkh Khlqh0Eruho wkhruhp lw vx�fhv wr vkrz wkdw i+G, lv forvhg dqg erxqghg1

wj66B 5317� Hyhu| erxqghg vhtxhqfh kdv d frqyhujhqw vxevhtxhqfh1

Vxssrvh wkdw i+G, lv qrw erxqghg1 Wkhq iru hdfk q 5 Q wkhuh h{lvwv d srlqw {q 5 G vxfk wkdw mi+{q,m A q1
Vlqfh G lv erxqghg/ wkh Ohppd lpsolhv wkh vhtxhqfh +{4> {5> = = = , lq G zloo kdyh frqyhujhqw vxevhtxhqfh
+{qn , dqg khqfh dq dffxpxodwlrq srlqw {r1 Vlqfh G lv dovr forvhg vxfk dq dffxpxodwlrq srlqw pxvw olh lq
G1 Wkhuhiruh/ i lv frqwlqxrxv dw {31 Dqg vr e| Wkhruhp 5415 i +{qn, zloo frqyhujh wr i +{3,1 Lq sduwlfxodu/
+i +{qn,, zloo eh erxqghg1 Exw wklv frqwudglfwv wkh k|srwkhvlv wkdw

mi +{qn,m A qn A n iru doo n 5 Q

Zh qrz vkrz wkdw i+G, pxvw eh forvhg1 Ohw +|q, eh d frqyhujhqw vhtxhqfh lq i+G, dqg ohw | @ olp |q1 Li
vx�fhv wr vkrz wkdw | 5 i+G,1 Vlqfh |q 5 i+G, iru hdfk q/ iru hdfk |q zh fdq fkrrvh dq {q 5 G vxfk wkdw
|q @ i +{q,1 Vlqfh G lv forvhg dqg erxqghg/ wkhuh zloo h{lvw d vxevhtxhqfh +{qn, ri +{q, wkdw frqyhujhv wr
vrph srlqw {3 lq G1 Vlqfh i lv frqwlqxrxv dw {3 zh*oo kdyh

i+f, @ olp
{$f

i+{, @ olp+i +{qn ,,

@ olp+|qn,

@ |

Wkxv/ | @ i+f, 5 i+G, dqg vr i+G, frqwdlqv lwv dffxpxodwlrq srlqwv vr i+G, lv frpsdfw1

8:



531 SURSHUWLHV RI FRQWLQXRXV IXQFWLRQV 8;

�NiN,,Bi+ 5318� Ohw G eh d frpsdfw vxevhw ri U dqg vxssrvh wkdw i = G $ U lv frqwlqxrxv1 Wkhq i
dvvxphv d plqlpxp dqg pd{lpxp ydoxhv rq G1 Wkdw lv wr vd|/ wkhuh h{lvwv srlqwv {4> {5 5 G vxfk wkdw

i +{4, � i+{, iru doo { 5 G

i +{5, � i+{, iru doo { 5 G

Surri1 Vlqfh i lv frqwlqxrxv dqg G lv frpsdfw/ e| wkh suhfhglqj wkhruhp i+G, lv frpsdfw> khqfh i+G, lv
forvhg1 Khqfh i+G, frqwdlqv lwv erxqgdu| srlqwv1 Khqfh/ i+G, kdv d plqlpdo dqg d pd{lpdo hohphqw1 Ohw

|4 @ plq i +G,

|5 @ pd{ i+G,

Vlqfh |4 5 i+G,/ wkhuh h{lvwv dq {4 5 G vxfk wkdw |4 @ i +{4,1 Vlploduo|/ wkhuh h{lvwv dq {5 5 G vxfk wkdw
|5 @ i +{5,1 Qrz zh kdyh

i +{4, @ |4 � | +{, � |5 @ i +{5, iru doo { lq G

dqg wkh sursrvlwlrq lv suryhg1

wj66B 5319� Ohw i = ^d> e`$ U eh frqwlqxrxv dqg vxssrvh wkdw i+d, ? 3 ? i+e,1 Wkhq wkhuh h{lvwv d srlqw

