Math 3013
Solutions to Problem Set 9

1. Let By = {[1,0,0],[0,1,0],[0,0,1]} be the standard basis for R* and let By = {[1,1,1],[1,-1,1],[1,1,—1]}
be another basis for R3.

(a) What is the change of basis matrix Cp,_,p, that connects coordinate vectors with respect to By to
coordinate vectors with respect to By?

e The change of basis matrix that takes coordinate vectors with respect to a basis By = {01,02,03}
to coordinate vectors with respect to another basis Bs = {nj,ns, ng} will be

T T T
Cp, B, = | [01]p, [02]p, [o03]p,
1 ! l

where [0;] 5, are coordinates of the “old” basis vector o; in terms of the new basis Bs.

In the case at hand, the “old” basis elements {[1,1,1],[1,—1,1],[1,1, —1]} are already expressed
in terms of the “new” standard basis vectors (each vector of Bj is written in terms of its standard
coordinates; e.g., [1,1,1] =1-e;+1-e32+ 1-e3). Thus

1 1 1
Cp,p=|1 -1 1
1 1 -1
(b) Suppose a vector v has coordinate vector vp, = [1,2, 1] with respect to the basis B;. What are its
coordinates with respect to the standard basis By.
[ ]
1 1 1 1 4
VB, = (3]31_,30VB1 = 1 -1 1 2 = 0
1 1 -1 1 2

(c) What is the change of basis matrix Cp,_ g, that connects standard coordinate vectors (with respect to
By) to coordinate vectors with respect to Bj.

e We can find Cp,_, g, by computing the inverse of Cp,_.p,. One finds

11 1\ o 3 3
Cpyop, = 1 -1 1 = % -1 0
11 -1 ;3 0 -3

(d) If v, = [2,1,2] what are its coordinates with respect to the basis Bj.

1 1 3

Voo (3 :

VB1 = CBlﬂBovBo = ? -3 01 1 = 5
I o -4 2 0

2. Suppose By = {[1,1],[1,—1]} and By = {[2,1],[1,0]}. Find the change of basis matrix Cp,_.p, that
maps coordinate vectors with respect the basis By to coordinate vectors with respect to the basis Bs.

e We'll do this in two steps. Let By = {[1,0],[0, 1]} be the standard basis for R?. The basis elements
of By and B, are already expressed in terms the standard basis, and so we can immediately write
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down the following two change of basis matrices

1 1
Cp~B, = (1 _1>

2 1
Cgp,—~B, = (1 O)

We want to go from B; to By. We can do this using By as an intermediary basis

Cgi—B, = CpBy-5,Cn -5

(CBzﬁBo)_l 031H30

(v 5)()
- (49

(a) Find the orthogonal projection of a onto b.

3. Leta=][1,-1,1] and b =[2,1,1].

_ab, (2-1+1) 211
B N I [2’1’”_{3’3’3}

(b) Find the component of a that is perpendicular to b.

[ )
a-b

211
—a———"b=[1,-1,1]— |5, =, 2| =L+ -4
alb a b-b [7 ’ ] |:3,373:| [3 3
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4. Let vi = [1,1,1], vo = [1,1,0], v3 = [1,0,0]. Given that these vectors are linearly independent, apply
the Gram-Schmidt orthogonalization process to obtain a corresponding orthogonal basis for R3.

vi = vi=[1,11]
\RAL 2
vh = VZ_v’l.v’lvllz[l’l’o]_g[l’l’”
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5. Let vi = [1,1,0] and vo = [3,4, 2]

(a) Apply the Gram-Schmidt process to {vi,va} to an orthogonal basis for the subspace span (vi,vs) of
R3.



vi = vi=][11,0]
\RAL 7 -
VIZ = V2_Vll-V/1V/1:[374’2]_<2) [17170]:[_5 2 2]

(b) Extend the orthogonal basis found in part (a) to an orthonormal basis for R3.

e We need to introduce a third linearly independent basis element to get a basis for R?; v3 = [0,0, 1]
will do (it’s easy to see that it lies outside the span of v} and v}.)

/ /
r Vi-Vvs Vi V3
V3 = V3— V1T Vo
ViV Vo Vo

— 0,0,1]- (;) 1,1,0) - (H?ﬁ‘l) [_;;2]

2 2 1
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{v],vh,vL} will be an orthogonal basis. To get an orthonormal basis, we simply have to renormalize
the lengths of these vectors:
v 1 1
ul = 7/ =
vl 2

v} 2 11,
u = —£ = - I
’ (vl 9 2’2’

(c) Find the orthogonal projection of [1,2,1] onto W = span (v1,v,)

o We
v, = (v-up)u+ (v-uz)us
_ [u 16 10
197979

6. Let x; = [1,—-1,1,1], xo = [1,—1,1,—1].

(a) Apply the Gram-Schmidt process to {vi,va} to an orthogonal basis for the subspace span (vi,vs) of
R4

vi = vi=]11,-1,1,1]
;oo oy, eev) L 113
Vo = V2 (V/I‘V/l)v1_ |:2, 2a2a 92

(b) Extend the orthogonal basis found in part (a) to an orthonormal basis for R*.

e We need two more basis vectors to get a basis for R%. Let’s use v3 = [0,0,1,0] and v4 = [1,0,0, —1].
Extending our Gram-Schmidt orthogonal basis, we have

, (vg-vh) , (vs-vh) 112
A6 VIR £ I £ VS A B
vy — v} vy 333



/ / (V4'Vé) / (V4'V:/3) 11
=V4— V) =V — - =15,5,0,0
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The vectors v}, vh, v5, v) now comprise an orthogonal basis. To get an orthonormal basis we
must renormalized them so that their lengths are 1. Doing so we get,

v/ 1 111
u = = 15" 5’99
Vi 20 27202
W - Y _[VB VBB V3
t w6 6760 2
vi [ V6 V6 V6
us =— Ton = _7777770
lval ~ | 6763
o [ve Ve
w = le: £7£’0,0
lvall | 27 2

(c) Find the orthogonal projection of [2,1, 1, 1] onto span (vi,vs)

2 22
37 33

vp=(v-u)ur + (v-u)uy = [

7. (a) Find an orthogonal basis for R? that contains the vector v = [3,1, 5].

o We'll just start the Gram-Schmidt process with the vector vi = [3,1,5] and two other linearly
independent vectors; e.g. vy = [0,1,0] and vz = [0,0,1]. The Gram-Schmidt process applied to
{Vl,VQ,Vg} ylelds

vi o= [3,1,5]

v o= |33 1
2 - 35"35" 7
o (L1 8

Va = [ R

(b) Find a basis for the orthogonal complement of v, in R3.

o This will just be the span of v4 and v}

3 34 1
vi = span ([3, 1,5], {—35, 35 —J)



