Math 4013
Homework Problems for Chapter 2

Section 2.1

1. Sketch the level curves and graphs of the following functions:
(a)
fRE SR | (2,y) — x—y+2
(b)
fRT =R |, (2,y) — —my
2. (a) Describe the behavior, as ¢ varies, of the level curve f(z,y) = ¢ for the function
flay) =2 +y+1

3. Sketch or describe the level surfaces and a section of the graph of the following function:

f R =S R; (z,y,2) — —a? gyt 2

4. * Sketch or describe the surface in R? corresponding to the equation
42° 4 9% =16
5. * Sketch or describe the surface in R? corresponding to the equation

x 2 Z2
vy 2
4 4 9

Section 2.2

1. * Show that the following subset of R? is open.
B = {(z,y) e R* |y > 0}

2. * Prove that if U and V are neighborhoods of x € R™, then so are U UV and V NU.
3. Compute the following limits.

(a)
lim 23
(z,5)—(0,1)
(b)

T

lim e
(z,y)—(0,1) Y
(c)
lim sin?(z)
z—0 x
(d)*
lim sin?(z)
z—0 ,’1,'2

4. Compute the following limits if they exist.
(a)
lim (2?2 +y%+3
(z,1)—(0,0) ( )
(b)
im Y
(@,4)—(0,0) 22 + Y% +2
1



ety

lim
(z,y)—(0,0) x + 1

cos(x) — 1 — %
1m e
(z)—(00)  xt+yt
(e)
(z —y)?

(@)= (0,0) T + >
5. Show that the map

x2e”
R—R —_—
JiR=R v 2 — sin(z)

is continuous.
Section 2.3

1. Find %5 and %5 for each of the following functions.
(a) f(z,y) = zy.
(b) f(z,y) = x cos(x) cos(y).
2. Evaluate % and g—; for the function z = log [\/1 + xy] at the points (1,2) and (0,0).

. . . . 2 2
3. Find the partial derivatives % and 88—;” when w = xe® TV,

4. Show that the function
2xy

f@y) =——73
) (2 +y2)”

is differentiable at each point in its domain.
5. Find the equation of the plane tangent to the surface 2 = 22 + 3> at (3,1,10).

6. Compute the matrix of partial derivatives D f of the following function:
f:R? = R3 f(x,y) = (we¥ + cos(y),z,z +e¥)
7. Find the equation of the tangent plane to 2 = z2 + 2y at (1,1,3).

Section 2.4

1. Find ¢'(t) and ¢'(0) for the following path.
o(t)= (et,cos(t),sin(t)) .

2. Determine the velocity and acceleration vectors, and the equation of the tangent line for each of the
following curves at the specified value of £.
(a) r(t) = 6ti+ 3% +t°k , t =0
(b) o(t) = (sin(3¢),cos(3t),2t3/2) , t=1
(c) o(t) = (cos®(t),3t —13,t) , t=0
(d) o(t) = (0,0,1) ,t=1
3. Determine the velocity and acceleration vectors, and the equation of the tangent line for each of the
following curves at the specified value of £.
(a) r(t) = cos(t)i+sin(t)j, t =0
(b) o(t) = (tsin(t),tcos(t),v/3t) , =0
(c) r(t) =V2ti+etj+e 'k, t=0
(d)o(t) =ti+tj+ 23k, t=9
4. Find the path o such that 0(0) = (0,—5,1) and o’(t) = (¢,¢’, ).
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5. Suppose a particle follows a path o(t) = (ef,e %, cos(t)) until it flies off on a tangent at time ¢ = 1.
Where is it at time { = 2.

Section 2.5

1. Write out the chain rule for each of the following functions and justify your answer in case using
Theorem 11.

(a) % where h(z,y) = [ (z,u(z,y)).
(b) 72 where h(z) = f (v, u(x),v(x)).
(c) 8h where h(z,y, 2) = f (u(z,y, 2),v(z,y), w(z)).

2. Verify the first special case of the chain rule for the composition f o ¢ in each of the following cases.
(@) flz,y) =2y , c(t) = (e, cos(t))
(b) flz,y)=e™ , c(t) = (3t%,17)

3. Let f:R3 — R be differentiable. Making the substitution

x = pcos(B)sin(¢p) , y=psin(@)sin(¢p) , 2= pcos(d)

(spherical coordinates) into f(x,y, 2), compute Of /Jp, f /90, and Of /D.
4. Let f(u,v) = (tan(u —1) —e’,u? — 02) and g(z,y) = (e ¥,z —y). Calculate fogand D(f og)(1,1).

Section 2.6

1. Show that the directional derivative of f(z,y,2) = 22z 4+ at (1,1,2) in the direction (1/\/5, 2/\/5, 0)
is 21/5.
2. Find the equation of the plane tangent to the surface 2 = f(x,y) at the indicated point.
(a) 2 =23 +y® — 6ay, (1,2,-3).
(b) 2 = cos(z) cos(y), (0 7T/2 0).
3. Compute the gradlent V f for each of the following functions.
(@) f(z,y,2) =1/y/2? +y% + 22
(b) flz,y,2 ) =xy+yz+az
() f(z.9,2) = mperm -
4. For each of the functions in Exercise 6, what is the direction of fastest increase at (1,1,1)?
5. Captain Ralph is in trouble near the sunny side of Mercury. The temperature of the ship’s hull when
he is at location (x,y,2) will be given by

T(wy.2)=c W

where z,y, 2 are measured in meters. He is currently at (1,1,1).

(a) In what direction should he proceed in order to decrease his temperature most rapidly?

(b) If the ship travels at €® meters per second, how fast will the temperature be decreasing if he
heads in that direction?

(¢) Unfortunately, the metal of the hull will crack if cooled at a rate greater than V14¢2 degrees
per second. Describe the set of possible directions in which he may proceed to bring the temperature
down at no more than that rate.

6. Compute the second partial derivatives 9%f/0x2, 8°f/0xdy, 0°f/0ydx, 0 f/0y? for each of the
following functions. Verify Theorem 15 in each case.

(a) fla,y) = 2ay/ (+* +17)°, (@.) # 0.

(b) flz,y,2) =e*+(1/x) +ze ¥,z #£O.

7. Let

fean={, ERE) L w200

(a) If (z,y) # 0, calculate 9f/0x and Of/dy.



(b) Show that

of of
et —0= 2L
92 10,0) % 0.0y
(¢) Show that
o%f B o f _ 1
90y | o) T Oyox ©0.0)
8. A function u = f(x,y) with continuous second partial derivatives satisfying Laplace’s equation
u  d%u
Ere) + 6—y2 =0

is called a harmonic function. Show that u(z,y) = 3 — 3zy? is harmonic.



