Math 3013
Solutions to Homework Set 7

1. Show by direct calculation that

ap Gz as ap Gz as
det bl b2 b3 = —det C1 C2 C3
€1 Cy C3 by by b3

(This demonstrates how the determinant behaves after a row interchange).

o We'll use cofactor expansions:

det (LHS) = ax (b203 — b302) — az (b103 — b301) + as (b102 — b201)

det (RHS) = a1 (c2bs — c3ba) — ag (c1bs — c3b1) + a3 (c1b2 — caby)

ay (—bacs + bzca) — ag (—bics + bser) + ag (—bica + bacy)
—aq (bacg — bsca) + as (bieg — bzer) — as (bica — bacy)

—  _det(LHS)

: a1b203 — a1b302 — a2b103 + a2b361 + agblcz — a3b201

2. Compute the determinants of the following matrices.

2 3 -1
(a) A = 5 =7 1
-3 2 -1

e Instead of row reducing A we’ll row reduce AT because that turns out to be a bit

legitimate since det (A7) = det (A).

2 5 -3
det (A) = det(AT)=det| 3 -7 2 Ry <> Ry = —det
—_—
-1 1 -1
-1 1 -1
Ry — Ry + 3R, 7
= —det 0 —4 -1 Rs — Rs + - R» = —det
Ry — R + 2R, o 7 s 1
27
— e (-F)=m
4
5 2 40
2 -3 -1 2
BA=13 4 37
1 -1 0 1
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e We'll use row reduction.
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e We'll carry out a cofactor expansion along the fourth column.

0 00 3 1 0 0 2 3
0 02 0 -3 0 9 1 b
det| 0 -2 10 0] = —(3)det +0-040—-0
5 -3 2 0
5 320 0 2 40 o
-3 400 0
0 -2 1
= —@)|-(-3)det| 5 -3 2 |+0-0+0
-3 40
= (3)(=3)(0=(=2)(0+6) + (1) (20 - 9))
= —207
2 -1 3 00
0 1.4 00
@A=| -5 26 00
0 00 1 4
0 00 -2 8

e This matrix is block diagonal. To compute its determinant we can compute the determinants of the
diagonal blocks and multiply them together.

det — det

ot O N
[N
=W

1 4
det(_2 8)

= (04 (1)(12+15) — (4) (4 —5)) * (8 +8)
— 496

O O ot O N

OO N ==

O OO =W

= O OO

0 = O OO
Il

3. For each matrix A below, let C4 be the cofactor matrix (Ca),; = (=1)"*7 det (A(3)). Use the formula
Al = #VA) (Ca)" to compute AL,

an=[d ]

e We have det (A) =4 — 2 = 2. We now compute the cofactor of A.

011: (—1)1+1det(1) =1
Cro= (1) det(2) = -2 1 -2 r [ 1 -1
Cor = (=1)°Thdet (1) =-1 = C=1_ 4 = C =15 4
Cyr = (=1)°T?det (4) 4

Al b oor L[ L 1) _[ 5 -3
Cdet(A) T 2| -2 4] | -1 2



o We have det (A) =(3)(2—1) —(0) (—4 —3) +4(—2 — 3) = —17. The cofactors are

11 2 1 -2 1
011 = det 1 2 =1 012 = —det l: 3 2 =7 013 = det |: 3 1 = -5
0 4 3 4 30
021 = —det 1 9 =4 022 = det |: 3 9 =—6 023 = det 3 1 =-3
0 4 3 4 3 0
C31 = det |: 1 1 :| =4 032 = —det |: 9 1 ] =-11 033 = det 9 1 :| =3
1 -7 -5 1 4 -4
= C=| 4 -6 -3 = C'=| -7 -6 -11
-4 -11 3 -5 -3 3
1 4 —4 -L -4 4
- 1 —1 A A U
= Al= c'=—| -7 6 -11|=|-% &£
det (A) 17 5 _3 3 S 17,
YT 17 w17

4. Solve the following systems of linear equations using Cramers’s Rule.

T —2r9 = 1
@) 50 yar, — 3

e For this problem we have
1 -2 1 1 -2 11
S EEF TR FY B T F A VL S

Crammer’s Rule tells us that the solution x = (z1, x2) of the above linear system is given by

det(Bl) _4+6 -

= = =1
o det (A)  4+6
det (B —
ry = et( 2) _ 3 3 -0
det (A) 446
r1 +209 —x3 = —2
(b) 201 4+ x9 + 13 = 0
3xr1 —x9+bxg = 1
e For this problem we have
1 2 -1
A = 2 1 1 = det(A)=-3
i -1 5
[ —2 2 -1
B, = 0 1 1 = det(By)=-9
| 1 - 5
(1 -2 —17
By, = 2 0 1 = det (BQ) =11
L 3 1 -
F 1 5 o
B; = 2 1 0 = det (Bg) =7
| 3 1 1|




So, by Crammer’s Rule, the solution ot the linear system is given by

det (B;) -9
TZ Get(A) 30
v det(By) 11
> 7 det(A) 3
det (Bs) 7
T Tdet(A) 3



