LECTURE 7

Differentials and the Chain Rule

In this lecture we will elaborate on notion of gradient that we introduced when we discussed the differen-
tiability of maps from R™ to R™.

DEFINTTION 7.1. The differential Df of a map f : U CR™ — R™ al the point of x is the following matriz
of partial derivative
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In the special case where [ is a function from R™ to R (i.e., m = 1) the differential D f(x) coincides with
the gradient Vf(x) of [ al x.

ExXaMPLE 7.2. Let f:R3 — R : (z,y,2) — zy?2z. Then

Vo) = (Gt G ). L)) = (02 20,0

ExaMPLE 7.3. Let f:R? = R3: (z,y) — (zy,y?%,2? +y?). Then
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THEOREM 7.4. Let f and g be functions from U C R™ to R™ thal are differentiable al xo € U. Then
1. D(cf) (x0) = cDf(x0) if ¢ is a constant.

2. D(f+¢g)(x0) = Df(x0) + Dg(x0). (The addition on the left hand side is addition of functions, the
addition on the right hand side is addition of malrices.)

THEOREM 7.5. If Let f and g be functions from U C R™ to R that are differentiable at xg € U. Then

1. V(fg)(x0) = g(x0)Vf(x0) + f(x0)Vg(x0). (Product Rule.)
2. V(f/9)(x0) = g(x0)V f(x0) — f(x0)Vg(x0)/ [g(Xo)]2 (Quotient Rule.)

1. The Chain Rule

Lets us recall the chain rule for functions fand g are each functions of single variable then
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or more precisely, regarding f as a function sending z to f(x), and g(u) as a function sending v to g(u) :
d g af
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1. THE CHAIN RULE 2
The analog for this chain rule for functions of complex variables has a similar form when expressed in terms
of the differentials defined above.

THEOREM 7.6. Let f : U C R — R™ and g : f(U) C R™ — RP be differentiable funclions.
composed function

Then the

gof :R" —-=R™ - R?
is differentiable and
[D (g0 /)] (x) = [Dg (f(x))] [Df(x)]

where the product of the two differentials on the right hand side is the product of the p xm matriz Dg (f(x))
by the m x n matriz D f(x).
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EXAMPLE 7.7. Suppose 7 : R — R3 : ¢ — (v,(¢),%(t),7.(¢)) and f: R® - R : (z,y,2) — f(z,y,2). Then
fov:R — R is a function of a single variable and
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EXAMPLE 7.8. Suppose f : R? — R3 :
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go f:R3= R is a function of a three variables and
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(z,y,2) — (u,v,w) and ¢ : R? — R : (u,v,w) — g(u,v,w). Then



