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$ju�A�|�NA 4;14� Ohw i = G$ U dqg ohw f eh dq dffxpxodwlrq srlqw ri G1 Zh vd| wkdw d uhdo qxpehu O lv

d olplw ri i dw f li iru hdfk % A 3 wkhuh h{lvwv d � A 3 vxfk wkdw

{ 5 G dqg 3 ? m{� fm ? � , mi+{,� Om ? %

�N|B|�NA 4;15� Zh zulwh

olp
{$f

i+{, @ O

wr lqglfdwh wkdw O lv wkh olplw ri i dw f1

-j6Bi" 4;16� Wkh gh�qlwlrq h�hfwlyho| vd|v wkdw li olp
{$f

i+{,@O zh fdq pdnh wkh ydoxhv ri i dv forvh dv
zh olnh wr O e| vwlsxodwlqj wkdw { lv vx�flhqwo| forvh wr f1 Qrwh/ krzhyhu/ wkdw wkh ydoxh ri i suhflvho| dw wkh
srlqw f lv luuhohydqw1 Lw lv lpsruwdqw wr xqghuvwdqg wkdw wkh olplw ri d ixqfwlrq lv frqglwlrq rq wkh ehkdylru
ri d ixqfwlrq lq d ghohwhg qhljkerukrrg ri d srlqw/ udwkhu wkdq d frqglwlrq rq lwv ydoxh dw d sduwlfxodu srlqw1

.!B6V,j 4;17� Ohw i = U$ U eh wkh ixqfwlrq gh�qhg e|
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L fodlp olp{$4 i+{, @ 4 ghvslwh wkh idfw wkdw i+4, @ 31 Wr vhh wklv/ ohw % eh dq duelwudu| srvlwlyh qxpehu1
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C�jNij6 4;18� Ohw i = G $ U dqg ohw f eh dq dffxpxodwlrq srlqw ri G1 Wkhq olp{$f i+{, @ O li dqg

rqo| li iru hdfk qhljkerukrrg Y ri O wkhuh h{lvwv d ghohwhg qhljkerukrrg X ri f vxfk wkdw i +X _G, � Y 1

C�jNij6 4;19� Ohw i = G $ U dqg ohw f eh dq dffxpxodwlrq srlqw ri G1 Wkhq olp{$f i+{, @ O li dqg

rqo| li iru hyhu| vhtxhqfh +vq, lq Gqifj wkdw frqyhujhv wr f zh kdyh olp +i +vq,, @ O1
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Surri1

, Vxssrvh wkdw olp{$f i+{, @ O dqg ohw +vq, eh vhtxhqfh lq Gqifj vxfk wkdw olp vq @ f1 E| wkh gh�qlwlrq
ri wkh olplw ri d ixqfwlrq/ jlyhq dq| % A 3 wkhuh h{lvwv d � A 3 vxfk wkdw 3 ? m{� fm ? � lpsolhv wkdw
mi+{, �Om ? %1 Dovr vlqfh olpq$4 vq @ f/ wkhuh h{lvwv dq Q vxfk wkdw mvq � fm ? �1 Vlqfh hdfk vq 9@ f zh
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+ Zh zdqw wr vkrz wkdw li olp i+vq, @ O iru hyhu| vhtxhqfh +vq, lq Gqifj wkdw frqyhujhv wr f/ wkhq O lv
wkh olplw ri i dw f1 Zh vkdoo suryh lqvwhdg wkh frqwudsrvlwlyh ri wklv sursrvlwlrq=

� Li O lv qrw wkh olplw ri i dw f/ wkhq wkhuh lv d vhtxhqfh +vq, 5 Gqifj vxfk wkdw olp+vq, @ O1

Vlqfh O 9@ olp{$f i+{,/ wkhuh h{lvwv dq % A 3 vxfk wkdw iru hyhu| � A 3 wkhuh pxvw h{lvwv dq { 5 G vxfk wkdw
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iru doo q 5 Q1 Vhwwlqj vq @ {q zh rewdlq d vhtxhqfh ri srlqwv ri Gqifj wkdw frqyhujhv wr f exw iru zklfk
olp mi+vq,m 9@ O

Dqg vr wkh frqwudsrvlwlyh sursrvlwlrq lv suryhg1

�NiN,,Bi+ 4;1:� Li i = G$ U dqg f lv dq dffxpxodwlrq srlqw ri G/ wkhq i fdq kdyh rqo| rqh olplw dw f1

C�jNij6 4;1;� Ohw i = G $ U dqg ohw f eh dq dffxpxodwlrq srlqw ri G1 Wkhq wkh iroorzlqj vwdwhphqwv

duh htxlydohqw=

41 i grhv qrw kdyh d olplw dw f1
51 Wkhuh h{lvwv d vhtxhqfh +vq, lq G zlwk hdfk vq 9@ f vxfk wkdw +vq, frqyhujhv wr f exw +i +vq,, lv qrw

frqyhujhqw lq U1

Surri1 +Krphzrun,

$ju�A�|�NA 4;1<� Ohw i dqg j eh ixqfwlrqv iurp G wr U1 Zh gh�qh wkh vxp i . j wr eh wkh ixqfwlrq iurp

G wr U gh�qhg e|
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Zh gh�qh wkh surgxfw ij wr eh wkh ixqfwlrq iurp G wr U gh�qhg e|
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Li n 5 U/ zh gh�qh wkh pxowlsoh ni wr eh wkh ixqfwlrq iurp G wr U gh�qhg e|
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Li j +{, 9@ 3 iru doo { 5 G/ zh gh�qh wkh txrwlhqw i@j wr eh wkh ixqfwlrq iurp G wr U gh�qhg e|

+i@j, +{, @ i+{,@j+{,

C�jNij6 4;143� Ohw i dqg j eh ixqfwlrqv iurp G wr U dqg ohw f eh dq dffxpxodwlrq srlqw ri G1 Ohw n 5 U
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41 Rqh Vlghg Olplwv

Lw kdsshqv riwhq wkdw wkh grpdlq G ri d ixqfwlrq lv d rshq lqwhuydo dqg rqh lv lqwhuhvwhg lq wkh ehkdylru ri
wkh ixqfwlrq dv { dssurdfkhv wkh erxqgdu| srlqw ri wkh lqwhuydo iurp rqh vlgh rqo|1 Zh vrphwlphv lqglfdwh
wklv e| zulwlqj
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wr lqglfdwh d olplw ri d ixqfwlrq zkhuh wkh grpdlq ri wkh ixqfwlrq kdv f dv d ohiw0prvw erxqgdu| srlqw +h1j1
G @ +f>.4,,1 Vlploduo|/
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lqglfdwhv d olplw zkhuh wkh grpdlq G ri i lv erxqghg rq wkh uljkw e| f +h1j1 G @ +�4> f,,1 \rx fdq wklqj
ri olp
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. i+{, dqg olp

{$f
� i+{, dv/ uhvshfwlyho|/ wkh olplwv ri i dv { dssurdfkhv f iurp wkh/ uhvshfwlyho|/

srvlwlyh vlgh dqg qhjdwlyh vlgh1