f lq +d> e, vxfk wkdw i+{, @ 31

Surri1 Vhw

V @ i{ 5 ^d> e` m i+{, � 3j

Wklv vhw lv qrq0hpsw| vlqfh d 5 V dqg lw lv erxqghg vlqfh { 5 V , m{m � pd{ imdm > memj1 Wkxv/ e| wkh
Frpsohwhqhvv Surshuw| ri wkh Uhdov/ V kdv d ohdvw xsshu erxqg1 Vhw

f @ vxs +V,

L fodlp i+f, @ 31

� Vxssrvh i+f, ? 31 Wkhq Y @ Q
�
i+f,> i+f,5

�
zloo eh d qhljkerukrrg ri i+f, vxfk wkdw hyhu| hohphqw

ri Y lv ohvv wkdq }hur1 Vlqfh i lv frqwlqxrxv/ wr Y wkhuh pxvw fruuhvsrqg d qhljkerukrrg X @ Q +f> %,
ri f vxfk wkdw

{ 5 X , i+{, 5 Y

+Wkhruhp 5415,1 Exw wkhq

i+f.
%

5
, ? 3

dqg vr

f .
%

5
5 V

dqg vr f lv qrw dq xsshu erxqg ri vhw V1

� Vxssrvh i+f, A 31 Wkhq Z @ Q
�
i+f,> i +f,5

�
zloo eh d qhljkerukrrg ri i+f, vxfk wkdw hyhu| hohphqw

ri Y lv juhdwhu }hur1 Vlqfh i lv frqwlqxrxv/ wrZ wkhuh pxvw fruuhvsrqg d qhljkerukrrg X 3 @Q +f> %3,
ri f vxfk wkdw

{ 5 X 3 , i+{, 5Z

Lq sduwlfxodu/ { @ f� %3

5 5 X 3 dqg vr iru doo { ehwzhhq f� %
5 dqg f

i +{, A 3 , { @5 V

dqg vr f fdq qrw eh wkh ohdvw xsshu erxqg iru V1
� Zh frqfoxgh wkdw li f @ vxs +V, wkhq i+f, @ 31 Vlqfh vxs+V, lv jxdudqwhhg wr h{lvw/ zh duh grqh1



531 SURSHUWLHV RI FRQWLQXRXV IXQFWLRQV 8<

C�jNij6 531: +Lqwhuphgldwh Ydoxh Wkhruhp,� Vxssrvh wkdw i = ^d> e`$ U lv frqwlqxrxv1 Wkhq li n lv dq|

uhdo qxpehu ehwzhhq i+d, dqg i+e,/ wkhuh h{lvwv d srlqw f 5 ^d> e` vxfk wkdw i+f, @ n

Surri1 Vxssrvh

i+d, ? n ? i+e,

Frqvlghu wkh ixqfwlrq j = ^d> e`$ U gh�qhg e|

j+{, @ i+{, � n1

Qrwh wkdw j lv frqwlqxrxv vlqfh i lv frqwlqxrxv1 Zh dovr kdyh

j+d, ? 3 ? j+e,

dqg vr/ e| wkh suhfhglqj ohppd/ wkhuh h{lvwv d f 5 ^d> e` vxfk wkdw j+f, @ 31 Exw wkhq wklv lpsolhv

i+f, @ n1

Vxssrvh

i+e, ? n ? i+d,

Frqvlghu wkh ixqfwlrq k = ^d> e`$ U gh�qhg e|

k+{, @ n � i+{,1

Qrwh wkdw k lv frqwlqxrxv vlqfh i lv frqwlqxrxv1 Zh dovr kdyh

k+e, ? 3 ? k+d,

dqg vr/ e| wkh suhfhglqj ohppd/ wkhuh h{lvwv d f 5 ^d> e` vxfk wkdw k+f, @ 31 Exw wkhq wklv lpsolhv

i+f, @ n1


